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Abstract. We show that specific exponential bivariate integrals serve as generating
functions of labeled edge-bicolored graphs. Based on this, we prove an asymptotic for-
mula for the number of regular edge-bicolored graphs with arbitrary weights assigned
to different vertex structures. The asymptotic behavior is governed by the critical
points of a polynomial. As an application, we discuss the Ising model on a random
4-regular graph and show how its phase transitions arise from our formula.
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1 Introduction

The (asymptotic) enumeration of graphs is a subject with a long history (see, e.g., [16]
and the references therein) and many variants, such as assumptions regarding the spar-
sity of the graph, or the presence of weights that decorate vertices and edges as well as
the whole graph itself. In this work, which is an extended abstract of the paper [4] by
the same authors, we focus on central objects in extremal graph theory, namely edge-
bicolored graphs (see [3, Chapter V], [7]). Each graph is weighted by the reciprocal of the
order of its automorphism group and the product of an arbitrary set of parameters Λu,w
assigned to each bicolored incidence structure (encoded in the pair (u, w)) of a vertex.
For instance, the graph in Figure 1 has weight 1

8 Λ2,2Λ0,4, since the left vertex has two red
and two yellow half-edges and the right vertex has four yellow half-edges; the order of
the automorphism group of this graph is 8, which is explained in Section 2.
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Figure 1: An edge-bicolored graph.

We will demonstrate that the number of these weighted graphs, with fixed Euler
characteristic (difference between number of vertices and edges), gives the coefficients
of the large-z asymptotic expansion of the following family of bivariate integrals:

I(z) =
z

2π

∫
D

exp (z g(x, y)) dxdy , (1.1)

where D is a neighborhood of the origin, and g is a polynomial fulfilling specific condi-
tions that we will describe below. Integrals as I(z) arise naturally in applications. For
instance, they appear in Bayesian statistics as marginal likelihood integrals (e.g., [15, Sec-
tion 1]), but they can also be interpreted as path integrals associated to a zero-dimensional
quantum system with two interacting fields (e.g., [14, Section 2] or [2]). The setups might
differ, however, in the integration domain D and the assumption on g, leading to differ-
ent asymptotic behaviors (see [13] for an asymptotic analysis in the realm of statistics).

After a formal definition of edge-bicolored graphs in Section 2, we draw a connec-
tion between them and the integral in (1.1), using a bivariate version of the Laplace
method (cf. Proposition 2.6). Then, we interpret the coefficients of the asymptotic ex-
pansion from a combinatorial point of view. Therefore, I(z) plays the role of a generating
function of edge-bicolored graphs (cf. Theorem 2.8). We derive an effective algorithm (cf.
Algorithm 1) for the computation of these coefficients. The code is available at [6], imple-
mented in Julia. In Section 3, we prove an asymptotic formula for the weighted number
of regular edge-bicolored graphs of fixed degree, in the limit where the number of edges
and vertices goes to infinity. Our main result, Theorem 1.1 below, relates this asymptotic
formula to the critical points of a polynomial g(x, y) whose shape is governed by the
vertex incidence structure of the graphs.

Theorem 1.1. Let k ≥ 3 and consider a polynomial

g(x, y) = −x2

2
− y2

2
+ ∑

u+w=k
Λu,w

xuyw

u!w!
.

Let Ψ be the set of its nonzero complex critical points with real coordinate ratio and smallest
distance to the origin, and assume these points are non-degenerate (full-rank Hessian Hg). Then,

∑
G∈Gk

−n

1
|Aut(G)| ∏

v∈VG

Λdeg(v) ∼
1

2π
Γ(n) ∑

(x,y)∈Ψ

(−g(x, y))−n√
−det Hg(x, y)

, n→ ∞,

where Gk
−n is the set of all regular edge-bicolored graphs with vertex degree k and Euler charac-

teristic −n, and deg(v) ∈ Z2 is the number of red/yellow half-edges in a vertex v of G ∈ Gk
−n.
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We showcase that, unlike the monochromatic case, which has previously been dis-
cussed in [5, Chapter 3], only critical points satisfying some reality constraint (namely, in
C ·R2) contribute to the asymptotics. We conclude with Section 4, with two conjectures
that generalize our main result and are the subject of ongoing and future work.

2 Edge-bicolored graphs

A graph is an at most one-dimensional finite CW complex, i.e., it has finitely many
vertices and undirected edges, with loops and multiple edges allowed.1 It is edge-bicolored
if each edge has one of two different colors. We will represent graphs using only discrete
data. A (set) partition P of a finite set H is a set of non-empty and mutually disjoint
subsets of H whose union equals H. The elements of P are called blocks.

Definition 2.1. Given two disjoint finite sets S and T of labels, an [S, T]-labeled edge-
bicolored graph is a tuple Γ = (V, ES, ET), where the vertex set V is a partition of S ⊔ T, ES
is a partition of S into blocks of size 2, and ET is a partition of T into blocks of size 2.

We think of the elements of S and T as half-edge labels colored red and yellow, respectively.
These half-edges are bundled together in vertices via the partition V. The edge sets ES
and ET pair the half-edges into edges of the respective color. Every edge-bicolored
graph without isolated vertices can be represented by at least one [S, T]-labeled graph.
All graphs here are edge-bicolored, so we drop this adjective now. Half-edge labeled
graphs are a common graph model in the study of Feynman graphs, see [17, Section 5].
Example 2.2. Let S = {s1, s2, . . . , s6} and T = {t1, t2}. The partitions

V = {{s1, s2, s3, s4}, {s5, s6, t1, t2}} ,
ES = {{s1, s2}, {s3, s4}, {s5, s6}} , ET = {{t1, t2}} ,

form an [S, T]-labeled graph representing the graph depicted in Figure 2. ⋄

Figure 2: An edge-bicolored graph with two connected components.

It follows immediately from our definition that there are many equivalent ways to
assign labels to the same graph. In order to get rid of this redundancy, we define iso-
morphisms. An isomorphism from an [S1, T1]-labeled graph (V1, E1

S, E1
T) to an [S2, T2]-

labeled graph (V2, E2
S, E2

T) is a pair of bijections jS : S1 → S2, jT : T1 → T2 such that

1In parts of combinatorics and computer science, graphs with loops and multiple edges are often
defined as a pair of a set of vertices and a multiset of edges. For our purposes, this necessitates the
cumbersome definition of compensation factors to write down appropriate generating functions (see, e.g.
[10, Equation 1.1]). To avoid this, we borrow the elementary notion of a CW complex from topology,
which is also natural in the (quantum) physical context.
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j(V1) = V2, j(E1
S) = E2

S, and j(E1
T) = E2

T with j being the map that jS and jT canonically
induce on the subsets of S, T, and S ⊔ T. An automorphism of an [S, T]-labeled graph Γ is
an isomorphism to itself. Those form the group Aut(Γ). By the orbit stabilizer theorem,
the isomorphism class of any [{1, . . . , 2s}, {1, . . . , 2t}]-labeled graph Γ has size

(2s)!(2t)!
|Aut(Γ)| . (2.1)

Example 2.3. An [S, T]-labeled graph Γ representing the graph depicted in Figure 2
has automorphism group isomorphic to (S2× S2 ⋊ S2× S2) × S2, where ⋊ denotes the
semidirect product of groups. It is a subgroup of S6× S2, where S6 refers to permutations
of the six red half-edges in S and S2 to the two yellow half-edges in T. ⋄

We write G for the set of isomorphism classes of graphs. For each G ∈ G, we write VG,
EG

S , EG
T , EG = EG

S ⊔ EG
T and Aut(G) for the respective set/group of some [S, T]-labeled

representative of G. The Euler characteristic of G is defined by χ(G) = |VG| − |EG|. The
bidegree of a graph’s vertex v ∈ VG is the pair of integers deg(v) = (u, w) where u counts
the number of half-edges in v that lie in the red-colored set S and w the half-edges in the
yellow-colored part T. The vertex degree of v is |deg(v)| = u + w.

We define a family of polynomials as,t indexed by integers s, t ≥ 0 in a two-fold
infinite set of variables λu,w indexed by u, w ≥ 0 with u + w ≥ 1. Consider the ring of
polynomials in these variables R = Q[λ0,1, λ1,0, λ1,1, λ0,2, . . .]. The polynomials as,t(λ) ∈
R are defined by the generating function

∑
s,t≥0

as,t(λ) xsyt = exp

 ∑
u,w≥0

u+w≥1

λu,w
xuyw

u!w!

 ∈ R[[x, y]]. (2.2)

For instance, a0,0(λ) = 1, a1,0(λ) = λ1,0, and a2,0(λ) =
1
2(λ2,0 + λ2

1,0).

Proposition 2.4. The generating function for graphs with marked bidegrees is

∑
G∈G

η|E
G|

|Aut(G)| ∏
v∈VG

λdeg(v) = ∑
s,t≥0

ηs+t · (2s− 1)!! · (2t− 1)!! · a2s,2t(λ) ∈ R[[η]],

where as,t is defined as in (2.2).

This generating function can also be seen as the exponential generating function of
bicolored graphs with labeled half-edges in the language of [9]. Our convention that
involves a 1/|Aut(G)| factor and the sum over all isomorphism classes of graphs is
more in line with the category theoretical perspective from [11] and comes with a lighter
notation, as we do not need to retain the number of half-edges as a counting variable.

The proof of Proposition 2.4 relies on the size of isomorphism classes in (2.1) and on
the number of partitions of a set S ⊔ T with prescribed numbers of elements in S and T.
We illustrate the result with an example.
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Example 2.5. Proposition 2.4 provides a recipe to count our graphs for a given number of
edges, grouping them according to their bidegrees. For instance, the coefficient of η1 on
the left-hand side counts graphs with one edge:

∑
G∈G,
|EG|=1

1
|Aut(G)| ∏

v∈VG

λdeg(v) = + + +

=
1
2

λ2,0 +
1
2

λ2
1,0 +

1
2

λ0,2 +
1
2

λ2
0,1.

Using the power series on the right-hand side of Proposition 2.4, this can be obtained
simply as a2,0 + a0,2, and by expanding the exponential in (2.2), we get exactly the above
expression. If for |EG| = 1 these two approaches may seem equally complicated, already
for graphs with two edges it is clear that the use of the generating function speeds up
the computation. In fact, there are seven (monochromatic) graphs with two edges: ,

, , , , , , which turn into 23 edge-bicolored graphs. On the other
hand, a simple expansion of the exponential function gives

∑
G∈G,
|EG|=2

1
|Aut(G)| ∏

v∈VG

λdeg(v) = 3a4,0 + a2,2 + 3a0,4

= λ0,1λ1,0λ1,1 +
λ4

0,1
8 +

3λ2
0,1λ0,2

4 +
λ2

0,1λ2
1,0

4 +
λ2

0,1λ2,0
4 +

λ0,1λ0,3
2 +

λ0,1λ2,1
2 +

3λ2
0,2

8 +
λ0,2λ2

1,0
4

+
λ0,2λ2,0

4 +
λ0,4

8 +
λ4

1,0
8 +

3λ2
1,0λ2,0

4 +
λ1,0λ1,2

2 +
λ1,0λ3,0

2 +
λ2

1,1
2 +

3λ2
2,0

8 +
λ2,2

4 +
λ4,0

8 . ⋄

2.1 Bivariate Laplace method

Next we want to interpret the generating function for edge-bicolored graphs as a large z
expansion of the bivariate integral (1.1). As anticipated in the introduction, we assume
that the integral I(z) exists for z > 0, the domain D contains a neighborhood of the
origin, and that the polynomial g attains its unique supremum in D at the origin, around
which it has a converging expansion of the form

g(x, y) = −x2

2
− y2

2
+ ∑

u,w≥0
u+w≥3

Λu,w
xuyw

u!w!
. (2.3)

The last condition ensures that I(z) resembles a Gaussian integral when x and y are
small. This allows to approximate the integral by a slightly perturbed Gaussian for large
z and relate its asymptotic expansion to the polynomials as,t defined in (2.2).

Given functions f (z), g(z), h(z), the notation f (z) = g(z) +O(h(z)) means that the
limit superior of

∣∣∣ f (z)−g(z)
h(z)

∣∣∣ for large z is finite. The asymptotic expansion notation f (z) ∼
∑n≥0 gn(z) means that f (z)−∑R−1

n=0 gn(z) ∈ O(gR(z)) for all R ≥ 0.
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Proposition 2.6. If I(z), g, D and Λu,w are related as above, then I(z) ∼ ∑n≥0 Anz−n, for
large z, where An is the coefficient of z−n in the formal power series

∑
s,t≥0

z−(s+t)(2s− 1)!! · (2t− 1)!! · a2s,2t(z ·Λ) ∈ R[[z−1]] ,

where (2s− 1)!! = (2s− 1)(2s− 3) · · · 3 · 1 and a2s,2t(z ·Λ) is the polynomial a2s,2t(λ) defined
in (2.2), with

λu,w =

{
0 for u, w ≥ 0 and 1 ≤ u + w < 3,
z Λu,w for u, w ≥ 0 and u + w ≥ 3.

(2.4)

The proof of Proposition 2.6 uses the classical Laplace method for the asymptotic expan-
sion of the integral I(z). The result allows to compute the coefficients An explicitly using
Algorithm 1. This recursive algorithm is implemented in Julia and is available at [6].

Algorithm 1 Computing A0, . . . , An

Input: n ∈ Z, Λu,w for all u, w ≥ 0, u + w ≤ 2n + 2
Output: A0, A1, . . . , An such that I(z) ∼ ∑ Amz−m.

1: Fk(x, y)← ∑u+w=k+2 Λu,w
xuyw

u!w! for k ∈ {1, . . . , 2n}
2: Q0(x, y)← 1
3: for i = 1, . . . , 2n do
4: Qi(x, y)← 1

i ∑i
k=1 Fk(x, y)Qi−k(x, y)

5: q(i)s,t ← coefficients of Qi(x, y) = ∑s,t≥0 q(i)s,t xsyt

6: return Ai ← ∑s,t≥0(2s− 1)!!(2t− 1)!! q(2i)
2s,2t for i ∈ {1, . . . , n}

Example 2.7. Fix D = [−1, 1]2 and g(x, y) = − x2

2 −
y2

2 + x4

4! + λ
x2y2

4 + λ2 y4

4! with λ some
nonnegative real number. By Proposition 2.6, the associated integral I(z) has an asymp-
totic expansion I(z) ∼ ∑n≥0 Anz−n. Combining Proposition 2.6 and (2.2), we find that

A0 = 1,

A1 =
1
8
+

1
4

λ +
1
8

λ2,

A2 =
35
384

+
5

32
λ +

19
64

λ2 +
5

32
λ3 +

35
384

λ4,

A3 =
385
3072

+
105
512

λ +
1295
3072

λ2 +
175
256

λ3 +
1295
3072

λ4 +
105
512

λ5 +
385

3072
λ6. ⋄

We are ready to endow the obtained analytic expressions for I(z) with a combinato-
rial interpretation, putting together Propositions 2.4 and 2.6. This process is inspired by
quantum field theory in physics, where perturbative expansions of observables, which
are combinatorially controlled via Feynman graphs (e.g., edge-bicolored graphs), relate to
path integrals (e.g., I(z)).
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Theorem 2.8. If I(z), g, D and Λu,w are related as above, then I(z) ∼ ∑n≥0 Anz−n, for large
z, where An is given by

An = ∑
G∈G⋆−n

1
|Aut(G)| ∏

v∈VG

Λdeg(v),

where we sum over the set G⋆−n of all edge-bicolored graphs with vertex degrees at least 3 and
Euler characteristic equal to −n.

Hidden in the statement is the connection between the polynomial g and the graphs
we are actually considering in the summation for An. Indeed, because of the product of
Λdeg(v), if the monomial xsyt does not appear in g, then the graphs that will contribute to
An will not have any vertex of bidegree (s, t). The coefficients of the nonzero monomials
can be interpreted as weights on the vertices with corresponding bidegree.

Example 2.9. Continuing Example 2.7, let c(k)n be the coefficient of λk in An. By Theo-
rem 2.8, c(k)n counts automorphism-weighted graphs with Euler characteristic −n and
vertex degree four, such that k1 vertices have exactly two yellow half-edges and k2 ver-
tices have four yellow half-edges, so that k1 + k2 = k. We can view this explicitly for
n = 2, as follows. Among the 21 (monochromatic) graphs with χ = −2, there are only
three 4-regular graphs. These are , , . Considering all bicolorings, we get

c(0)2 = + + = 1
128 +

1
48 +

1
16 = 35

384 ,

c(1)2 = + = 1
32 +

1
8 = 5

32 ,

c(2)2 = + + + + = 1
64 +

1
32 +

1
8 +

1
16 +

1
16 = 19

64 ,

c(3)2 = + = 1
32 +

1
8 = 5

32 ,

c(4)2 = + + = 1
128 +

1
48 +

1
16 = 35

384 . ⋄

Remark 2.10 (Ising model). Our examples are motivated from the physical Ising model.
The partition function of the Ising model on a monochromatic graph G is defined by

Z(G, λ) = ∑
γ⊂G

γ Eulerian

λ|E(γ)|,

where we sum over all Eulerian subgraphs γ of G, i.e., subgraphs with all vertex degrees
even. See, e.g., [8] for a treatment of the Ising model on graphs. A pair (G, γ) of a
monochromatic graph G and an Eulerian subgraph γ ⊂ G is equivalent to an edge-
bicolored graph in which an even number of yellow edges belongs to each vertex.

Notice that we effectively designed the polynomial g(x, y) from Example 2.7,
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and equivalently the coefficients Λu,w, such that the coefficient of λk in An is the
automorphism-weighted number of 4-regular graphs with k yellow edges where an even
number of yellow edges belong to each vertex. Hence, with An as defined in Example 2.7,
we find that An = ∑G

Z(G,λ)
|Aut G| , where we sum over all monochromatic graphs G that are 4-

regular and which have Euler characteristic −n. We can thus interpret An as the partition
function of the critical Ising model of a random 4-regular monochromatic graph of fixed
Euler characteristic. Here, random means that each monochromatic graph G is sampled
with probability 1/|Aut G|.

3 Asymptotics and critical points

In this section, we study the asymptotic behavior of the coefficients An from Theorem 2.8,
for large n = −χ(G). Here, we will restrict ourselves to regular edge-bicolored graphs,
meaning that each vertex has a fixed degree k ≥ 3. For fixed coefficients Λu,w given for
u, w ≥ 0 with u + w = k, we study the weighted sum over graphs

An = ∑
G∈Gk

−n

1
|Aut(G)| ∏

v∈VG

Λdeg(v),

where Gk
−n is the set of all regular (edge-bicolored) graphs with vertex degree k and Euler

characteristic −n = |VG| − |EG|. As for each k-regular graph G we have k|VG| = 2|EG|,
all graphs in Gk

−n have 2n
k−2 vertices and nk

k−2 edges. The negative Euler characteristic is
also sometimes known as the excess of the graph.

It is common belief in physics that the asymptotic behavior of An depends on the
critical points of g(x, y) (see, e.g., [12]). This will be formalized in the next result. Notice
that it is well-known, also in applied mathematics, that identifying the critical point that
contributes most to the asymptotics is a complicated connection problem [1].

We write critD f for the set of critical points of f restricted to the domain D. Let

Ψ =
{
(x, y) ∈ critC·R2 g\{0} : ∥(x, y)∥ ≤ ∥(x′, y′)∥ ∀(x′, y′) ∈ critC·R2 g\{0}

}
, (3.1)

where C ·R2 is the set of complex points (x, y) whose ratio (if well-defined) is real. We
call points in Ψ non-degenerate if the Hessian (the matrix of second derivatives) of g has
full rank. We are now ready to present the main result, which we already stated in
Theorem 1.1 and reformulate as follows.

Theorem 3.1. Let z
2π

∫
D exp (z g(x, y)) dxdy ∼ ∑n≥0 Anz−n and let Ψ be defined as in (3.1).

Assume that g(x, y) + x2

2 + y2

2 is homogeneous and that all extrema in Ψ are non-degenerate.
Then,

An ∼
1

2π
Γ(n) ∑

(x,y)∈Ψ

(−g(x, y))−n√
−det Hg(x, y)

as n→ ∞. (3.2)
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Example 3.2. To continue the running example of the Ising model (cf. Example 2.7 and

2.9), let g(x, y) = − x2

2 −
y2

2 + x4

4! + λ
x2y2

4 + λ2 y4

4! . Consider the system of critical equations
for g

∂g
∂x

(x, y) = 0,
∂g
∂y

(x, y) = 0, (3.3)

shown in Figure 3, and its complex non-trivial solutions, for λ > 0:

(±
√

6, 0),

(
0,±
√

6
λ

)
,

(
±
√

9− 3λ

4λ
,±
√

9λ− 3
2λ

)
.

Among these solutions, some are real for every λ > 0. The last type of singular points

−3 3

−11

11

λ = 1
4

−3 3

−6

6

λ = 1
2

−3 3

−1

1

λ = 4

Figure 3: The system (3.3) for the function g from Example 3.2: ∂g
∂x in green, ∂g

∂y in

purple. Above: All values of λ ∈ ( 1
5 , 4) on the vertical axis. At each level λ = const. the

black points are the critical points of g. Below: Sections of the 3D figure, for λ = 1
4 , 1

2 , 4.
The non-trivial critical points closest to the origin are marked with squares. Notice the
different scaling in the y-axis, for the sake of clarity.

is real or has a real ratio if and only if λ ∈ [1
3 , 3]. Comparing their distances to the
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origin gives the set Ψ, as pictured in Figure 3. We can then use Theorem 3.1 to find
An ∼ c Γ(n)αn, where c = c(λ) and α = α(λ) are piecewise defined as

Ψ α(λ) c(λ)

0 < λ < 1
3 (±

√
6, 0) 2

3
1
π

√
1

2−6λ

1
3 < λ < 3

(
±
√

9−3λ
4λ ,±

√
9λ−3
2λ

)
−16λ2

3λ2−18λ+3
1
π

√
8λ

−3λ2+10λ−3

λ > 3
(

0,±
√

6
λ

)
2λ2

3
1
π

√
λ

2λ−6

The function α is continuous, it is not C1-differentiable at λ = 1
3 , and it is C1- but not

C2-differentiable at λ = 3. On the other hand, the limits of c(λ) at 1
3 , 3 go to infinity from

both sides. This can be observed in Figure 4. The points λ = 1
3 and λ = 3, where the

functions α(λ) and c(λ) are non-analytic, are phase transition points. Phase transitions are
of pivotal interest in statistical physics. Here, we find the phase transitions of the Ising
model on a random 4-regular graph. In each of the three regions for the parameter λ,
the statistical system is expected to exhibit intrinsically different behaviors. We postpone
the study of such behaviors to future work. ⋄

Figure 4: The behavior of α(λ) and c(λ) in the Ising model from Example 3.2. The
phase transitions at λ = 1

3 , 3 can be detected in both quantities.

Notice the significant difference between the univariate, monochromatic case and
the bivariate, bicolored case. In the univariate case [5, Chapter 3], the critical points of
g closest to the origin contribute to the asymptotic behavior of An regardless of their
reality. In contrast, the bivariate case imposes a restrictive condition: critical points must
lie within C ·R2. The difference seems to be an artifact of C ·R = C.
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4 Outlook

Although Theorem 3.1 assumes g(x, y) + x2

2 + y2

2 to be homogeneous, numerical com-
putations suggest that this condition is not necessary (see, e.g., [4, Example 5.8]). We
conjecture that Theorem 3.1 is also valid in the inhomogeneous case, i.e., for graphs that
are not necessarily regular.

Conjecture 4.1. Let z
2π

∫
D exp (z g(x, y)) dxdy ∼ ∑n≥0 Anz−n and let Ψ be defined as in

(3.1). Assume that all points in Ψ are non-degenerate. Then,

An ∼
1

2π
Γ(n) ∑

(x,y)∈Ψ

(−g(x, y))−n√
−det Hg(x, y)

as n→ ∞.

We remark that the only assumption that is left, namely non-degeneracy, could be re-
moved via technical computation. Indeed, one would only have to adapt the asymptotic
expression to higher-order Gaussian integrals, based on the lowest degree in the Taylor
expansion of g around points in Ψ, similarly to, e.g., [9, Theorem VIII.10].

A second natural direction of research, which is the topic of ongoing work, is to gen-
eralize the results to a multicolor setting, where g(x) = g(x1, . . . , xm). In this framework,
many more things can happen, such as the critical locus of g having positive dimension.
Therefore, it is necessary to appropriately generalize the concept of non-degeneracy, po-
tentially in the direction of Morse–Bott theory, as well as to refine the notion of the real
ratio of points in Ψ. We pose the following challenge.

Problem 4.2. Let ( z
2π

)m
2
∫

D
exp (z g(x)) dx1 · · ·dxm ∼ ∑

n≥0
Anz−n.

Find the set Ψ ⊂ crit g and a factor cm which possibly depends on m such that

An ∼ cm Γ(n) ∑
x∈Ψ

(−g(x))−n√
−det Hg(x)

as n→ ∞.
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