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Abstract. We B-deform the motivic Segre classes of Schubert cells in the d-step flag
variety, conjecturing that the f-deformations come from analogues of stable envelopes
in the equivariant connective K-ring of the cotangent bundle of the flag variety. Our
main result is a combinatorial formula for the structure constants in the S-deformed
basis in the d = 1 case using Knutson-Tao puzzles.
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1 Introduction

Consider the d-step flag variety Fl,(iy,...,i;) consisting of flags in C" of the form

0)cVcWwhT.--CV; 1 CVCC?, dim(V)) =i

When d = 1, the flag variety Fl,(k) is the Grassmannian Gr(k,n) of k-planes in C".
The flag variety Fl,(i1,...,is) has a distinguished cell decomposition called the Bruhat
decomposition, whose cells are indexed by 012 - --d sequences A = A;---A,, where d
appears i; times, d — 1 appears ip — i; times, and so on. We will denote the set of such
sequences by I'. The cells defining the Bruhat decomposition are called the Schubert cells
X5, A €T, and the closures of the Schubert cells are the Schubert varieties X, := X_}J\
There is a natural action of the n-dimensional complex torus T on Fl,(iy,...,i;), and
the Schubert varieties X, are invariant under this torus action. The varieties X, de-
fine natural classes S,, called Schubert classes, in the T-equivariant cohomology ring
Hr(Fl, (i1, ...,i;)). In fact, the Schubert classes form a basis for Hr(Fl,(iy,...,i;)) over
Hr(pt) ~ Z[y1,...,Yn), where pt denotes a point. The Littlewood-Richardson coeffi-
cients ¢ , are the structure constants in the Schubert basis:

S)\ : S]/l — ZCX,}ISV'
1%

In the paper [0], Knutson and Tao introduced the first manifestly positive formula
for the Littlewood-Richardson coefficients ¢ , in the T-equivariant cohomology ring
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H1(Gr(k,n)) of the Grassmannian Gr(k, 7). The combinatorial objects they used to com-
pute the Littlewood-Richardson coefficients are called puzzles.

In[11]and [17], Maulik and Okounkov defined natural geometric classes, called stable
classes, in the (T x C*)-equivariant cohomology ring and the (T x C*)-equivariant K-
ring of the cotangent bundle T*(Fl,(iy,...,is)) of Fl,(i1,...,i;). Dividing the stable
classes in Hrycx (T*(Fl,(i1,...,i3))) and Krycx (T*(Fl,(iy,...,iz))) by an appropriate
constant class gives the Segre—Schwartz—MacPherson (SSM) classes and motivic Segre classes
of Schubert cells, respectively. The SSM and motivic Segre classes of Schubert cells
are both indexed by I'. In [/] and [¢], Knutson and Zinn-Justin proved combinatorial
formulas for the structure constants in the bases of SSM classes and motivic Segre classes
when d = 1,2 using puzzles by applying the theory of integrable systems.

In this paper, we define a one-parameter (B-)deformation of the motivic Segre classes
of Schubert cells for T*(Fl, (i1, ...,i;)). Evaluating our deformed classes at f = 1 recov-
ers the motivic Segre classes of Schubert cells, and evaluating at 8 = 0 recovers the SSM
classes of Schubert cells. Our main result is Theorem 4.1, which is a combinatorial for-
mula for the structure constants in the -deformed basis in the case d = 1 using puzzles.
In Conjecture 5.4, we conjecture that our S-deformed classes arise as analogues of stable
classes in the (T x C*)-equivariant connective K-ring of T*(Fl, (i1, ...,iz)).

2 Preliminaries and notation

2.1 Flag varieties

Let G = GL,(C). Fix a Borel subgroup B in G, and a maximal torus T in B. Denote the
weight lattice of T by A := Hom(T,C*), and denote the root system of T by X := A,_;.
We denote the set of simple roots of ¥ by A := {ay,...,a,_1}. The root system X
decomposes as ¥ = £ LJX~, where L (resp. £7) is the set of positive (resp. negative)
roots of X.. For a subset @ := {a;,...,a;,}, i1 <ip < --- < iy, of the simple roots A, we
denote by Pg a parabolic subgroup of G that contains B and has (negative) simple roots
A\ ©. The d-step flag variety G/ Pg is the variety of (partial) flags of vector spaces,
(0) Q V1 Q Vz Q Q Vdfl g Vd g Cn, dlm(V]) = l]

In the special case ® = A, the flag variety G/ Pg is the complete flag variety G/B. In the
special case ® = {a;}, the group Pg is a maximal parabolic subgroup of G, and G/Pg
is the Grassmannian Gr(k,n) of k-planes in C". A negative root of G/Pg is a root in
that is not a root of Pp. Let g be the set of negative roots of G/ Pg, and let Zg = —Xg
be the set of positive roots of G/Pg. Define Lg := L LIXg. We will denote the Weyl
group S, of G by W. Let r; be the simple transposition in W that swaps i and i + 1 and
tixes all other j. The subgroup Wg of W generated by <1’]-),X],E a\e is the Weyl group of Pe.
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Let W® be the set of minimal coset representatives of W/Wg in W. We will henceforth
identify the set W® with the quotient W/Wg. Define pj :=ij—ij_1. The set W is in
bijection with the set I of lists of length # in the alphabet {0, ...,d}, where d appears p;
times, d — 1 appears p; times, and so on. Under this identification, the longest word wy
in W9 is identified with the list dP1(d — 1)P2--.1P40Pa+1, and w - wg € W® is identified
with the list w(dP1(d — 1)P2 - - - 1PdQPd+1),

For each w € W®, there is a Schubert cell XS, = BwPg/Pg in G/Pg. The Schubert
cells form a cell decomposition for G/Pg. The closures of the Schubert cells X, := X,
are Schubert varieties. Let h*(—) be one of the following (generalized) cohomology the-
ories: singular cohomology H*(—), T-equivariant cohomology Hr(—), K-theory K(—),
and T-equivariant K-theory Kr(—). Let pt be a point, so that H*(pt) ~ Z, Hr(pt) =~
Zlyi,...,yn), K(pt) = Z, and Kr(pt) ~ Z[e*V1,...,e*V]. In h*(G/Pg) there are natural
classes Sy, known as Schubert classes, that form a basis for h*(G/Pg), when we view
h*(G/Pg) as a module over h*(pt). In K(G/Pg) and K1(G/Pg), the Schubert class Sy, is
the class of the structure sheaf [Ox, | of Xy,. In H*(G/Pg) and Hr(G/Pg), the Schubert
class Sy, is the class [Xy] defined by the Schubert variety Xq,.

2.2 Cotangent bundles of flag varieties

The cotangent bundle T*(G/Pg) of G/Pg has a natural action of T := T x C*, where
(t,z) € T acts by (t,z) - (x,7) := (t-x,(t 1)*(z- 7)) for all (x,7) € T:(G/Pg). For any

symplectic resolution X — Y with an algebraic T-action subject to certain conditions,
Maulik and Okounkov defined natural geometric bases in H%(X) and K#(X) ([11], [12]),

which arise from T-invariant cycles in X. These bases are called the cohomological and
K-theoretic stable bases. When X = T*(G/ Pg), the cohomological and K-theoretic stable
bases are indexed by W®, and we will denote the stable basis in either case by {St) } , . jye-
Consider the localizations HITOC(pt) and KITOC(pt) of the rings Hx(pt) ~ Hr(pt) ®z Z|h]
and Kz (pt) ~ Kr(pt) ®z Z[q7?] at {h + a}yex and {1 — g%¢"}qcx, respectively. Here, T
and g% denote the equivariant parameters coming from the C*-factor of T that dilates the
cotangent fibres of T*(G/Pg). Set HITOC(T*(G/P@)) = HITOC(pt) ®H..(pt) HZ(T*(G/Po))
and KITA‘?C(T*(G/P@)) = KITPC(pt) K- (pt) K7(T*(G/Pg)). Let x be the class of the zero
section of T*(G/Pg) — G/Pg in either H7(T*(G/Pg)) or K3(T*(G/Pg)). The elements
Sy = S% live in the localization HITPC(T*(G /Pg)) or the localization KITOC(T*(G /Pe)),
and {S)},cwe forms a basis for HITOC(T*(G/P@)) or KITE’C(T*(G/P@)) over the fraction
field Frac(Hz(pt)) or the fraction field Frac(Kz(pt)), respectively. The elements S, in
HITOC(T*(G/ Pg)) are called Segre-Schwartz—MacPherson (SSM) classes, and the ele-

ments S, in KITPC(T*(G /Pg)) are called motivic Segre classes.
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2.3 Equivariant localization and divided difference operators

Let X be a smooth complex algebraic variety, and suppose E is a complex linear algebraic
group acting on X algebraically with finitely many fixed points F. For both h}(—) =
H}{(—) and h}(—) = Kg(—), the localization map

t HE(X) = @ I (p),
feF

defined by restricting h}(X) to the corresponding fixed point f on each component, is
injective. We will consider the case X = G/Pg and E = T, or the case X = T*(G/Pp) and
E = T. In either case, the E-fixed points of X are indexed by W®. We will now describe
how to obtain the images of the classes S, in the rings H7(G/Pg), HITOC(T*(G/ Po)),
K1(G/Pg), and KITOC(T* (G/Pg)) under the localization map.

Given «; € A, there is a Z-linear operator 9; that acts on @, cyye 5 (pt), which we will
define explicitly below. Any w € W® can be expressed as the reduced product of simple
transpositions w = r;, - - - ;.. The operator d, := dj, o - - - 09;, also acts on P, yye hi(pt)
and is independent of the choice of reduced expression for w. We have ((Sy.w,) =
9 (1(Sw,)), where wy is the longest word in W®. We will now explicitly describe the
restrictions Sy, |y of Sy, to each fixed point A € WO, and we will give an explicit for-
mula defining the operator 0; in each of the four cases H7(G/Pg), HlT?C(T*(G /Po)),
K1(G/Pg), and KITOC(T*(G/P@)). Given a« = cja1 + - - - + c4_14,—1 € L, we denote by y,
the element c1(y1 —y2) +c2(y2 —y3) + - -+ cne1(Yn-1—Yn) € Z[y1, ..., Yn.

1. H;(G/Pg). Below are the formulas for Sy, restricted to fixed points A € W®:

Swo|)» = H“EZ(; Y-as A = wo;

0, A 75 wo.
There is a natural action of W on the ring Hj(pt) ~ Zlyi,...,yn], defined on
generators by w(y;) = yy(; for all w € W. This W-action extends to the ring

Drewoe Hr(pt) by w(fa)r == (w(fa))w(r) for all w € W. Consider the Z-linear
operators on Hj (pt):

9i(f) = f‘y—(f) f e Hi(pt), a; € A

The operators 0; naturally define Z-linear operators on @, e Hr(pt).

2. HITOC(T* (G/Pg)). Below are the formulas for S, restricted to fixed points A € W®:

Supla = {H“% P A=
wo -
0, A 7é wop.
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There is a natural action of W on the ring H%(pt) ~ Z[y1,...,Yn 1], defined on
generators by w(y;) := yy(;) and w(k) = h for all w € W. This W-action extends
to the ring @, e HITPC(pt) by w(fy)r := (w(fa))w(r) for all w € W. Consider the

: 1 .
Z[h]-linear operators on HTOC(pt).

yﬂti_h

= (f), f e HS(pt), a; € A.
™ " ———r1i(f), f€HZ(pt), a;

The operators 0; naturally define Z[#]-linear operators on @, e HITOC(pt).

3. K1(G/Pg). Below are the formulas for S, restricted to fixed points A € W®:

ey (1—e¥=2), A =uwy;
Sw0|/\ = (]
0, A 7é wo.

There is a natural action of W on the ring Kr(pt) ~ Z[e™V1,...,e*¥], defined on
generators by w(e™Vi) 1= eVl for all w € W. This W-action extends to the ring
Dircwoe Kr(pt) by w(fa)r = (w(fa))w(r) for all w € W. Consider the Z-linear
operators on Kr(pt):

9i(f) = f + ritf) ,  feKr(pt), a; € A.

1—eYu 1—e¥u

The operators 0; naturally define Z-linear operators on @, cye Kr(pt).

4. Kle’C(T* (G/Pg)). Below are the formulas for Sy, restricted to fixed points A € W©:

1—eV—a A= .
o Hagz+ 1—g2eV—a”’ = Wo,
wo|A - { © 1

0, A 75 wop.

There is a natural action of W on the ring Kz(pt) ~ Z[e*¥1, ..., e*Vn, q*2], defined
on generators by w(e*¥) := ¢*v() and w(qﬂ) = g*2 for all w € W. This W-
action extends to the ring @, o KT (pt) by w(fa)r == (w(fa))wr) forallw € W.

Consider the Z[q*?]-linear operators on KITA‘?C(pt):

o) = =g LT

1—e Y

ri(f), fEKP(pt), a; € A.

The operators 9; naturally define Z[g*2]-linear operators on @, e KITOC(pt).
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3 Deformation of the motivic Segre classes

3.1 The Rees ring

Consider the polynomial ring (Z[B])[xr]rca over Z[B] in variables x, with A € A. Let
Ja be the ideal (xo, Xy 4 — X3 — X + Bxaxy, A, p € A) in (Z[B])[xr]rea- The definition
of Rees ring below is analogous to the definition in [0, Example 2.1].

Definition 3.1. Set S := ((Z[B])[xr]ren)/Ja. The Rees ring R is the ring
Ry :=Z[g™%] @z Sa.
Lemma 3.2. The ring Ry is an integral domain.

Proof. As Ry = Z[q%?] ®z Sy, it is enough to show that S, is an integral domain. Let
p: (Z[B])[xr]aen — Sa be the projection onto the quotient. Consider the ideal I of
(Z[B])[xr]rca generated by the elements x) with A € A. Set I§ := Sa. Then we have
Ni>ol’y = (0). The ideal J5 is contained in I5. Therefore, Ni>op(Ip)" = (0) as well.
Form the associated graded ring G := @;>op(Ip)'/p(Ip)'*'. Let H be Hr(pt)[f], the
T-equivariant cohomology ring of a point extended by B. The argument in [!, Lemma
4.2] implies there is a ring isomorphism H — G. As G is isomorphic to the integral
domain H and N;>op(Ix)" = (0), it follows that S, is an integral domain. O

It follows from Lemma 3.2 that the localization (R )g of R4 at B is an integral domain.
There is an isomorphism (Rx)g — Kz (pt)[B, 7] given by the following map:

(Ra)g = Kz(pt)[B, 87, x> B '(1—¢Y), ¢*—q> BB AeA (31

The inverse sends e* — 1 — Bx, for all A € A. Interestingly, there is an isomorphism of
Ra/(BRA) with Hz(pt)[(1 4+ 1)~!] induced by the map

RA/(BRA) = HE(pH)[(14+1)7Y, xa—= A, =145k A€A (3.2)

There is an action of W on R, defined by generators by w-¢*> = ¢, w-B = B, and
W X) = Xy()) forw € Wand A € A, which intertwines the isomorphisms (3.1) and (3.2).

3.2 Deformed divided difference operators

Definition 3.3. For a simple root & € A, we define the following Z[q*?]|B]-linear operator on
RA.'
1-¢> 1—-4¢*1—
9, — L= 1-a (- x)
X_q X

Ty



Deforming motivic Segre classes 7

Remark 3.4. A similar “Demazure—Lusztig” operator is defined in [14, p. 61] (for more general
oriented cohomology theories). The authors denote their operators by Ty

Write w € W as a reduced product of simple transpositions w = r;, ---7;,. We use
the notation dy, := aa]. 0---0 aa].k. The lemma below shows that 9, is independent of the
choice of reduced decomposition for w.

Lemma 3.5. The operators 0, satisfy the following relations:
1. Oy, 0 dy; = Ou; © O, Whenever li—j| > 1.
2. 0yq;00

00y, = Oy, ©0n; 00y, foralli=1,...,n—2.

Xit+1 i1
3. (0, +9%) 0 (Ou, + (*B—q*>—B)) =0foralli=1,...,n—1.
Remark 3.6. The operator 0, has an “inverse”
~ 1 -1 1—4%(1—x,) )
0y = + r
tP(Bt+ - B ( X X '

in the sense that d, o g,x = 5,X 00y = 1. The operators 506 satisfy the following relations:

1. Oy, o’a“,x]. = 504,- 0 Oy, whenever |i — j| > 1.

2. 5ai05 ogm = du, ogaiogai+1foralli: 1,...,n—2.

[LOEN]

3. (5061-“‘,%2) o <5""'+W) =0foralli=1,...,n—1.

3.3 Deformed motivic Segre classes

Let R be the localization of Ry at the elements {1 — g*(1 — x; )} es. Consider the
rings Ry := @,.we Ra and ﬁk’c = @,cwe R, both with pointwise addition and
multiplication. There is a natural action of W on Ry given by w - (fy)x = (w( fA))wir)
for all w € W. Moreover, the action of W on R, preserves the set {1 —¢%(1 — x))}rex-
Therefore, the action of W on R, induces an action of W on ﬁlgc. The action of W on
ﬁlj\’c induces an action of 9, on ﬁk’c for all w € W. Consider the element Sy, € ﬁlf\’cz

X : _ .
Swolr = H“ezg 1-g*(1-x—a)’ if A = wo;
° 0, otherwise.

Define Sy.w, := 9w (Sw,). The set {S)},cwo forms a basis for ﬁfc over the fraction field
Frac(R,). The image of Sy, in @, cpeFrac(Kz(pt)[B, 1)) induced by (3.1) is

1—e ey
S, |/\ _ Hwezg 5(1_,72)4_22(1_6,“), if A = wp;
i 0, otherwise.
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Example 3.7. After applying the isomorphism (3.1) and evaluating B = 1, the operator d, and
class Sy, are the following:

1—g2 1— g%~ st =5, if A = wp;
aazl_ely_a—i_ 1_[70( rlx m’ld Sw0|/\:{ DCE@l qze

0, otherwise.

Therefore, {S)})cweo is the set of images of motivic Segre classes of Schubert cells in the ring
KZTOC(T* (G/Pg)) under the localization map 1.

Example 3.8. After applying the isomorphism (3.2), the operator 9, and class Sy, are the fol-
lowing:

« : _ .
Haezg hoa+h+o’ lf}\ = Wo,

5 _ E N ho +o0 —h
Y 0, otherwise.

, ry and Sw0|A:{

Replace 9, with 9t := Fgﬁ‘l, replace Sy, with 550 = (h+ 1)l(w0)5w0’ and set f := % Then

Foa—h A =w
oH =12 re and Szlgoh = H“Ezg a+h f
24 0, otherwise.

Thus, we can view the set of homogenizations {(h + 1)1 S}, e as the set of images of the
SSM classes of Schubert cells in H%?C(T* (G/Pg)) under the localization map 1.

4 Structure constants in the d = 1 case
Assume d = 1. Define Q(B) := q> + B — ¢*°B. For A € A, we will set y, := 1 —¢*(1 — x,).
A puzzle with side labels A, y, v in W is a triangle with side labels A, y, v that is tiled by

the following puzzle pieces with edge labels 0, 1, and 10 Each puzzle piece is equipped
with a function from A to the fraction field Frac(Z[g™'] ®7 S ) known as its fugacity.

60000
q -1)
y/\
_ 2(1-Bx)) 1 _ 2)(1—Bxy) 1 _ ﬁ)x,\
y;\ ]/A 0 YA
0_49QB)x 19N _ QB[ -1)(1—px)) 1 0_ o)
! Y qya 18, A0
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A e
o1 71 Ko T W1 K

The bottom row of a puzzle is always tiled by the triangle puzzle pieces, and the rest
of the puzzle is tiled by (not rotated) rhombus puzzle pieces. The fugacity of a puzzle
is the product of the fugacities of the rthombi and triangles that tile it. The fugacity of a
triangle tile is constant, independent of its position in the puzzle, whereas the fugacity of
a rhombus tile depends on its position in the puzzle. A rhombus tile that lies in the i-th

southwest-to-northeast diagonal and (j — 1)-th northwest-to-southeast diagonal depends
j qQ(B)x —y q(q —1) 1
t=i Yoy Y-g-ag 7

onA=— at. For example, the fugacity of the puzzle below is

We will use the notation ﬁ to mean the sum over the fugacities of all possible puzzles
with the prescribed boundary labels. The homogenization of S, by a factor g is 4'*)S,
where [(A) is the length of A € W®. We can now state our main theorem:

Theorem 4.1. The product of two classes g'M S, and g'( S is given by the “puzzle” formula

(ql(/\) Zﬂ (4.1)

Proof. The divided difference operators 9, and 9, produce an R-matrix recursion that
defines the classes ¢'(*)S,. The fugacities of the rhombus and triangle tiles can be used
to define R, U, and D matrices that satisfy various Yang—Baxter type equations [, Propo-
sition 3.4]. The rest of the proof is essentially the same as that of [5, Theorem 3.8]. ]

Remark 4.2. Following [5, Section 6], we define a positivity monoid M to be a submonoid of
RY under addition such that M N (—M) = 0. Consider the submonoid M of R, defined as the
set of sums of products of the factors over all x € 7

_ 42
-5 Q) 1-Pr. L W —i=
Then M is a positivity monoid of RYC. To see it, view M as a submonoid of Frac(Kz(pt)[B, ~1])
via the isomorphism (3.1), and then evaluate B = 1, e=% = 2!, and q = —27"/2 10 see that every

factor is positive. As the structure constants for {g'})S,} rewe lie in the positivity monoid M,
it is in this sense that we consider the structure constants and puzzle formula for them positive.
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Example 4.3. We will compute the product (q - S1o) - So1 using puzzles. First, we compute

q-S10=14- [Oz ;:ﬂ ; So1 = (39,) (9 S10) = [L };ﬂ :

Here, wy is the positive root of Gr(1,2). Pointwise multiplication of these classes yields the

equation (q - S19) - So1 = ;j - (q - S10). The puzzle rule (4.1) gives the same result:
-

5 Towards a geometric interpretation of the classes

Let E be any linear algebraic group over C. Let Smp be the category of smooth alge-
braic varieties over C equipped with an algebraic action of E, with morphisms being
E-equivariant morphisms of varieties. An E-equivariant oriented cohomology theory
hr is a functor from Smg to the category of commutative unital rings satifying several
“cohomological-type" axioms. See [14] or [?] for detailed exposition. Let ()¢ be the E-
equivariant algebraic cobordism of Krishna [7] and Malagén-Lépez and Heller [%]. The
functor () is an example of an E-equivariant oriented cohomology theory.

Example 5.1. The E-equivariant Chow theory CHE of Edidin—Graham [3] is an E-equivariant
oriented cohomology theory. Let CHE(pt) be the completion of CHE (pt) at the augmentation
ideal (i.e., the ideal generated by algebraic cycles of positive codimensions). Let X € Smg. In [9,
Section 7.1] it is shown there is a canonical map Qp (pt) — CHg(pt) and a ring isomorphism

Qf(X) ®q, (pr) CHE(pt) = CHE(X) @cp, (pr) CHE(pt).

Example 5.2. The E-equivariant algebraic K-theory Kg := K% of Thomason [13] is an E-
equivariant oriented cohomology theory. Let Kg(pt) be the completion of Kg(pt) at the aug-
mentation ideal (i.e., the ideal of virtual representations of rank 0). Let X € Smg. In [9, Section
7.21 it is shown that there is a canonical map Qg (pt) — Kg(pt) and a ring isomorphism

Qe(X) @0 (pt) Ke(pt) ~ Ke(X) @, (pry KE(PY).
For any X € Smpg, we define
@E(X) = QE(X) ®QE(Pt) EI\‘IE(pt) and K\E(X) = QE(X) ®QE(pt) K\E(p’[)

Let I be the ideal in (Z[B])[xr]rca generated by the elements x,, with A € A.
Consider the Ix-adic completion (Z[B])[xr]rea of (Z[B])[xr]ren- Let T be the closure
of the ideal in (Z[B])[xa]rea generated by xo and xp 1, — x) — X + Bxyx, overall A,y €
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A. Set Sp = (Z[B])[xr]ren/ Ia- Tt follows from [1, Corollary 2.13] that S, is an integral
domain. It follows from [1, Section 2.5] and [?, Theorem 3.3] that there are maps from
Sx to both CHr(pt) and Kr(pt), which are induced by maps of formal group laws, and
that there is a map Qr(pt) — Sa. The kernel of the composition (Z[B])[xr]rca —
(Z[B])[xr]aen — Sa is precisely the ideal ] defined in Section 3.1. Thus, we can view
S as a subring of Su. Define Ry := Z|[f] [x4] ®z(g) Sa- We can view Z[q*? ®7 Sy as
a subring of R, via the map 4% — 1 — x, (observe that =2 — 1+ x; + x% +---.) As
Oz (pt) ~ Or(pt) @ L[x], the map Qr(pt) — Sp induces a map Qz(pt) — Ra, x > xg.
We expect the definition below to agree with that of [5]. We plan to explore this.

Definition 5.3. The (completed) T-equivariant connective K-ring of T*(G/Pg) is
CKT(T*(G/P@)) = QT(T*(G/P®)) ®QT(pt) R\A.
There are ring homomorphisms,
CK4+(T*(G/Pg)) — CH#(T*(G/Po)) and CKz(T*(G/Po)) — K+(T*(G/Pe)),

where x; — —Xxj; on the left and x; — x; on the right. Consider the localization ﬁlf\’c

~ —1 —
of Ru at the set {x; + x4 — XgXs}acx. Let CHTOC(pt) be the localization of CHz(pt) at
the set {x; + xy + x3Xy }aexy, and let I@T‘?C(pt) be the localization of I?T(pt) at the set

—loc —
and Ki*(T*(G/ Po)) = K¢(T*(G/Po)) ®_ (o KL (p1)-

—loc

®(/Il\{f(pt) CH7 (pt)

Conjecture 5.4. We conjecture:

1. There are classes Sy € CK4+(T*(G/Pg)) ® R, R\lf\c indexed by A € W® whose images in

—loc

CH7 (T*(G/Pg)) and KZT?C(T*(G/P@)) can be identified with SSM and motivic Segre
classes, respectively. The set {S},ce is an R-basis for CK3(T*(G/Po)) Rz, Rlge,

2. Under the “localization map” 1: CK#(T*(G/Pe)) ®g, R — @, cwoRXC, the image
1(S,) is the class S) defined in Section 3.3.

Remark 5.5. The classes S, satisfy a “GKM-type” property. We believe this property, together
with a connective K-theory analogue of a theorem of Chang and Skjelbred, imply that there exist
classes S, € CK#(T*(G/Pg)) ® R, R satisfying Conjecture 5.4. This is work in progress.
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