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Abstract. The Pitman–Stanley polytope is well-studied and related to plane partitions
with entries 0 and 1. We study a generalization of this polytope related to plane
partitions with entries 0, 1, . . . , m. We show that this generalization is realized as a
flow polytope of a grid graph. We give multiple characterizations of its vertices and
give formulas for the number of vertices and faces. We also study formulas for its
number of lattice points and volume.

Résumé. Le polytope de Pitman–Stanley a été très étudié et a des connexions aux
partitions de plan avec entrées 0 et 1. Nous étudions une généralisation de ce polytope
avec des connexions aux partitions de plan avec entrées 0, 1, . . . , m. Nous démontrons
que cette généralisation peut être réalisée comme un polytope de flot d’un graphe en
forme de grille. Nous donnons plusieurs caractérisations de ses sommets ainsi que
des formules pour le nombre de sommets et de faces. Nous étudions également des
formules pour le nombre de points à coordonnées entières et le volume.
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1 Introduction

The eponymous Pitman-Stanley polytope introduced in [11] is a well-studied polytope
in geometric, algebraic, and enumerative combinatorics. This polytope is defined as
follows. For a positive integer n and vectors a and b in Nn, let

PSn(a, b) := {x ∈ Rn
≥0

∣∣ b1 + · · ·+ bi ≤ x1 + · · ·+ xi ≤ a1 + · · ·+ ai for i = 1, . . . , n},

i.e., PSn(a, b) consists of the nonnegative vectors x in Rn that are between vectors a
and b in dominance order. (Recall that, for v, w ∈ Nn, we say that v dominates w if
∑i

j=1 vj ≥ ∑i
j=1 wj for every i = 1, . . . , n.)
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Postnikov showed that PSn(a) := PSn(a, 0) is a generalized permutohedron [10], and
Baldoni and Vergne [1] realized PSn(a) as a flow polytope of a graph (see Figure 1a).

Important results of [11] include that the polytope PSn(a) is combinatorially equiv-
alent to a product of simplices. We denote by ∆d the d-dimensional simplex. Given
a = (a1, . . . , an) with a1 > 0, its signature sgn(a) := (c1, . . . , ck) is a sequence of nonneg-
ative integers such that χ(a) := (1, 0c1−1, 1, 0c2−1, . . . , 1, 0ck−1) where 1 and 0 represent a
positive ai and zero ai respectively. Then the polytope PSn(a) is combinatorially equiva-
lent to the product of simplices ∆c1 × · · · × ∆ck . In particular, if each ai > 0, then PSn(a)
is combinatorially equivalent to an n-cube.

The volume of the polytope PSn(a) is of interest in probability [11, §2] and it is
known that vol PSn(1) = (n + 1)n−1, the number of parking functions of size n [11, Thm.
11]. Recall that a plane partition of skew shape λ/µ is an array π of nonnegative integers
of shape λ/µ that is weakly decreasing in rows and columns. Pitman and Stanley also
showed that the lattice points of PSn(a, b) are in correspondence with plane partitions of
skew shape θ(a, b) := (a1 + · · ·+ an, . . . , a1 + a2, a1)/(b1 + · · ·+ bn, . . . , b1 + b2, b1) with
entries 0 and 1 [11, Thm. 12].

When b = 0, note that θ(a, b) is a straight shape and the number of lattice points
of PSn(1) is given by the Catalan number Cn+1 = 1

n+2(
2n+2
n+1 ). Pitman and Stanley also

mentioned in [11, Sec. 5] how their polytope can be generalized so that lattice points
correspond to plane partitions of the same shape with entries 0, 1, . . . , m for a fixed
positive integer m. The mth generalized Pitman–Stanley polytope is defined as follows.

PSm
n (a, b) := {(xij)1≤i≤n,1≤j≤m ∈ Rnm

≥0
∣∣ b1 + · · ·+ bi ≤ x1m + x2m + . . . + xim ≤ · · ·

· · · ≤ x11 + x21 + . . . + xi1 ≤ a1 + · · ·+ ai for i = 1, . . . , n},

i.e., PSm
n (a, b) consists of nonnegative matrices (xij) in Rnm whose columns form a multi-

chain of length m between a and b in dominance order. Note that PSn(a, b) = PS1
n(a, b).

This generalization is the object of this extended abstract whose full version will
appear in [2, 3]. We show that the polytope PSm

n (a, b) is also a flow polytope of a grid
graph G(n, m) denoted as FG(n,m)(a, b). See both Figures 1a and 1b for m = 1 and
Figure 1c for general m. This allows us to use the theory of flow polytopes (e.g., [1, 5,
9]) to study the faces, lattice points, and volume of PSm

n (a, b). In Lemma 2.5, we give a
bijection between the lattice points of FG(n,m)(a, b) and plane partitions of skew shape
θ(a, b) with entries 0, 1, . . . , m. Note that Liu–Mészáros–St. Dizier [7, 8] have realized
Gelfand–Tsetlin polytopes, whose lattice points correspond to (skew) semistandard Young
tableaux with bounded entries, as flow polytopes. These tableaux and plane partitions
of skew shape with bounded entries are related but not equivalent (e.g., see [12, §7.10,
7.22]) and this extends to the associated polytopes.

Vertices and faces: Theorem 3.2 gives a characterization of the vertices of PSm
n (a, b) as

flows of FG(n,m)(a, b) whose support is a subgraph of G(n, m) that is a forest. This
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Figure 1: The first graph realizes PS1
n(a, 0) for n = 3 as shown by Baldoni and Vergne

[1]. The second and third graphs are G(n, 1) and G(n, m) which realize as flow poly-
topes the original and generalized Pitman–Stanley polytopes PS1

n(a, b) and PSm
n (a, b),

respectively, for n = 3, m = 1 and n = 3, m = 4, respectively.

result follows from a general result of flow polytopes by Gallo and Sodini [4]. This
characterization gives an explicit characterization of the flows on the grid corresponding
to vertices in terms of unsplittable flows (see Corollary 3.5).

Since the lattice points of PSm
n (a, b) are in bijection with plane partitions, in Theo-

rem 3.7 we characterize the plane partitions corresponding to vertices, which we call
vertex plane partitions (see Definition 3.6).

After giving a flow and plane partition interpretation of the vertices of PSm
n (a, b),

we turn to enumerating them. Let v(n,m)(a) be the number of vertices of the polytope
PSm

n (a) := PSm
n (a, 0). We show that the number v(n,m)(a) is a polynomial in m and show

that this number has the following nonnegative expansion in the basis (m+1
k ) in terms of

plane partitions of staircase shape δn = (n, n − 1, . . . , 1). Let pn,k be the number of vertex
plane partitions of staircase shape δn with the set of entries equal to {0, 1, . . . , k − 1}.

Theorem 1.1. For a ∈ Nn such that χ(a) = 1, we have that v(n,m)(a) = ∑
(n+1

2 )
k=1 pn,k(

m+1
k ). In

particular, pn,(n+1
2 )

equals the number of shifted Standard Young Tableaux (SYT) of staircase
shape (n, n − 1, . . . , 1) [14, A003121].

Moreover, in Theorem 4.4, we give a recurrence for the number of unsplittable flows
of PSm

n (a, b) by fixing the flows on the first column. As a corollary, we obtain a recurrence
for the number v(n,m)(a) of vertices in terms of a generalization of dominance order
called 1-domination (see Definition 4.2).

Corollary 1.2. Let a ∈ Nn, then v(n,m)(a) = ∑j v(n,m−1)(j), where the sum is over j ∈ {0, 1}n

such that χ(a) 1-dominates j.

This recurrence allows us to compute generating functions for ∑m≥0 v(n,m)(a)xm, for
fixed n. Lastly, we give in Theorem 5.5 a recurrence for the number of d-faces of PSm

n (a)
similar to Corollary 1.2.

https://oeis.org/A003121
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Lattice points, volume: Since lattice points of PSm
n (a, b) correspond to plane partitions

with bounded entries, their number is given by a determinant formula of Kreweras [6].

Corollary 1.3. The number of lattice points of PSm
n (a, b) has the following formula

#(PSm
n (a, b) ∩ Zmn) = det

[(
a1 + · · ·+ an−i+1 − b1 − · · · − bn−j+1 + m

i − j + m

)]n

i,j=1
.

By replacing ai and bj by t · ai and t · bj this gives a formula for the Ehrhart polynomial
of PSm

n (a, b) whose leading term in t gives the volume of the polytope. The case a = 1
and b = 0 is particularly nice for both lattice points and volume [11, Thm. 14].

Corollary 1.4 ([11]). The polytope PSm
n (1) has the following number of lattice points and volume

#(PSm
n (1) ∩ Zmn) = ∏

1≤i<j≤n+1

2m + i + j − 1
i + j − 1

, vol PSm
n (1) = SYT(nm) ·

m

∏
i=1

i!(n + i)n−m−1+i,

where SYT(nm) is the number of SYT of shape n × m.

Pitman and Stanley asked in [11] for a combinatorial proof of the volume formula
above. We give such a proof for the case m = 2 and give a bijection between SYT of
shape n × m and the pieces of a subdivision of PSm

n (1) coming from the Lidskii formula
for flow polytopes [1, 9]. See [3] for details.

2 PSm
n (a, b) as a flow polytope of a grid graph

Given a connected acyclic directed graph G = (V, E) and a netflow vector a ∈ Z|V|, let
FG(a) denote the flow polytope of graph G with net flow a, i.e., the set of flows on G with
net flow a (see, e.g., [9] for a detailed definition).

In [1, Example 16], Baldoni–Vergne showed that PSn(a) is integrally equivalent to a
flow polytope. We extend this result to PSm

n (a, b). The underlying directed graph is the
following grid graph with a sink (see Figure 1c).

Definition 2.1. For positive integers n and m, let G(n, m) be a directed graph on the vertex set
V = {(i, j) | 1 ≤ i ≤ n, 0 ≤ j ≤ m} ∪ {s} and the following directed edges:

• ((i, j), (i, j + 1)) and ((i, j), (i + 1, j)) for i ∈ {1, 2, . . . , n − 1} and j ∈ {0, 1, . . . , m − 1}.

• ((n, j), (n, j + 1)) and ((n, j), s) where j ∈ {1, 2, . . . , m − 1}, and ((n, m), s).

• ((i, m), (i + 1, m)) where i ∈ {1, 2, . . . , n − 1}.

Definition 2.2. For a = (a1, a2, . . . , an) and b = (b1, b2, . . . , bn) in Rn
≥0, and the graph

G(n, m) as defined above, denote by FG(n,m)(a, b) the flow polytope on G(n, m) where:
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• vertices (1, 0), (2, 0), (3, 0), . . . , (n, 0) have respective net flows a1, a2, . . . , an,

• vertices (1, m), (2, m), (3, m), . . . , (n, m) have respective net flows −b1,−b2, . . . ,−bn,

• the sink vertex s has net flow −∑n
i=1 ai + ∑n

i=1 bi, and all other vertices have net flow 0.

Example 2.3. Flow polytope FG(3,5)(a, b) is illustrated in Figure 1c.

Theorem 2.4. The polytope PSm
n (a, b) is integrally equivalent to the flow polytope FG(n,m)(a, b).

Proof sketch. Let Φ : FG(n,m)(a, b) → PSm
n (a, b) be defined as follows:

xi,j = f ((i, j − 1), (i, j)), for i ∈ {1, 2, . . . , n} and j ∈ {1, 2, . . . , m},

that is, xi,j is the flow of the horizontal edge ((i, j − 1), (i, j)). See Figure 1c. One can
check that Φ gives the desired integral equivalence.

We denote integral equivalence of polytopes by ≡.

Lemma 2.5. There is a bijection between integral flows for PSm
n (a, b) ≡ FG(n,m)(a, b) and plane

partitions of shape θ(a, b) with entries at most m.

Proof. Let π = (πij) be a plane partition of shape θ(a, b) with entries at most m. Consider
a column j with (non-empty) entries π f j,j, π f j+1,j, . . . , πij,j where f j depends on b. (In the
case when b = 0, then f j = 1 for every column.) This corresponds to the trajectory
of one unit of flow in the graph G(n, m) that starts at vertex (n + 1 − ij, 0), goes to
(n + 1 − ij, πij,j), then to (n + 1 − ij + 1, πij,j), then to (n + 1 − ij + 1, πij−1,j), then to
(n + 1 − ij + 2, πij−1,j), and so on. At the end, two cases happen: if f j = 1, it keeps going
until it reaches (n, π1,j) from where it goes to the sink s, or if f j ≥ 2, until it reaches
(n + 2 − f j, π f j,j) from where it goes to the vertex (n + 2 − f j, m) with negative netflow
−bn+2− f j if f ≥ 2. In other words, the entries of a column of π give the columns of
G(n, m) where a unit of flow starting at vertex (n + 1 − ij, 0) goes down.

6 4 1 0

7 6 2 0

4 1

↔

Figure 2: Constructing an integral flow on G(3, 7) from a skew plane partition.

For the inverse map see the long version of the paper [2]. See Figure 2 for an example.

Figure 2 shows the trajectory decomposition of an integer (a, b)-flow.
As a corollary one can count the lattice points of PSm

n (a, b) with a determinant.
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Proof of Corollary 1.3. By Lemma 2.5, the number of lattice points of PSm
n (a, b) equals the

number of plane partitions of shape θ(a, b) with entries at most m. The result then
follows by the following result of Kreweras [6, §2.3.7]: the number of plane partitions of

shape λ/µ with entries at most m equals det
[
(

λi−µj+m
i−j+m )

]ℓ
i,j=1

.

3 Flow and plane partition characterization of vertices

The dimension of the flow polytope FG(a) is β1(G) := |E| − |V| + 1 [1, §1.1]. Hille
studied flow polytopes and their faces in [5] in the context of quivers. The following
notion of his is important to understand the faces of FG(a).

Definition 3.1 (a-valid1). Given a flow polytope FG(a) with underlying graph G, a subgraph
H of G is a-valid if the edges of H are the support of some a-flow on G.

The following characterization of vertices of FG(a) appeared in earlier work of Gallo
and Sodini [4, Thm. 3.1].

Theorem 3.2 ([4]). Vertices of FG(a) are in correspondence with a-valid subforests of G.

We can use Theorem 3.2 to give a local criterion (at each vertex of G) for whether or
not a flow is a 0-cell of the corresponding flow polytope, as follows.

Definition 3.3. For an integer (a, b)-flow on G(n, m), the trajectories of two units of flow split
(resp. merge) if

• at a vertex where the two trajectories meet, they leave (resp. enter) through different edges,

• or if at a vertex with negative (resp. positive) net flow where the two trajectories meet,
exactly one leaves (resp. enters) through an edge.

An integer (a, b)-flow x in FG(n,m)(a, b) is an unsplittable flow if no two of its trajectories split.

Example 3.4. Figure 3a (left) is an example of an unsplittable flow.

From the proof of Lemma 2.5, recall that any integral flow for FG(n,m)(a, b) can be
seen as non-crossing trajectories of units of flow. Through this interpretation, we see
that the ith trajectory from the top ends at the same vertex in any integral flow for
FG(n,m)(a, b). Note that this does not depend on m. See Figure 3c. The next result
gives a characterization of the vertices of FG(n,m)(a, b) in terms of unsplittable flows.
See Figure 3d for an example.

Corollary 3.5. Consider an integral flow for FG(n,m)(a, b) with a, b ∈ Nn. That flow corre-
sponds to a vertex of FG(n,m)(a, b) if and only if the following conditions are satisfied.

1In Hille [5], these are called regular flows.
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Figure 3: (a) an unsplittable flow and the corresponding vertex plane partition, (b)
plane partition encoding where flows corresponding to vertices descend, (c) Start-
ing and ending vertices for all trajectories for any flow in FG(5,m)((2, 0, 2, 2, 0, 2, 0),
(0, 1, 2, 0, 1, 0, 3)) for any m, and (d) example of a vertex flow from Corollary 3.5.

(i) The trajectories of any two units of flow starting at the same vertex with positive net flow
do not merge.

(ii) The trajectories of any two units of flow ending at the same vertex with negative net flow
(including sink s) do not split.

(iii) The trajectories of any two units of flow starting and ending at different vertices can split
at most once and merge at most once.

In particular, if b = 0, flows corresponding to vertices of FG(n,m)(a) are unsplittable flows.

Proof. First note that if any of (i), (ii) or (iii) does not hold for some integral flow for
FG(n,m)(a, b), then the flow contains a cycle. By Theorem 3.2, this implies that this flow
does not correspond to a vertex of FG(n,m)(a, b). Contrapositively, this means that if a
flow is a vertex, then (i), (ii), (iii) must all hold.

For the converse, suppose that (i), (ii), (iii) all hold for some integral flow and that
this flow contains a cycle between the trajectories of two units of flow. Note that any
cycle contains both a merge and a split. Therefore, if the trajectories of those two units
started or ended at the same vertex of G(n, m), we would have a contradiction to (i)
and (ii) respectively. Finally, note that if the two units started and ended at different
vertices, there must be at least one merge before the cycle and a split after the cycle,
which means that in total, there are at least two merges and two splits, a contradiction
to (iii). Therefore, if (i), (ii), (iii) hold for some integral flow, then the flow contains no
cycles, and by Theorem 3.2, it corresponds to a vertex.

Next, we give a plane partition characterization for the vertices.

Definition 3.6. Let n and m be nonnegative integers. A plane partition π = (πij) of staircase
shape δn = (n, n − 1, . . . , 1) with entries at most m is a vertex plane partition if (i) either
πi,j < πi+1,j−1 or πi,j = πi−1,j, and (ii) if πi,j = πi,j+1 then πi−1,j = πi−1,j+1.
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Theorem 3.7. Let n and m be nonnegative integers, then the vertices of PSm
n (a) ≡ FG(n,m)(a)

with χ(a) = 1 are in correspondence with the vertex plane partitions.

Proof. As was explained in Lemma 2.5, any lattice point x in FG(n,m)(a) corresponds to
some integer flow in G(n, m). Moreover, we know that if an integral flow is a vertex of
FG(n,m)(a), then no two trajectories split. Let dtr be the index of the column in G(n, m)
where the flow starting at (t, 0) (for 0 ≤ t ≤ n) descends from row r to row r + 1. Since
χ(a) = 1, we get a plane partition of shape (n, n − 1, . . . , 1) recording the numbers dtr
(see Figure 3b). We already know that dtr ≥ dt+1,r, and dt,r ≥ dt,r+1 for any flow. For an
unsplittable flow, we know that if the unit flows starting respectively at (t, 0) and (t′, 0)
where t < t′ join, then they never split again. Moreover, if in row r of G(n, m), those
two flows haven’t joined yet, then the flow for t′ must descend to row r + 1 before the
flow for t descends into row r, i.e., dt′,r < dt,r−1. If on the other hand those two flows
have already joined in or by row r, then they will descend together in row r, and they
will also descend together in all subsequent rows, i.e., dt,r′ = dt′,r′ for all r ≤ r′ ≤ n.
Thus we obtain the conditions for a vertex plane partition π = (πij), πij = dj,n+1−i (see
Figure 3b). This argument can be generalized for the skew case, b ̸= 0 [2].

Example 3.8. Figure 3a illustrates the bijection between an unsplittable flow of the polytope
PS6

5(1) ≡ FG(5,6)(1) and a vertex plane partition.

4 Enumeration of number of vertices

Let v(n,m)(a, b) be the number of unsplittable flows of PSm
n (a, b), and let v(n,m)(a) :=

v(n,m)(a, 0), which by Corollary 3.5 gives the number of vertices of PSm
n (a). In this section,

we give expansions and recursions for v(n,m)(a, b).

4.1 Nonnegative combinations of binomial coefficients

We show that v(n,m)(a) is a polynomial in m by giving a nonnegative expansion in terms
of the polynomial basis (m+1

k ).

Proof of Theorem 1.1. We know from Theorem 3.7 that v(n,m)(a) counts the number of
vertex plane partitions. We partition these according to how many different values they
use. Consider all the vertex plane partitions using k values. You can further partition
these by the k values among {0, 1, . . . , m} that they use. There are (m+1

k ) such classes,
and each class contains the same number of vertex plane partitions. Since δn has (n+1

2 )
cells, there can be at most that many different labels within a plane partition, and so the
result holds. For the bijection between plane partitions counted by pn,(n+1

2 )
and shifted

SYT of staircase shape δn, see Figure 4 and the long version of [2].
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Figure 4: Example of correspondence between vertex plane partitions with distinct
entries and shifted SYT of staircase shape.

4.2 Recurrences by fixing the flow of a column of G(n, m)

For some flow x on G(n, m) and a column c, for 0 ≤ c ≤ m − 1, of horizontal arcs
((i, c), (i, c + 1)) for 1 ≤ i ≤ n in G(n, m), let x•c := (x1c, x2c, . . . , xnc) be the vector
recording the flow on column c. Further, we let v(n,m)(a, b, c, u) for 0 ≤ c ≤ m − 1 be
the number of vertices x in PSm

n (a, b) such that x•c = u. Note that, for a ∈ Nn, by
partitioning all different possible flows x on G(n, m) by their flow x•c for some column
0 ≤ c ≤ m − 1, we have that v(n,m)(a, b) = ∑u∈Nn v(n,m)(a, b, c, u). Indeed, as explained
earlier, if a ∈ Nn, then unsplittable flows in PSm

n (a, b) are integral. Furthermore, since
flow can only go down and right, we can immediately note that v(n,m)(a, b, c, u) = 0 if
a does not dominate u. So instead of summing over all vectors in Nn, we already know
that

v(n,m)(a, b) = ∑
u∈Nn :

a dominates u

v(n,m)(a, b, c, u).

Knowing where a is 0 and where it is positive, which is captured by χ(a), allows to
further make this sum smaller.

Note that, because of unsplittability, for a, a′ ∈ Nn, if χ(a) = χ(a′), then we have that
v(n,m)(a) = v(n,m)(a′).

In this section, we refine our understanding of when v(n,m)(a, b, c, u) = 0 to give a re-
cursion to calculate v(n,m)(a, b) based on the following: we can calculate v(n,m)(a, b, c, u)
by calculating the product of the number of flows on two graphs obtained after deleting
column c of horizontal arcs in G(n, m).

Lemma 4.1. Fix positive integers n, m and let 1 ≤ c ≤ m − 2. Then

v(n,m)(a, b) = ∑
u∈Nn :

a dominates u and
χ(a) dominates χ(u)

v(n,c)(a, u) · v(n,m−c−1)(u, b).

Proof. We observe that the number of unsplittable flows counted by v(n,m)(a, b, c, u) is
the product of the number of unsplittable flows on the following two graphs:
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u2

un

...

s

−b1

−b2

...

−bn

→

0 m− c− 1. . .
u1

u2

un

...

s

−b1

−b2

...

−bn

.

For the recursions, we need to understand unsplittable flows. This will also allow us
to characterize what x•c+1 can be if one is given x•c. The patterns of zeros will end up
playing an important role through the following definition.

Definition 4.2. Let a = (a1, a2, . . . , an), b = (b1, b2, . . . , bn) ∈ Nn be such that a dominates b,
and χ(a) =: v dominates χ(b) =: w. If (vz+2, vz+3, . . . , vn) dominates (wz+2, wz+3, . . . , wn)
for every z ∈ [n] such that bz = 0, then we say that a 1-dominates b. Note that 1-dominance
does not yield a poset.

Example 4.3. The vector (3, 2, 0, 0, 2, 3, 4) 1-dominates (3, 0, 1, 0, 1, 0, 6).

Theorem 4.4. Let a, b ∈ Nn. Then

v(n,m)(a, b) = ∑
j∈{0,1}n :

χ(a) 1−dominates j

v(n,m−1)(wj, b),

where wj is the vector defined as follows. Let i0 be the smallest index such that ji0 = 1. Then
wj,i0 = ∑i0

i=1 ai. Further, for any i1 < i2 such that ji1 = ji2 = 1, and ji = 0 for all i1 < i < i2,
wj,i2 = ∑i2

i=i1+1 ai. All other components of wj are zero. Note that χ(wj) = j.

In particular when b = 0, we get the recurrence in Corollary 1.2 for the number of
vertices of PSm

n (a).

Remark 4.5. This result allows to compute v(n,m)(a, b) via a transfer-matrix [13, Sec. 4.7]
approach: adding entries of powers of an adjacency matrix of a digraph with vertices j ∈ {0, 1}n

and arcs (j, k) if j 1-dominates k. This allows us to find generating functions like

∑
m≥0

v5,m(1)xm =
1 + 16x + 4x2 + 48x3 + 62x4 + 20x5 + 88x6 + 14x7 + 37x8 − 8x9 + 4x10

(1 − x)16 .

5 Enumeration of d-faces of PSm
n (a)

In this section, we use a similar recurrence to the one in Theorem 4.4, i.e., fixing the flow
in the first column of G(n, m), to give a recurrence for the number of higher-dimensional
faces of PSm

n (a) = FG(n,m)(a). We assume that b = 0.
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First, we need the following description of the faces of flow polytopes FG(a) due to
Hille [5, part of Thm. 3.2] for the case ai ≥ 0. A graph G is a-valid if it admits an a-flow.

Theorem 5.1 ([5]). Let FG(a) be a flow polytope and d ≥ 0 be a nonnegative integer. Then the
d-dimensional faces of FG(a) are of the form FH(a) where H is an a-valid connected subgraph
of G such that β1(H) = |E(H)| − |V(H)|+ 1 = d, after forgetting the directions of edges of H.

Let f (n,m)
d (a) be the number of d-dimensional faces of PSm

n (a). For u ∈ {0, 1}n, let

f (n,m)
d (a, u) be the number of d-dimensional faces of PSm

n (a) corresponding to a-valid
subgraphs of G(n, m) with support u in the mth column.

Lemma 5.2. Fix positive integers n, m, and let 1 ≤ c ≤ m − 2. Then:

f (n,m)
d (a) = ∑

u∈{0,1}n

d

∑
i=0

f (n,c)
i (χ(a), u) · f (n,m−c−1)

d−i (u) (5.1)

Proof sketch. The proof follows the same approach as Lemma 4.1 but using Theorem 5.1.

In the next theorem, we obtain a more explicit recurrence by fixing c = 1 in the
previous lemma. We need the following notation and omit the proof.

Definition 5.3. Let j and a be vectors of the same length such that a has signature sgn(a) =
(b1 − 1, b2 − 1, . . . , bℓ − 1). Then the block structure of j according to a, denoted sgna(j),
is the tuple (B1, ..., Bℓ) where B1 consists of the first b1 elements of j, B2 consists of the next b2
elements of j and so on.

Example 5.4. Pick a with χ(a) = (1, 1, 0, 1, 0, 0, 1, 0, 1)T and let j = (1, 0, 0, 0, 1, 1, 1, 0, 0)T.
Then the signature of a is sgn(a) = (0, 1, 2, 1, 0). Hence the block structure of j according to a
is the tuple ((1), (0, 0), (0, 1, 1), (1, 0), (0)).

Theorem 5.5. Let n and m be positive integers, a ∈ Nn, and d ∈ {0, 1, . . . , nm} then for
m > 1:

f (n,m)
d (a) = ∑

j∈{0,1}n

d

∑
k=0

(
βj,a

k

)
f (n,m−1)
d−k−γj,a

(j),

where βj,a is the number of nonzero blocks of sgna(j), γj,a := bj − βj,a, and bj is the total

number of 1’s appearing in j. For m = 1, we have f (n,1)
d (j) = [xd+k]∏k

i=1((x + 1)ci+1 − 1)
where (c1, . . . , ck) := sgn(j).

Corollary 5.6. For a ∈ Nn with χ(a) = 1, then f (n,m)
d (a) = ∑j∈{0,1}n ∑d

k=0 (
bj
k ) f (n,m−1)

d−k (j),
where bj is the number of ones appearing in j.

Example 5.7. For m = n = 2, f (2,2)
d (1, 1) =

(
f (2,1)
d (1, 1) + 2 · f (2,1)

d−1 (1, 1) + f (2,1)
d−2 (1, 1)

)
+

+
(

f (2,1)
d (1, 0) + f (2,1)

d−1 (1, 0)
)
+

(
f (2,1)
d (0, 1) + f (2,1)

d−1 (0, 1)
)
+ f (2,1)

d (0, 0). One can use this to

obtain the f -vector (1, 10, 21, 18, 7, 1) of PS2
2(1, 1).
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