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On the A; Andrews-Schilling-Warnaar identities
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Abstract. In a groundbreaking work, Andrews-Schilling-Warnaar invented an A,
generalization of the A; Bailey machinery and discovered many identities related to
the principal characters of standard modules for sz, or equivalently, for the vertex op-
erator algebra W3(3, p’). Jointly with Russell, we have given conjectures for completing
this set of identities and proved these conjectures for small values of p’. In another di-
rection, character of W,(p, p’) has been related to an appropriate limit of certain sl,
coloured Jones polynomials of torus knots T(p, p’) under some restrictions on 7, p, p’.
This note summarizes these developments.
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1 Introduction

1.1 Rogers—-Ramanujan identities and their origins

Let us begin by recalling the celebrated pair of Rogers-Ramanujan identities:

" 1 I

7 = 77" . 11
n;(q)n 0(9;9°) ,§0<q>n 0(9% ) &1)

where we use the standard notations for the Pochhammer symbols (g4), (and more gen-
erally (a;q)n) for n € Z>oU {oo} as found in [2] and we use the notation:

O(ar, a2, ai;9) = [T (a59)(9/5; 7)o (1.2)

1<i<k

Rogers—-Ramanujan identities, their various generalizations, and analogues appear in
many branches of mathematics. Most importantly for us, they appear in the study of
affine Lie algebras and vertex operator algebras (henceforth, VOAs). Secondly, they also
appear in relation to the coloured Jones polynomials of knots and links.
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The identities (1.1) were first proved completely representation-theoretically by Lep-
owsky and Wilson [18, 19, 20, 21] by considering standard (i.e., integrable, highest-
weight) level 3 modules for the affine Lie algebra sl,. Identities (1.1) also arise by con-
sidering the representation theory of Virasoro VOA Vir(2,5). In general, representation
theory of VOAs is an enormously rich source of Rogers—Ramanujan-type identities hav-
ing the “sum=product” shape of (1.1).

On the knot-theoretical side, the second Rogers-Ramanujan identity in (1.1) seems to
have been proved first by Armond and Dasbach [6] by considering tails of Jones poly-
nomials for torus knots T(2,5) coloured with finite dimensional irreducible sl modules.
Here, the product side is a result of using the Rosso—Jones formula [24] as explained by
Morton, [23]. The sum side is calculated using a combinatorial walk model [7]. More
generally, Armond and Dasbach proved one Andrews-Gordon identity at each modulus
2k + 1 by considering the torus knot T(2, 2k + 1).

1.2 Bailey machinery

In the world of g-series, Bailey machinery provides a highly productive mechanism to
prove Rogers—Ramanujan-type identities. By Bailey machinery, we mean the framework
that takes as input a Bailey pair (as defined in [1], for instance) and modifies this pair
iteratively (using the Bailey lemma, the Bailey lattice, or any other suitable transforma-
tions). The modified pairs then lead to requisite identities by taking appropriate limits.

From the point of view of representation theory and knot theory, this mechanism
is especially well suited to handle cases that are closely related to the Lie algebra sl,.
In particular, it produces identities related to principal characters (see (2.3) below) for
standard modules for affine Lie algebras ;IE = Agl) and Ag), rational Virasoro algebras
Vir(p, q), etc. This machinery has also been successfully used (see [15], for instance) in
understanding Jones polynomials of links coloured with irreducible, finite-dimensional
sl modules.

For these and some more reasons explained in [3], we refer to the classical Bailey
machinery by the designation sl or A;.

1.3 Andrews-Schilling-Warnaar’s A, Bailey machinery

In [3], Andrews-Schilling-Warnaar invented an A, generalization of the A; Bailey ma-
chinery. Specifically, they defined a notion of the A, Bailey pair, found the unit A, Bailey
pair, and gave a transformation law for A, Bailey pairs. Note that this transformation
law is not yet as general as the one for A; Bailey pairs.

In [3], the authors then used this mechanism to discover “sum=product” identities
related to principal characters of certain standard modules at every level ¢ € Z- for the
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affine Lie algebra sl3. Atlevels £ € Z coprime to 3, these principal characters also arise
by considering characters of modules for the rational VOA W5(3, ¢+ 3) (see [3, 12]).

The actual number of possible identities at level ¢ € Z.( grows as a quadratic in
¢, but the number of identities found in [3] grows linearly in /. Consequently, a major
subset of identities were yet to be found.

Our recent work [17] gives precise conjectures for all these missing identities. We are
further able to prove our conjectures at levels 3 and 7. A further family of results valid
for all levels divisible by 3 is detailed in Section 3 below.

1.4 Certain sl, coloured Jones polynomials of torus knots

Morton’s work [23] effectively relates characters of Vir(p,q) VOA to sl coloured Jones
polynomials of torus knots T(p,q) where 2 < p < g are coprime. Now, Vir(p,q) VOA
is the r = 2 member in the family of principal W, algebras of type A. It is thus natural
to investigate whether characters of W,(p,q) algebras are analogously related to torus
knots. In [16] we show that limits of certain sl, coloured invariants of torus knots T(p, q)
similarly give rise to characters of W, (p, q) VOAs. For precise conditions and statements,
see in Section 4. Importantly, our hope is that generalizing the work of Armond and
Dasbach [6] to sl3 coloured invariants of torus knots T(3, p 4+ 3) will put the Andrews—
Schilling—Warnaar identities in a very different light.

1.5 Recent and related developments

Recently, Andrews-Schilling-Warnaar’s A, identities have gained much attention. Es-
pecially, the interested reader may look at [10], [29], [26], [27] and [30].

2 Foundations

In this section, we begin by collecting the basic setup required for this note.

2.1 Notation regarding the Lie algebras sl,

As usual, we let the simple roots of sl, be «ay,...,a,_1. The set of positive roots will be
denoted by ®; and the set of all roots will be ®,. The fundamental weights will be
denoted by Ay, ..., A,_1. Qr and P, will denote the root and the weight lattices, respec-
tively. The Weyl group will be denoted by &,. The lattices Q, C P, come equipped with
a symmetric, positive definite and &,-invariant bilinear form (-, -) such that (a;, a;) = 2
forall0 <i <r—1. We will let || - || be the norm corresponding to (-, -). The Weyl vector
will be denoted by 6. Recall that w + (—1)/®) is the sign representation of &, where

£(-) is the standard length function on G,.
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2.2 Affine Lie algebras sl

For gﬁ, we will reuse some notation from sl case. We shall provide adequate clarification
in the cases of potential confusion.

For 0 <i <r —1,let a; be the simple roots and let A; be the fundamental weights of
the affine Lie algebra sl,. Fix ( € Z>q (called the level) and let A = coAg+ - - - +c,—1Ar—1,
where ¢; € Z>p and ¢y + ---+c¢,_1 = ¢. By L(A) we denote the irreducible highest-
weight s, module with highest-weight A. The character of this module is denoted by
ch(L(A)) and it belongs to:

ch(L(A)) € e*z[[e %, e~ %1]]. (2.1)

Here, ¢* and ¢% are formal symbols. We define the principally specialized character and the
principal character' of L(A) to be respectively —

(L) = (e (LA |ysorsg, oortisg 2.2)

_ X(ILA) _ (@

Due to the Dynkin diagram symmetries in the sl, case, we also have that:
X(QA)) = x(Q(oA)), (24)

where ¢ is any dihedral permutation of co,cy,...,c,—1. In the case of 5/[\3, we have the
following for cy,c1,¢0 € Z>p, co+c¢1+c2 = £, m = £ + 3 (see [12, 28], etc.):

m. 4m\2
H(O(coho + c1A7 + caAs)) = %eufﬂ“;qm>e<qﬁ+%qm>e<q@+%qm>. 25)

o0

2.3 Principal W, algebras

Let r < p, p’ be a pair of coprime integers. Now, principal W,(p, p) algebras are certain
simple vertex operator algebras (VOAs) that can be obtained as the quantum Hamilto-
nian reductions of affine VOAs based on sl, at levels % — r. For deep and foundational
properties of these VOAs, see [4, 5].

From [22] and [12], we recall characters of W,(p, p’) VOAs and their modules.

1. In the notation of [12], the character of the VOA W, (p, p’) is X(r)” ’g’p "and up to a pure
power of g it equals the following normalized character:

7—631849' — LY % (—=1)40) qzpp el =p' (00) +p(2.0(8)) ~ (6(6)=0), (2.6)

o
aeQ, 0e6;,

!Note that the first equality in (2.3) as a definition of principal characters is only valid for the affine Lie
algebras of type X" with X = A,D,E and t € {1,2,3}.
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2. When p = r, inequivalent irreducible modules of W,(r, p’) are enumerated by sl,
weights { = c1A1+ -+ ¢,_1A,—1 € P, such that ¢y + - +¢c,-1 < p' —r. The
character of the corresponding irreducible W, (r, p’) module is denoted by XB’EP
[12] and up to a pure power of g it equals the normalized character:

XSZJ’ = (q)L Yy ¥ (_1)E(U)q%m’foHZ*P’(D@(S)H(“,U(H&))*(5,0(C+5)7é'*5), (2.7)

aeQ, ce’,

2.4 Cylindric partitions

Weletr >1and ¢ > 1.

A composition of ¢ of length r is an (ordered) sequence of non-negative integers ¢ =
(co,¢1,...,6,—1) that adds up to ¢. Note crucially that ¢ stands for the level and r for
rank as in Section 2.2.

A cylindric partition of profile c is defined to be an (ordered) sequence of partitions
A= (A9, AU=1D) such that:

1. Each AU) = Agj )4 Agj )4 ... is written in a non-increasing order and is assumed to
continue indefinitely by appending an infinite string of zeroes.

2. Forall 0 <i<r—2andallj, A > AlY and AT > A1)

Given a composition ¢ = (cy, ..., c,—1) of £, define its set of non-negative indices by
L={0<i<r—1]¢ >0}
For @ C J C I, define ¢(]) = (¢o(J), ..., c;—1(])) as
ci—1 ie]i—-1¢]

ci(J)=R¢ci+1 igJi—1€] (2.8)
Ci otherwise,

where we think of the indices 0,...,r — 1 (and consequently elements of the sets I, and
J) as elements of the cyclic group Z,. Note that if ¢ is a composition of ¢, then so is c(]).
Let C. be the collection of all cylindric partitions of profile ¢ and define:

Hc(z,q) )os Y. ZMAX(A) gwH(A) (2.9)

°° AeC,

Now, the following properties of cylindric partitions and the functions H, are crucial.
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1. The functions H, are governed by the Corteel-Welsh recurrence [11]. For a fixed r
and ¢, the functions H, as c varies over length r compositions of ¢ are the unique
solutions in Z[[z, q|] to the following finite system of recurrences and initial condi-

tions Z:
He(zq) = Y, (=D (zq) )1 Hegpy (29, 9), (2.10)
OCJCIe
H:(0,9) = (9)=', Hc(z,0) =1. (2.11)

2. H, appear as characters as follows ([8, 25, 14, 12]):
—, ,E
(@)eoH(cy,..c, (L) = X(QcoAo+ -+ 1Ar1)) = Ko oA toote, 1, (212)

3. H. functions have certain symmetries. The first follows from the definition of
cylindric partitions. The second follows from the previous relation to principal
characters, but can also be deduced from the properties of cylindric partitions.

H(co,m,cr,l)(zr Q) = H(cl,cz,...,cr,l,c())(zl q)r (2.13)
H(co,~--,c,_1)(1/ Q) = H(cr_l,cr,z,...,cl,co)(1/ q) (2.14)
Due to (2.13), we cyclically permute ¢ and assume that cy is the largest part.

3 Completing the A, identities from [3]

In this section, we will now solely focus on the r = 3 case. That is, we will only consider
principal characters of standard 5/[\3 modules of level ¢ € Z-y. Equivalently, these are
the characters XSE’?’M for irreducible modules for the VOA W;(3,3 + ¢) whenever ¢ is
coprime to 3, however, we will stick with the former description.

In [3], using an appropriate generalization of the usual Bailey machinery to the A;
root system, “sum=product” identities involving certain principal characters were found.
For identities found in [3], the triple (co, c1, ¢2) appearing in (2.5) satisfies:

(co(0) + L co1) + L coa) +1)

e {(i,i,3k—2i+s),(Lk—t2k+t—1+1) | k>21<i<kt=0,1s=-1,01}.
(3.1)

where ¢ is some permutation of the indices 0,1,2 (recall (2.4)). This implies that a
majority of identities at every level were yet to be found. In [17], jointly with Russell, we
were able to conjecture all of the missing identities and prove our conjectures at levels 3
and 7. In fact, our conjectures pertain to the two-variable generating functions H.(z, q).
Upon setting z = 1, one gets conjectures for the principal characters of standard modules
(see (2.12)).

2The referee has kindly pointed out that H¢(z,0) = 1 from (2.11) is redundant.
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3.1 The arrangement of modules

Fix £ > 0 and let m = ¢ + 3 and let k be such that m = ¢+ 3 € 3k+ {—1,0,1}.

We now arrange length 3 compositions of ¢ in a triangular array. Suppose that ¢ =
(co, c1,¢2) is a composition of ¢. Due to the cyclic symmetry (2.13), we assume that ¢ is
the largest part of c. Let (A, A1, A2) be the sequence obtained by permuting (co, ¢1,¢2) in
a weakly decreasing order. Now place the composition ¢ in row A; and column A,. This
gives rise to a triangular arrangement of compositions. Lastly, we draw a horizontal line
after row k — 1. For example, here is the arrangement for ¢ = 11,m = 14,k = 5:

row(O: 11,0,0

rowl: 10,1,0/10,0,1 9,1,1

row2: 9,2,0/9,0,2 8,2,1/8,1,2 7,2,2

row3: 8,3,0/8,0,3 7,3,1/7,1,3 6,3,2/6,2,3 5,3,3
row4d: 7,4,0/7,0,4 6,4,1/6,1,4 5,4,2/5,2,4 4,4,3
row5: 6,50/6,0,5 5,5,1

(3.2)

Theorem 1. [17, Thm 5.1] Fix ¢ > 0. Suppose that expressions for all H.(z,q) are known
where c runs over length 3 compositions of ¢ that lie above the line, i.e., Ay < k — 1. Then, the
expressions for H.(z, q) where c is a length 3 composition of ¢ that lies below the line, i.e., A1 > k
are determined by the Corteel-Welsh recursions (2.10).

This theorem implies that it is enough to produce conjectures for the compositions
that lie above the line.

3.2 Conjectures for compositions above the line
Let us continue to let ¢, m, k as in the previous subsection. For 0 < j < k — 1, define:
j
e = [m,1,...,1] ez, e =[2,1,...,1] ez (3.3)
For p, o € ZF~1, define (with the convention that (g);;' = 0if n < 0):
Zrlq(zlggk,l r2—1;5+s? ) +p-r+0°s elSE

Zk>—01 ngigkfz(q)ri*riﬁ—l(q)si*SH—l ‘(Q)qu(EI)Skﬂ(Q)rk71+sk71+l

Ssk—1(p | o) =

r,S€
Zrlq(zlgl‘sk,l 1’1-271’,451'+S]2)+P'1’+0"S 1

H1gigk72(‘7)rﬁri+1 (Q)sz-fsiﬂ ' (Dre 1 (@se (Q)rk,ﬁsk,ﬁl

Sskpilp | o) = )

7,8 GZ’;’O]

z'yg
S o) = .
3k(P ‘ ) r,sGZZ:k;Ul ngigk—z(q)ﬁ—riﬂ(‘7)51—51+1 (q)rk—l+5k—1(q)rk71+5k71+1

(3.4)

(Cazick_1 r2—risi+s? ) +p-r+0-s 1 l:

Te—1+ Sk—l}
Tk—1 P
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Conjecture 1. [17, Conj. 5.1] Fix £ and let ¢ = (co, c1,¢2) be a composition above the line (i.e.,
A <k —1). We then have:

Seva(ec | ec,) —qSea(ec -1 ec,—1) c1,c2 >0
H(C0/C11C2)(Z’ q) = Seysleq | eo) c=0 (3.5)
Siia(eo | e,) —q(1—2)Spz3(e1]e,-1) c1=0,c2#0

Theorem 2. [17, Thm 5.3] The conjectures above satisfy the initial conditions (2.11), i.e.,
H:(0,9) = (q)! and H.(z,0) = 1.

3.3 Proving the conjectures at low levels and other results

We were able to prove our conjectures in some specific (small) levels:
Theorem 3. [17] Conjecture 1 is true for £ € {2,3,4,5,7} (the cases ¢ € {3,7} are new).

Idea of proof. Broadly, the proof has two steps. First we find certain fundamental (recur-
rence) relations satisfied by the S functions defined in (3.4). This step is straight-forward
(see also [9]). The next step is to show that the Corteel-Welsh recursions (2.10) are a
consequence of these fundamental relations. This step requires a non-trivial amount of
computer assistance, especially in levels 5 and 7. O

Recently, Uncu has extended the theorem above to include two further cases.

Theorem 4. [27] Conjecture 1 is true for £ € {8,10}.

In an important development, S. O. Warnaar has given a far reaching enhancement
of the A, Bailey machinery of [3] and proved the following.

Theorem 5. [30] Conjecture 1 is true with z = 1.

In the case of 3 | ¢ and with z = 1, we are in fact able to improve Theorem 1. In
this case, we prove concrete formulas for H.(1,g) when c is below the line. This process
crucially uses an identity of Weierstrafs (see [17, Lem 6.1]). Note that the original for-
mulation in [17] of the theorem below was conditional upon the validity of Conjecture 1
with z = 1, which in turn has been proved in [30].

Theorem 6. [17, Thm. 6.4], [30] ® Let k > 3. Let ¢ = (co,c1,c2) with cg > c1 > ¢ > 0,
co+c1+cp=40=23k—3,and cy > k. Then:

H(1,9) = X(1,9) —q2'Y(1,9), (3.6)

3Here we correct two minor errors in [17]: In equations (6.10) and (6.11) of [17], S3,, are supposed to
be Szi. Additionally, in equations (6.7) and (6.10) of [17], the second case never occurs.
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where
X(z,q) = Ssk(€k—c;—2 | €2k—co—2) — GS3k(€2k—c;—3 | €2k—cp—3), (3.7)
Y(z,q) = Sak(€co—k | €c;—k) — GSak(ey—k—1 | €—k-1), c1 >k (3.8)
S3k(eco—k | €0) c1 = k.

3.4 Examples

As examples, we single out two new identities that emerge from the theorems above. In
both, ) stands for a sum over rq,7;,51,52 > 0.

qr%—rlsl+s%+r%—r252+s%+r2+sz(1 _ qu—i—rl—l—sl) {7’2 + 52:|
(q)ﬁ—rz (q)sl—sz(q)rﬁ-sz (q)72+52+1 2 P

1 1 _ X(O(3A0 +3A1))
(1) 0(q,9% 9% 3% 3% 9°) 0 ()0 '

(3.9)

q}’%*?151+5%+‘f%*7’252+5% (q—71+51+52 _ qrz—‘rSz + q1+71+7‘2+51+52)

(D r1=r2 (D)s1-5 (D (D)55 (D) rp-45,41
1 1 _ X(Q(4A¢ +3A1)) 6.10)
(@) 0(q, 9% 9%, 4% 4%, 4% ') (@)
Identity (3.9) arises from Theorem 6 with (cg,c1,¢2) = (3,3,0). (3.10) is one of the
identities in Theorem 3 with ¢ = 7.

4 Coloured sl, invariants of torus knots

Let us begin by collecting a few further facts about the representation theory of sl,.
Recall that the Weyl denominator associated with sl is:
A=Y (—1)4®@)ew(),
wesS,
where ¢?(9) is a formal exponential, to be thought of as an element of the group algebra
of the weight lattice P,. We denote:

qdim(A,) = Y (~1){®@)g(@®0)

weGy
Weyl denominator formula implies that:

. 15 (s
qdim(A,) = T (g2 — g7200m)),

acd;
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The function qdim can be defined more generally by qdim(e*) = ¢(#?) for u € P,. In
particular, for a finite-dimensional irreducible module L, we may define qdim(L) as
simply qdim(ch(L)) where the character ch(L) belongs to the group algebra of P;.

Let L,(n/A1) denote the (finite-dimensional) irreducible s, module of highest weight
nAp and let I, , be the set of weights of L,(nA1).

Given a knot K with a fixed framing f, a finite-dimensional simple Lie algebra g along

with a finite-dimensional irreducible module L, let ]Ié(L) denote the framing-dependent,
un-normalized, L coloured Jones invariant of K. Here, un-normalized means that for the
unknot with zero framing this invariant equals qdim(L).

Let p,p’ be a pair of coprime positive integers, and let T(p, p’) be the torus knot
obtained by the (p, p’) cabling of the unknot of zero framing, see [23] for details. In this
case, T(p, p') has writhe pp’. We will fix (and then forget) this framing of T(p, p’). Now,
the Rosso—Jones formula [24] (as explained by [23]) in conjunction with some elementary
properties of I1, , leads to the following theorem.

Theorem 7. Let p, p’ be a pair of positive coprime integers.

1. [16, Thm. 5.1] The framing-dependent, un-normalized invariants of torus knots satisfy:

A :
_q 2 {(w) (pA+wd,8)+ 5 || pA+wd||?
Joiwon (Ly(nA7)) = ——— ~1 % .
T(p,p )( ( 1)) qd1m(Ar) )\enmzlweer( ) q
2. [16, Thm. 6.1] We have:
i A — (9)51 oy
1m ]T(p,p’)(Lr(nr 1)) - X : (4.1)

n—00

[acar (1—qg(*)) o0

3. [16, Prop. 34]If p < p' and 1 < p < r — 1, then, 7(6’5”’/ = 0 and the limit in (4.1) is 0.

In part 3 above, the reason the limit equals 0 is that the lowest degree of the corre-
sponding Jones invariant approaches co as n — oo. Thus, it is interesting to understand

limits of the shifted invariants TI{(L) which equal ]Ijz(L) divided by its trailing monomial.
We have the following conjecture:

Conjecture 2. [16, Conj. 6.6] Let 2 < p < p’ be a pair of coprime positive integers such that
p < r. Letting ® = @ and denoting the Weyl vector of sl, by &,, we have:

Haed>j_p(1 - q(a'ér_p))
Hae@;* (1- q(‘m’))

Note that unlike (4.1) which involves L,(nr/A1), this conjecture involves Ly (n/A1).

—1_p,p, !
(q)P PPP.

lim TT(P,P/) (Lr(nAl)) = o0 XO,O

n—o0

The r = 3 case of this conjecture holds due to the work [13] (see also [16]).
Our hope is that this connection of W3(3,3 + ¢) algebra characters to knot theory will
provide useful insights on the corresponding Andrews-Schilling—Warnaar identities.



On the Ay Andrews—Schilling—Warnaar identities 11

Acknowledgements

A major part of this extended abstract is based on joint work [17] with Matthew C.
Russell. The work [17] benefitted enormously from insights generously shared by Ole
Warnaar. His inputs are gratefully acknowledged.

References

(1]

[10]

[11]

[12]

[13]

[14]

G. E. Andrews. g-series: their development and application in analysis, number theory, combina-
torics, physics, and computer algebra. Vol. 66. CBMS Regional Conference Series in Math-
ematics. Published for the Conference Board of the Mathematical Sciences, Washington,
DC; by the American Mathematical Society, Providence, RI, 1986, pp. xii+130.

G. E. Andrews. The theory of partitions. Cambridge Mathematical Library. Reprint of the
1976 original. Cambridge University Press, Cambridge, 1998, pp. xvi+255.

G. E. Andrews, A. Schilling, and S. O. Warnaar. “An A; Bailey lemma and Rogers-
Ramanujan-type identities”. J. Amer. Math. Soc. 12.3 (1999), pp. 677-702. poOI.

T. Arakawa. “Associated varieties of modules over Kac-Moody algebras and C,-cofiniteness
of W-algebras”. Int. Math. Res. Not. IMRN 22 (2015), pp. 11605-11666. DOI.

T. Arakawa. “Rationality of W-algebras: principal nilpotent cases”. Ann. of Math. (2) 182.2
(2015), pp. 565-604. por.

C. Armond and O. T. Dasbach. “Rogers-Ramanujan type identities and the head and tail
of the colored Jones polynomial”. 2011. arXiv:1106.3948.

C. W. Armond. “Walks along braids and the colored Jones polynomial”. ]. Knot Theory
Ramifications 23.2 (2014), pp. 1450007, 15. por.

A. Borodin. “Periodic Schur process and cylindric partitions”. Duke Math. ]. 140.3 (2007),
pp- 391-468. por.

S. Chern. “Linked partition ideals, directed graphs and g-multi-summations”. Electron. .
Combin. 27.3 (2020), Paper No. 3.33, 29. por.

S. Corteel, J. Dousse, and A. K. Uncu. “Cylindric partitions and some new A; Rogers-
Ramanujan identities”. Proc. Amer. Math. Soc. 150.2 (2022), pp. 481-497. por.

S. Corteel and T. Welsh. “The A, Rogers-Ramanujan identities revisited”. Ann. Comb. 23.3-4
(2019), pp. 683-694. por.

O. Foda and T. A. Welsh. “Cylindric partitions, W, characters and the Andrews-Gordon-
Bressoud identities”. J. Phys. A 49.16 (2016), pp. 164004, 37. por.

S. Garoufalidis and T. Vuong. “A stability conjecture for the colored Jones polynomial”.
Topology Proc. 49 (2017), pp. 211-249.

I. M. Gessel and C. Krattenthaler. “Cylindric partitions”. Trans. Amer. Math. Soc. 349.2
(1997), pp. 429-479. por.


https://dx.doi.org/10.1090/S0894-0347-99-00297-0
https://dx.doi.org/10.1093/imrn/rnu277
https://dx.doi.org/10.4007/annals.2015.182.2.4
https://arxiv.org/abs/1106.3948
https://dx.doi.org/10.1142/S0218216514500072
https://dx.doi.org/10.1215/S0012-7094-07-14031-6
https://dx.doi.org/10.37236/9446
https://dx.doi.org/10.1090/proc/15570
https://dx.doi.org/10.1007/s00026-019-00446-7
https://dx.doi.org/10.1088/1751-8113/49/16/164004
https://dx.doi.org/10.1090/S0002-9947-97-01791-1

12

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

Shashank Kanade

K. Hikami and J. Lovejoy. “Torus knots and quantum modular forms”. Res. Math. Sci. 2
(2015), Art. 2, 15. por.

S. Kanade. “Coloured sl, invariants of torus knots and characters of W, algebras”. Lett.
Math. Phys. 113.1 (2023), Paper No. 5.

S. Kanade and M. C. Russell. “Completing the A, Andrews—Schilling—Warnaar identities”.
Int. Math. Res. Not. IMRN (). Accepted. por.

J. Lepowsky and R. L. Wilson. “Construction of the affine Lie algebra A,(1)”. Comm. Math.
Phys. 62.1 (1978), pp. 43-53. Link.

J. Lepowsky and R. L. Wilson. “A new family of algebras underlying the Rogers-Rama-
nujan identities and generalizations”. Proc. Nat. Acad. Sci. U.S.A. 78.12, part 1 (1981),
pp. 7254-7258. por.

J. Lepowsky and R. L. Wilson. “The structure of standard modules. I. Universal algebras
and the Rogers-Ramanujan identities”. Invent. Math. 77.2 (1984), pp. 199-290. por.

J. Lepowsky and R. L. Wilson. “The structure of standard modules. II. The case Agl),

principal gradation”. Invent. Math. 79.3 (1985), pp. 417-442. por.

S. Mizoguchi. “The structure of representation for the W) minimal model”. Internat. ].
Modern Phys. A 6.1 (1991), pp. 133-162. poI.

H. R. Morton. “The coloured Jones function and Alexander polynomial for torus knots”.
Math. Proc. Cambridge Philos. Soc. 117.1 (1995), pp. 129-135. por.

M. Rosso and V. Jones. “On the invariants of torus knots derived from quantum groups”.
J. Knot Theory Ramifications 2.1 (1993), pp. 97-112. por

P. Tingley. “Three combinatorial models for sl crystals, with applications to cylindric
plane partitions”. Int. Math. Res. Not. IMRN 2 (2008), Art. ID rnm143, 40.

S. Tsuchioka. “An example of A, Rogers-Ramanujan bipartition identities of level 3”. 2022.
arXiv:2205.04811.

A. K. Uncu. “Proofs of Modulo 11 and 13 Cylindric Kanade-Russell Conjectures for A,
Rogers-Ramanujan Type Identities”. 2023. arXiv:2301.01359.

S. O. Warnaar. “The A, Andrews-Gordon identities and cylindric partitions”. Trans. Amer.
Math. Soc. Ser. B (). To appear.

S. O. Warnaar. “Supernomial coefficients, Bailey’s lemma and Rogers-Ramanujan-type
identities. A survey of results and open problems”. Vol. 42. The Andrews Festschrift
(Maratea, 1998). 1999, Art. B42n, 22.

S. O. Warnaar. “An A; Bailey tree and Agl) Rogers—-Ramanujan-type identities”. 2023.
arXiv:2303.09069.


https://dx.doi.org/10.1186/s40687-014-0016-3
https://dx.doi.org/10.1093/imrn/rnac217
http://projecteuclid.org.du.idm.oclc.org/euclid.cmp/1103904301
https://dx.doi.org/10.1073/pnas.78.12.7254
https://dx.doi.org/10.1007/BF01388447
https://dx.doi.org/10.1007/BF01388515
https://dx.doi.org/10.1142/S0217751X91000125
https://dx.doi.org/10.1017/S0305004100072959
https://dx.doi.org/10.1142/S0218216593000064
https://arxiv.org/abs/2205.04811
https://arxiv.org/abs/2301.01359
https://arxiv.org/abs/2303.09069

	Introduction
	Rogers–Ramanujan identities and their origins
	Bailey machinery
	Andrews–Schilling–Warnaar's A_2 Bailey machinery
	Certain sl_r coloured Jones polynomials of torus knots
	Recent and related developments

	Foundations
	Notation regarding the Lie algebras sl_r
	Affine Lie algebras sl_r^ 
	Principal W_r algebras
	Cylindric partitions

	Completing the A_2 identities from ASW
	The arrangement of modules
	Conjectures for compositions above the line
	Proving the conjectures at low levels and other results
	Examples

	Coloured sl_r invariants of torus knots

