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Refined canonical stable Grothendieck
polynomials and their duals

Byung-Hak Hwang*!, Jihyeug Jang', Jang Soo Kim#!,
Minho Song§1, and U-Keun SongﬁIl

' Department of Mathematics, Sungkyunkwan University, Suwon, South Korea

Abstract. In this extended abstract we introduce refined canonical stable Grothendieck
polynomials and their duals with two infinite sequences of parameters. These polyno-
mials unify several generalizations of Grothendieck polynomials including canonical
stable Grothendieck polynomials due to Yeliussizov, refined Grothendieck polynomi-
als due to Chan and Pflueger, and refined dual Grothendieck polynomials due to
Galashin, Liu, and Grinberg. We give Jacobi-Trudi-like formulas, combinatorial mod-
els, Schur expansions, Schur positivity, and dualities of these polynomials. We also
consider flagged versions of Grothendieck polynomials and their duals with skew
shapes.

Keywords: Grothendieck polynomials, symmetric functions, Jacobi-Trudi formulas,
Schur positivity

1 Introduction

1.1 History of Grothendieck polynomials

Grothendieck polynomials were introduced by Lascoux and Schiitzenberger [8] for
studying the Grothendieck ring of vector bundles on a flag variety. When focusing
on the Grothendieck ring of vector bundles on Grassmannians rather than that of flag
varieties, the stable Grothendieck polynomials are indexed by partitions. These stable
Grothendieck polynomials form a basis for the (connective) K-theory ring of Grassman-
nians, see [12, Section 2.3] and references therein. In this context, Lenart [9] gave the
Schur expansion of G,(x) and showed that {G,(x) : A isa partition} is a basis for
(a completion of) the space of symmetric functions. Buch [1] showed that the stable
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Grothendieck polynomial G, (x) is equal to a generating function for semistandard set-
valued tableaux of shape A.

After Buch’s work [1], many generalizations of G, (x) have been studied from various
viewpoints. In [7], Lam and Pylyavskyy introduced the dual stable Grothendieck poly-
nomials ¢, (x), and found a combinatorial interpretation for them in terms of reverse
plane partitions. Similar to the Grothendieck polynomial case, the dual Grothendieck
polynomials form a basis for the space of symmetric functions.

Yeliussizov [15] introduced the canonical stable Grothendieck polynomials G&“’ﬁ ) (x)
with two parameters a and 3, and defined the dual canonical stable Grothendieck poly-
nomials g&a’ﬁ ) (x) by the relation (Gi(fa’*ﬁ ) (x), gf\“’ﬂ ) (x)) = 65,4, where (—, —) is the Hall
inner product. Yeliussizov [15] showed that these polynomials behave as nicely as Schur

functions under the involution w. Moreover, he found combinatorial interpretations for

G/(\a’ﬁ )(x) and g&“’ﬁ )(x).

There are also generalizations of Grothendieck polynomials and their duals with in-
tinite parameters; see [2, 3, 6, 13]. In this extended abstract, motivated by these previous
works, we introduce refined canonical stable Grothendieck polynomials G, (x,; &, B) and
their duals g, (xy; &, B) with infinite parameters & = (a1, a2,...) and B = (B1,B2,---),
and furthermore their flagged versions with skew shapes. Our generalization unifies all
generalizations of Grothendieck polynomials mentioned above.

1.2 Refined canonical Grothendieck polynomials and their duals

Let x = (x1,x2,...), Xy = (x1,...,Xn) be sequences of variables, and & = (a1, a,...),
B = (B1, B2, ... ) sequences of parameters.

We generalize the canonical stable Grothendieck polynomials as follows. See Sec-
tion 2 for precise definitions of the notations.

Definition 1.1. For a partition A with at most n parts, the refined canonical stable Grothen-
dieck polynomial G (x,; «, B) is defined by

det <x4i+n—i (1—p1x)---(1— ﬁi—le)>
]
1<i,j<n

(1 — oclx]-) ce (1 — IX/\ix]')

Gr(xn;, B) = (1.1)
b [Th<icj<n(xi —x;)
Using the notation © we can rewrite (1.1) as follows:
det (hy 4 ni[x; © (Ar, — Bi1)]), ..
Ga(xui, B) = — s, (12)

[Ti<icj<n(xi — x;)

where Ay = a1+ +arand By =1+ -+ P fork >1,and Ay = By =0 for k < 0.
We define our generalization of dual Grothendieck polynomials via the following
bialternant formula.
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Definition 1.2. For a partition A with at most n parts, the refined dual canonical stable
Grothendieck polynomial g, (xn; &, B) is defined by

det(hy,4n—i[xj — Ax,—1 + Bi1])1<ij<n
[Ti<icj<n(xi — xj) .

ga(xn;a, B) = (1.3)

Our generalizations G, (x;«, ) and g, (x;«, B) generalize several well-studied vari-
ations of Grothendieck polynomials as follows. Here 0 = (0,0,...), 1 = (1,1,...),

ag = (a,a,...)and Bo = (B, B,--.)-

Variations of G or g introduced in how to specialize
Gy/r(x) Buch [1] Gy/2(%;0,1)
gwx) Lam-Pylyavskyy [7] £/(30,1)
(x) Yeliussizov [15] G (x; @0, —Bo)
(x) Yeliussizov [15] er(x; —ag, Bo)
RGO( ; B) Chan-Pflueger [2] Gy (x;0,B)
$a/u(%;B) Galashin-Grinberg-Liu [3] Sa/u(%:0,B)
Gaufrg(x) Matsumura [11] GRO/V:t(g’f) (x;0,—Bo)
g;o/‘;’l(r ) (x; B) Grinberg [4], Kim [6] gf\o/v;;(r S)( ;0, B)

The remainder of the extended abstract is organized as follows. In Section 2, we
briefly recall necessary definitions. In Section 3, we give Schur expansions and Jacobi-
Trudi-like formulas for G, (x,; &, B) and g (x4; &, B) and prove their duality. In Section 4,
we give tableau models for G, (x;«, ) and g (x; &, B) and obtain Schur positivity of
G)(x;a, —B) and ¢p(x; —a, B). In Sections 5 and 6, we extend refined canonical stable
Grothendieck polynormals and their duals to skew shapes with certain flag conditions.
In Section 7, we give skew Schur expansions for G, /y(x; «,B) and g, /u (x; &, B), and they
behave nicely under the involution w. The full version of this extended abstract is [5],
where the missing proofs can be found.

2 Preliminaries

In this section, we set up notations and give the necessary background. Throughout this
extended abstract, we denote by Z (resp. Z ) the set of integers (resp. positive integers).

2.1 Partitions and tableaux

A partition is a weakly decreasing sequence A = (A1,...,Ay) of positive integers. Each A;
is called a part, and the length £(A) = ¢ of A is the number of parts in A. We denote by
Par, the set of partitions with at most n parts, and by Par the set of all partitions.
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We will identify a partition A with its Young diagram. Each element (i,j) € A is
called a cell of A. The Young diagram of A is visualized by placing a square (i, j) for each
cell (i,f) in A using the matrix coordinates. The transpose A’ of A is the partition whose
Young diagram is obtained from that of A by reflecting across the diagonal. The content
c(i,j) of acell (i,j) € Aisj—i.

For two partitions A, u € Par with u C A, the skew shape A/ is defined tobe A — u =
{(1,7) : 1 <i<Ul(A),ui <j<Ai}. We denote by |A/p| the number of cells in A/ .

A semistandard Young tableau of shape A/u is a filling T of the cells in A/u with
positive integers such that the integers are weakly increasing in each row and strictly
increasing in each column. Let SSYT(A/u) be the set of semistandard Young tableaux of
shape A/u. A reverse plane partition of shape A/y is a filling T of the cells in A/u with
positive integers such that the integers are weakly increasing in each row and in each
column. Let RPP(A/u) be the set of reverse plane partitions of shape A/ .

2.2 Symmetric functions

Let A be the Q-algebra of all symmetric functions in Q[[x1, X, ...]]. The completion A
of A is the set of symmetric functions with possibly unbounded degree. For n > 1, the
complete homogeneous symmetric function hy,(x) and the elementary symmetric function e, (x)
are defined to be

hy(x) = Z Xiy %, and ey(x) = Z Xiy* o Xi,-

i< <ip 1< <iy

Define an endomorphism w : A — A of the Q-algebra A by w(h,(x)) = ex(x).

An important basis is the Schur function basis. For a partition A € Pary, the Schur
polynomial s, (x,) of shape A is defined by
det(x]-AﬁLnfi)gi,jgn

S\ Xn) = .
2 [Ti<icj<n(xi — x;)

The Schur function s, (x) is defined to be the coefficient-wise limit of s,(x,) as n — oo.
The Schur function s, /, (x) of shape A/ is defined by sy, (%) = Lressyr(a/n) xT, where
xT = x]""x)"? - and m; is the number of appearances of i in T.

The Hall inner product is the inner product on A defined by (s (x),s,(x)) = ) -
This inner product is naturally extended to A x A because every element f € A can be
written as f = Y cpar CASA (X).

The Jacobi-Trudi formula and its dual give expansions of Schur functions in terms of
hy(x) and e, (x) as determinants: for partitions u C A,

(M) £(A)

S/\/y(x) = det <h7\i—}l]'—i+j(x)> and S)\//“l/l/(x) = det <€Ai_yj_i+j(x))

ij=1 ij=1"
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In this extended abstract, we consider the completion of A g = Q[a, B] ® A instead
of A.

2.3 Plethystic substitutions

We define plethystic substitution via the power sum symmetric functions p,(x). For a
formal power series Z € Ql[z1, 2, ... ]|, the plethystic substitution p,[Z] of Z into p,(x) is
defined to be the formal power series obtained from Z by replacing each z; by z!'. By
definition, f[z; + 22+ -] = f(z1,22,...). For more properties of plethystic substitution,
we refer the reader to [10].

For integers 7, s, and n, we define

XZX1+.X2+"', Xn:x1+x2+"'+xn/ X[r{s]:xr+xr+l+"'+x51

An:a1+0(2+...+0(n, B”::B1+,B2++ﬁn/

where X,, = A, =B, =0ifn SOandX[r’s] =0ifr > s.
In this extended abstract, we only consider the plethystic substitution into #,(x) and
en(x). We will use the following properties, which follows from [10, Theorem 6].

Proposition 2.1. For n > 0and Z € Q|[z1,z2, .. .]], we have
ha[—Z] = (=1)"en[Z] and ey|—Z] = (—1)"h,[Z].
For 71,75 € Q|[z1,22,---]],

halZi+Zo) = Y halZalhy[Zo]) and  en[Zi+Zo) = ) ea[Z1]ep[Zo).
a+b=n a+b=n

We introduce a novel notation © as follows.

Definition 2.2. For n € Z and Z1, Z; € Q|[z1, 22, . . . |] with no constant terms,

hy, [Zl S, Zz] = Z h, [Zl]hb [Zz] and e, [Zl S) Zz] = Z e, [Zl]eb [22].
a—b=n a—b=n
3 Schur expansions, Jacobi-Trudi-like formulas, and du-
ality
In this section, we give Schur expansions and Jacobi-Trudi-like formulas for G, (x; «, B)

and g, (x;«, B) using the Cauchy-Binet theorem. We also give the duality between
Gi(x; &, B) and g, (x; &, B) with respect to the Hall inner product.
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For A, u € Pary, define
Cou(e, B) = det (hyﬁA]vfiﬂ[AAj - Bj1]>l.]._1 ,

n
cru(e, B) = det (h)\i—yj—i+j[_A/\,-—1 + Bi—1]>

n

ij=1
We expand G, (x,; &, B) and g, (x,; &, B) into Schur functions as follows.

Theorem 3.1. Let A € Par,,. We have
G)\(xn}“/ ﬁ) = Z CA,]J(“/ ,B)Sy(xi’l)l

H2A

ga(xn; e, B) = Z C)x,y(“rﬁ)sy(xn)-

HEA

We can apply the Cauchy-Binet theorem again to the Schur expansions in Theo-
rem 3.1 to obtain Jacobi-Trudi-like formulas.

Theorem 3.2. For A € Par,,, we have
Gar(xn;a, B) = det (hy, 4 j[Xn © (Ap, — Bi—1)])2j:1 ,

Sr(xn; 0, B) = det (hy, iy j[Xn — Ap 1+ Bifl])zjzl :

Using the Schur expansions of G, (x;«,8) and g (x;«, B), we show the following
duality with respect to the Hall inner product, which justifies the name “refined dual
canonical stable Grothendieck polynomial” for g, (x; &, B).

Theorem 3.3. For A, u € Par, we have

(Galx;, B), gu(x; 0, B)) = Oa

4 Combinatorial models and Schur positivity

In this section we give combinatorial models for the Schur coefficients C, ,(«, ) and
caule, B) of Gy(x;e, B) and g, (x; &, B). As a consequence we show that G, (x; &, —B)
and g, (x; —a&, B) are Schur-positive. In order to state our results we need the following
tableaux, which are modified versions of elegant tableaux [7, 9].

Definition 4.1. A Z-elegant tableau of shape A/u is a filling T of the cells in A/y with
integers such that the rows are weakly increasing, the columns are strictly increasing,
and

min(i —p;,1) <T(i,j) <i  forall (i,j) € A/p.

Let ETz(A/p) denote the set of all Z-elegant tableaux of shape A/ u.
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Definition 4.2. A Z-inelegant tableau of shape y/A is a filling T of the cells in u/A with
integers such that the rows are weakly decreasing, the columns are strictly decreasing,
and

min(y; —i,0) < T(i,j) < A;  forall (i,j) € u/A.

Let IETz(pt/A) denote the set of all Z-inelegant tableaux of shape y/A.

We now give combinatorial interpretations for the Schur coefficients C) ,(«, ) and
cru(e, B) of Gy(x; &, B) and gx(x; &, B) in terms of tableaux.

Theorem 4.3. Let A, u € Par with A C u. We have

Cru(a,B)= ) [T (arij = Brij—cip):

TEIETz(u/A) (i,j)ep/A

(e, B)= ), IT (—argjrei + Braj)

TEETZ(A/p) (i,j)Er/p

where &y, = By = 0 for m < 0. In particular, Gy (x;a, —B) and g,(x; —«, B) are Schur-
positive, that is, Cy ,(a, —B) and c, ,(—w«, B) are polynomials in « and B with nonnegative
integer coefficients.

For the proof of Theorem 4.3, we express C, (&, 8) and c, ,(«, B) in terms of nonin-
tersecting lattice paths using the Lindstrom—Gessel-Viennot lemma. The nonintersecting
lattice paths are then easily transformed into the desired tableaux.

5 Flagged Grothendieck polynomials

In this section we give a combinatorial model for G, (x;«, B) using marked multiset-
valued tableaux. More generally, we consider two flagged versions of G, (x;«, ) and
extend the partition A to a skew shape. To begin with, we introduce the following
definition.

Definition 5.1. A marked multiset-valued tableau of shape A/ is a filling T of A/u with
multisets such that

* T(i,j) is a nonempty (finite) multiset {a; < --- < a;} of positive integers, in which
each integer a; may be marked if i > 2 and 4;_1 < 4;, and

e max(T(i,j)) < min(T(i,j+ 1)) and max(T(i,j)) < min(T(i +1,j)) if (i,7), (i,j +
1) € A/pand (i), (i +1,j) € A/, respectively.

Let MMSVT(A/p) denote the set of marked multiset-valued tableaux of shape A/ .
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1,2%,212,2,4*

1 3,3

Figure 1: An example of T € MMSVT((3,2)/(1)), where the marked integers are

indicated with *. The weight of T is given by wt(T) = x?xjx3xsa3a3(—B1)>.

For T € MMSVT(A/p), let xT0) = x"x)2 ... where my is the total number of ap-
pearances of k and k* in T (i, j), and let unmarked(T(i,)) (resp. marked(T(i,j))) denote
the number of unmarked (resp. marked) integers in T (7, j). We define

Wt(T) — 1_[ xT(i,j)a;}nmarked(T(irj))*1(_ﬁi)marked(T(i,j))‘
(ij)er/p

See Figure 1.

The main goal of this section is to prove the following combinatorial interpretation
for G, (x; «, B).

Theorem 5.2. For a partition A, we have

Gir(x;a,B) = ) wit(T).

TeMMSVT(A)

Our strategy for proving Theorem 5.2 is to introduce a flagged version which allows
us to use induction. We note that a row-flagged version with partition shape is sufficient
to prove this theorem, but for completeness we also consider a column-flagged version
and we generalize the partition shape to any skew shape.

Definition 5.3. Let r = (r,72,...), s = (51,52,...) bein Z. Let MMSVTrOW(r'S)()L/y)
denote the set of T € MMSVT(A/u) such that r; < min(T(i,j)) and max(T(i,j)) < s;
for all (i,j) € A/u. Similarly, MMSVT("S) (A /1) denotes the set of T € MMSVT(A/ )
such that r; < min(T(,j)) and max(T(i,j)) < sj for all (i,j) € A/pu. We define the
row-flagged and column-flagged refined canonical stable Grothendieck polynomials by

GRO/V;(V’S) (x;0,B) = Z wt(T),
TeMMSVT"("8) (A /1)
G;‘}l}(lr’s) (x;0, B) = ) wt(T).

TeMMSVT"s) (A /1)
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Now we give Jacobi-Trudi-like formulas for GRO/W ") (x; &, B) and GCOl ") (%, B).
Theorem 5.4. Let A, u € Pary,v,s € Z't with y C A. If r; < riyq and s; < s;q whenever
pi < Ajpq for1 <i<mn—1, then

rOW 1‘S n
Gy (e, B) = Cdﬁ(hmWwﬂXm@JQ(Am-—AW-—&r+BDDLFJ, (5.1)

where C =T ( — Bixp).

We prove Theorem 5.4 by showing that the both sides of (5.1) satisfy the same recur-
rence relations and initial conditions. The idea is based on a proof of the Jacobi-Trudi-
like formula for flagged Schur functions due to Wachs [14]. We prove the following
theorem in a similar way.

Theorem 5.5. Let A,y € Pary,r,s € Z't with u C A If vy — pi < rigq — pipq and s; — Aj <
Sit1 — Aip1 + 1 whenever u; < Ajiq forl1 <i <mn—1, then
n

1(
G;(l)/;s (x a, ﬁ) D det <e/\,‘juj*l'+]'[X[7’jr5i] © (Aifl - A] — B/\i + Byj)])ij_l ’

where D =TT 1]_[ ( —a;x;) !

6 Flagged dual Grothendieck polynomials

In this section we give a combinatorial model for the refined dual canonical stable
Grothendieck polynomials ¢, (x; &, B) using marked reverse plane partitions. To this end
we introduce a flagged version of g, (x; &, B) using marked reverse plane partitions and
prove a Jacobi-Trudi-like formula for this flagged version. More generally, we consider
two flagged versions of g, (x; &, B) and extend the partition A to a skew shape.

Definition 6.1. A left-marked reverse plane partition (or simply marked reverse plane partition)
of shape A/ is a reverse plane partition T of shape A/p in which every entry T(i, j) with
T(i,j) = T(i,j + 1) may be marked. We denote by MRPP(A /) the set of marked reverse
plane partitions of shape A/p. For T € MRPP(A/u), define

wt(T) = H wt(T(i,])),
(ij)eA/nu
where
—waj  if T(i,]) is marked,
wt(T(i,j)) = ¢ Bio1  if T(i,j) is not marked and T(i,j) = T(i — 1,j),
xr(; if T(i,j) is not marked and T(i,j) # T(i — 1,j).

Here, the equality T(i,j) = T(i —1,j) means that their underlying integers are equal.
See Figure 2.
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1(2(4"| 4
1*1113]5
111

3*13%| 3

Figure 2: An example of T € MRPP(A/p), where A = (6,5,3,3) and p = (2,1,1). We
have the weight wt(T) = x1x2x3x4x5(—a1) (—a2)?(—as) B1B3-

The main goal of this section is to prove the following combinatorial interpretation

for g\ (x; «, B).

Theorem 6.2. We have
(v, B) = Z wit(T). (6.1)

TEMRPP(A)

Similar to our approach in the previous section, in order to prove Theorem 6.2 we
introduce a flagged version. For completeness we again consider row- and column-
flagged versions on skew shapes.

Definition 6.3. Let r = (r1,12,...) € Z't and s = (s1,52,...) € Z".. We denote by
MRPP™"("S) (A /1) (resp. MRPP("$) (A /11)) the set of T € MRPP(A/yu) such that r; <
T(i,j) <s; (resp.rj < T(i,j) <s;) forall (i,j) € A/p. We define row-flagged and column-
flagged refined dual canonical stable Grothendieck polynomials by

g;\o;;;(r,s)(x,. Dc,ﬁ) _ Z wt(T),
TEMRPP™"("8) (A / )
col(r,s
gA/]S )(x;oc,[}) = Z wt(T).

TEMRPP!") (A /1)
Now we give Jacobi-Trudi-like formulas for the two flagged versions of g, (x; &, B).

Theorem 6.4. Let A,y € Pary,r,s € Z'| such that r; < riyq and s; < s; 1 whenever y; <
Aix1. Then we have

n
g;o/":l(r,s)(x; n, ‘B) = det (h/\,-—y]-—i—i—j [X[T’jfsi} - A)\i_l + AV]' + Bi—l - Bj_l])ij—l ,
I(r, "
g()j\(/)/(;,s)(x; «, ‘B) = det (6,\1._14]._1'_,_]' [X[T’jfsi} — A1+ A]'_1 + B)\,-—l — Byj]>ij—1 .

The proof is based on the ideas in [6].
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7 Schur expansions and the omega involution for skew
shapes

When we set r; = 1 and s; = oo for each i in Theorems 5.4, 5.5 and 6.4, we have the
refined canonical stable Grothendieck polynomial Gy, (x; &, B) of skew shape A/, and

its dual g, /,(x; &, B).

We define a generalized partition of length n to be a sequence (Ay,...,A,) € Z" sat-
isfying Ay > --- > Aj,. Denote by GPar;, the set of generalized partitions of length 7.
We expand G,/ (x;&, B) and g,/ (x; &, B) in terms of skew Schur functions (up to some
factor) using the Cauchy-Binet Theorem.

Theorem 7.1. For A, u € Par, with u C A, we have

Gajulxa,B)=C Y. Cru(a,B)syp(x)C, . (w, B), (7.1)

p,v€GPary,
pPCuCACY

where C = [T 1 T1;21(1 — Bix;) and
Cau(a, B) = det (hvi—Aj—i+j[A/\j — Bj—1]> o
n
( ,B) = det ( Ui pj—i+j[_Aﬂi + Bi])i .
Theorem 7.2. For A, u € Par,, we have

g/\/y(xr' w, B) = Z C/\,V(“rﬁ)SV/p(x)C;),y(“r.B)r

p,vEPary,
HCpCvCA

where
n
crv(e, B) = det (h)\i—v]-—iﬂ'[_A/\i—l + Bi—1]>i].:1 ,

n
pu(e, B) = det (g e[ Aw — Bial) -

Finally, we obtain the effect of the involution w on G, /y(x; «,B) and g, /y(x; «, B).
Theorem 7.3. For A, u € Par with u C A, we have

W(Gayu(xs0, B)) = Gy (%, — B, —),
w(gr/u(x e, B)) = gryw(x—B, —w).
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