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Abstract. We characterize ratios of permanents of submatrices which are bounded
on the set of totally positive matrices. This provides a permanental analog of results
of Fallat, Gekhtman, and Johnson [Adv. Appl. Math., 30 no. 3, (2003)] concerning ra-
tios of matrix minors. We also extend work of Drake, Gerrish, and the first author
[Electron. ]. Combin., 11 no. 1, (2004)] by characterizing differences of monomials in
Z[x11,X12,---,%nn] which evaluate positively on all totally positive n x n matrices.
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1 Introduction

Given an n X n matrix A = (a;;) and subsets I, ] C [n] := {1,...,n},let A;; = (a;;)ie1je]
denote the (I, J)-submatrix of A. For |I| = |]|, call det(Aj;) the (I, J)-minor of A. A real
n X n matrix A is called totally positive (totally nonnegative) if every minor of A is positive
(nonnegative). Let MI¥ ¢ MINN denote these sets of matrices.

These and the set MEPS of n x n Hermitian positive semidefinite matrices arise in
many areas of mathematics, and for more than a century mathematicians have been
studying inequalities satisfied by their matrix entries. (See, e.g., [7].) Many such inequal-
ities involve minors and permanents. For instance inequalities of Fischer [¢], Fan [7],
and Lieb [17] state that for all matrices A € MINN U M!S and for all I C [n] and
I := [n] . I, we have

det(A) < det(AM) det(A[cljc),

per(A) > per(Arr) per(Ape ).
Koteljanskii’s inequality [ 1] states that for A € MINNU MEPS and I, ] C [n] we have

(1.1)

det(AIU],IU]) det(Am],m]) < det(AM) det(A],]). (1.2)

Many open questions about inequalities exist and seem difficult. For instance, it is
known which 8-tuples (I, J,K,L,I',J',K’, L") of subsets satisfy

det(ALp) det(A”/) S det(AK,K/) det(AL,L/) (13)
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for all A € MINN [¢], [13], but few permanental analogs of such inequalities are known.
While some of these 8-tuples also satisfiy

per(A ;) per(Ay 1) > per(Ax i) per(Ap ), (1.4)

this second inequality is not true in general: the natural permanental analog

per(Auyu) per(Ainginy) > per(Arr) per(Ar)) (1.5)

of (1.2) holds neither for all A € M!S nor for all A € MJNN, (See [14, Section 6] for a
counterexample with n = 3.)
Let us put aside MEPS and consider conjectured inequalities of the form

product; < product, (1.6)

involving minors and permanents of matrices in M}NN and MIF. One strategy for
studying (1.6) is to view the difference product, — product; as a polynomial

f(x) = f(xl,l, X127+ +» xn,n) c Z[x] = Z[xm, X127+ xn,n] (17)

in matrix entries. Then the validity of the inequality (1.6) is equivalent to the statement
that for all A = (a;;) € MNN, we have

f(A) = f(al,lz a2, ... /an,n) > 0. (1.8)

We call a polynomial (1.7) with this property a totally nonnegative polynomial. Since M}¥
is dense in MJNN  the inequality (1.8) holds for all A € MF if and only if it holds for
all A € MINN,

A second strategy for studying (variations of) a potential inequality (1.6) is to ask for
which positive constants ki, ko the modified inequalities

ki - product; < product, < k, - product, (1.9)

hold for all A € MINN. Bounds of k; = 1 or k; = 1 imply the inequality (1.6) or its
reverse to hold; other bounds give information not apparent in the proof or disproof of
(1.6). Equivalently, we may view the ratio of product, to product, as a rational function

R(x) = R(xlll, X1,2,-- .,xn,n) € Q(x) = Q(xlll, X1,2,-- .,xn,n) (1.10)

in matrix entries, and we may ask for upper and lower bounds as x varies over M}F.
While a ratio (1.10) is not defined everywhere on M}NN, the density of MF in MINN
allows us to restrict our attention to M F: we have

ki < R(x) <k (L11)
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for all x € M if and only if the same inequalities hold for all x € MINN such that R(x)
is defined. Clearly the lower bound k; is interesting only when positive, since minors
and permanents of totally nonnegative matrices are trivially bounded below by 0.

A characterization of all ratios of the form

det(xul) det(x”/)
det(xK,K/) det(xL,L/) ’

Lr,...,L L Cn], (1.12)

which are bounded above and/or nontrivially bounded below on MI' follows from
work in [0], [13]. Each ratio (1.12) is bounded above and/or below by 1, and for each n,
it factors as a product of elements of a finite set of indecomposable ratios. This result
was extended in [15] to include ratios of products of arbitrarily many minors

det(xy, 1) - - - det(xy, )
det(xh,]{) s det(xIle/?) )

(1.13)

Again, each such ratio factors as a product of elements belonging to a finite set of inde-
composable ratios. For n = 3, each ratio (1.13) is bounded above and/or below by 1; for
n > 4, such bounds are conjectured [”].

While the permanental version (1.5) of Koteljanskii’s inequality is false, we will show
in Section 3 that the corresponding ratio is bounded above and nontrivially below.
Specifically,

1 < per(x ) per(xj)
[TUJIt|IIN]|t — per(xlu]llu]) per(xm],m])
for all I,] C [n] and x € M]P. The failure of (1.5), combined with (1.14), exposes a
difference between ratios of minors and of permanents: unlike the bounded ratios in

(1.12), not all bounded ratios of permanents are bounded by 1. Thus it is natural to ask
which ratios

< [I]H ]! (1.14)

Per(xll,I{)Per(xlz,lg) o ‘Per(xlr,l;)
per(xh,]{)per(xhljé) . -per(x]q,]é)

are bounded above and/or nontrivially below as real-valued functions on M ¥, and to
look for bounds.

In Section 2 we describe a multigrading of the coordinate ring Z[x| of n x n matrices.
Extending work in [5], we defme a partial order on the monomials in Z[x] which char-
acterizes the differences [ x i —I1x; " which are totally nonnegative polynomials. This
leads to our main results in Section 3 Wthh characterize ratios (1.15) which are bounded
above and nontrivially below as real-valued functions on M}F. We provide some such
bounds, which are not necessarily tight, and suggest problems for further investigation.

R(x) = (1.15)



4 Mark Skandera and Daniel Soskin

2 A multigrading of Z[x11,x12,..., X, ] and the total non-
negativity order

We will find it convenient to view degree-r monomials in Z[x] in terms of permutations
in the symmetric group &, and multisets of [1]. In particular, given permutations v, w €
S, define the monomial

o,Ww .__
X T xvlzwl Xvy,wy -

Define an r-element multiset of [n] to be a nondecreasing r-tuple of elements of [n]. In
exponential notation, we write i* to represent k consecutive occurrences of i in such an
r-tuple, e.g.,

(1,1,2,3) = 12213,  (1,2,2,2) = 1125, (2.1)

Two r-element multisets
M= (my,...,my) =1%...n%, O:(ol,...,or):lﬁl---nﬁ”, (2.2)

determine a generalized submatrix xp,0 of x by (xm,0)ij = Xm0, For example, when
n = 3, we have the 4 x 4 generalized submatrix and monomial

X1,1 X12 X12 X122
X1,1 X12 X12 X12

1234,4312
X1123,1222 = , (x1123,1222) = X12X1,2X21X32. (2.3)
X21 X22 X22 X22
X3,1 X32 X32 X32
The ring Z[x] has a natural multigrading
Zlx] =P P Amo. (2.4)

r>0 M,O
where the second direct sum is over pairs (M, O) of r-element multisets of [n], and
Ao :=span, {(xp0)"" |w € &,}. (2.5)

More precisely, for M, O as in (2.2), a basis for Ay o is given by all monomials

[T~ (2.6)

i,jen]
with C = (c; ;) € Matyx,(IN) satisfying
ciit-tcin=w;, cjt--te;=p forij=1,...,n (2.7)

One may express a monomial (2.6) in the form (x10)““ by the following algorithm.
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Algorithm 2.1. Given a monomial (2.6) in Ay o with M, O as in (2.2),

(i) Define the rearrangement u = uj---u, of O by writing (2.6) with variables in
lexicographic order as X, u; = * * X, u, -

(ii) Let j; < --- < jp, be the positions of the p; ones in u, let jg, 11 < -+ < jg 15, be
the positions of the B, twos in u, etc.

(iii) Fori =1,...,r, define w;, = i.
(iv) Call the resulting word w = w(C).

For example, it is easy to check that for multisets (1123,1222) = (122'31,112330) of
{1,2,3}, the graded component Aj123 1202 of Z[x11,x12,...,%33] is spanned by monomi-
als (2.6), where C = (c; ;) is one of the matrices

110 020 020
010/, |100], |o10 (2.8)
010 010 1 00
having row sums (2,1,1) and column sums (1,3,0). These monomials are
X11X12X20X32,  XipX21X32,  Xj,X22X31, (2.9)

with column index sequences equal to the rearrangements 1222, 2212, 2221 of 1222.
Algorithm 2.1 then produces permutations 1234, 2314, 2341 in &4, and we may express
the monomials (2.9) as

12341234 12342314 1234,2341 (2.10)

(X1123,1222) (X1123,1222) (x1123,1222)

For r-element multisets M,O of [n], monomials in A, o are closely related to parabolic
subgroups of &, with standard generators sy,...,s,_1, and double cosets of the form
W, (m)wW, o) where w belongs to &,, Wy is the subgroup of &, generated by |, and

UM) :={s1,-,8r—1} N {Suy/Saytags -+ Sr—a, } = {8 mj = mji1},

(2.11)
l(O) = {Sl, .. .,Sr_l} N {Sﬁvsﬁﬁ-ﬁz" . '/ST—ﬁn} = {S] | O]‘ = Oj+1}.

It is easy to see that the map M — (M) is bijective: one recovers M = 1% ...p%n
from the generators not in (M) as in (2.11). It is known that each double coset has
unique minimal and maximal elements with respect to the Bruhat order on &,, defined
by declaring v < w if each reduced expression s; - - -s;, for w contains a subword which
is a reduced expression for v. (See, e.g., [1], [4].) Let W[( M)\W/ WL(O) denote the set of
all double cosets of W = S, determined by r-element multisets M, O.
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Proposition 2.2. Fix r-element multisets M, O as in (2.2). The double cosets W, (pn \W /W, o)
satisfy the following.

(i) Each double coset has a unique Bruhat-minimal element u satisfying su > u for all s €
(M) and us > u for all s € 1(O); it has a unique Bruhat-maximal element u’ satisfying
su’ < foralls € «(M) and u's < v’ for all s € 1(O).

(ii) We have W,(yroW, 0y = W,y wW, (o) if and only if (xpm,0)*° = (xpm,0)"

(iii) The cardinality W, \W/W,o)| is the dimension of A0, equivalently, the number of
matrices in Mat, x, (IN) having row sums (a1, ..., &,) and column sums (B, ..., Bn).

(iv) Each permutation w produced by Algorithm 2.1 is the unique Bruhat-minimal element of
its coset W(pnwW, o).

Proof. Omitted. O

For any subsets I, | of generators of &,, the Bruhat order on &, induces a poset
structure on W;\W/Wj as follows. We declare WioW; < WjwW if the minimal element
of WjoWj is less than or equal to the minimal element of W;wW;. (Equivalently, we may
compare maximal or arbitrary elements of the cosets [%, Lemma 2.2].) We call this poset
the Bruhat order on Wi\W/W;j. Another equivalent inequality can be stated in terms of
matrices of exponents defined by monomials in Ay 0. (See, e.g., [10].) Given a matrix
C = (cij) € Mat,n(IN), define the matrix C* = (cj;) € Mat,xx(IN) by

¢ j = sum of entries of Cp; |;

iy il (2.12)

Proposition 2.3. Fix monomials

(xm,0)° H xl 7 (xm0)° H x
in Ap,0 and define matrices C*, D* as in (2.12). Then we have W\ oW, 0y < W,y wW, o)
in the Bruhat order if and only if C* > D* in the componentwise order.

The Bruhat order on W,y \W/W, (0 is closely related to certain totally nonnegative
polynomials in Ay 0. Indeed, when M = O = 1---n, totally nonnegative polynomials
of the form x%” — x%" are characterized by the Bruhat order on &, [°].

Theorem 2.4. For v,w € &, the polynomial x*° — x*% is totally nonnegative if and only if
v < w in the Bruhat order.
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We will now extend this result to all monomials in Z|[x]. Let us define a partial order
<t on all monomials in Z[x] by declaring (xp1,0)%° <7 (xp,0)*" if (xp,0)*" — (xm,0)*" is
a totally nonnegative polynomial. We call this the total nonnegativity order on monomials
in Z[x]. It is not hard to show that the total nonnegativity order is a disjoint union of its
restrictions to the multigraded components (2.4) of Z|x].

Lemma 2.5. Monomials . .
[T [ @13)
ij ij
are comparable in the total nonnegativity order only if they belong to the same multigraded
component of Z[x]|.
Proof. Omitted. O

Theorem 2.6. Fix r-element multisets M = 1%1- - -n*, O = 1P1 ... nPr gs in (2.2), and matri-
ces C,D € Matyx,(IN) with row and column sums («1,...,&y), (B1,...,Bn), and define the

polynomial
Cl.,A dl‘,‘
f) =TTx7 —TIx;
] 0]
in Apr 0. Then the following are equivalent.
1. f(x) is totally nonnegative.
2. C* > D* in the componentwise order.
3. w(C) < w(D) in the Bruhat order on S,.

4. f(x) is equal to a sum of products of the form det(xy)Xu, 0, -+ Xu, 50, , in Apmo with
1] = 1]l =2

Proof. Omitted. O

For example, let us revisit the monomials (2.9) — (2.10) in the graded component
A11231200 of Z[x11,X12,-..,x33]. It is easy to see that 1234 < 2314 < 2341 in the Bruhat
order on &, and that the application of (2.12) to the corresponding matrices in (2.8)
yields the componentwise comparisons

1 2 2 02 2 02 2
13 3] >1(133]>]03 3] (2.14)
1 4 4 1 4 4 1 4 4

Thus we have (x11231222) 24123 > 1 (x1123,1022) 1234%M > 1 (x71231202) 124234, e,

2 2
X1,1X1,2X22X32 2T X1pX21X32 2T X]pX2,2X31.
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Furthermore, the chain 1234 < 2134 < 2314 < 2341 in the Bruhat order on &4 with
2134 = (1,2)1234, 2314 = (2,3)2134, 2341 = (3,4)2314 (2.15)

allows us to write x11X12X22X37 — X7 X21X37 as

((x1123,1222)1234’1234 - (x1123,1222)1234’2134> + ((x1123,1222)1234'2134 - (x1123/1222)1234'2314)

X X X X
= det[ L1 1’2} X22X32 + X1, det [ 11 1’2} X372,
X1,1 X22 X21 X222

and to write x%/2X2,1 X327 — X% 2X22X31 as

1234,2314 1234,2341\ _ .2 X201 X2.2
((x1123,1222) — (x1123,1222) ) = x7,det LC3 L X J .

3 Main results

Let M be the set of totally positive n x n matrices. To characterize ratios of products
of permanents which are bounded above and/or nontrivially bounded below on the
set MIF, we first consider necessary conditions on the multisets of rows and columns
appearing in such ratios. Let

- Per(xll,I{)Per(xlz,lg) e ‘Per(xlr,l;)

R(x) = per(x), yper(xy, ;) - per(y, ) (3.1)

be such a ratio, where
(Lo L), (I, 5), (e Jg) Ui Jg) (3.2)
are multisets of [n] satisfying |It| = |I/|, |Ji| = |J;| for all k. In order for R(x) to

be bounded above or nontrivially bounded below on M " the multisets (3.2) must be
related in terms of an operation which we call multiset union. Given multisets M =
1% ...pn%, O = 1P1 ... nPr of [n], define their multiset union to be

MUO =14 P ytnthn, (3.3)
For example, 1124 YU 1233 = 11122334.

Proposition 3.1. Given multiset sequences as in (3.2), a ratio (3.1) can be bounded above or
nontrivially bounded below on MY only if we have the multiset equalities

LU---UL,=N1u---u], I{@---@I;:]{@---@];. (3.4)
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Proof. Omitted. O

To state sufficient conditions for the boundedness of ratios (3.1) we observe that it is
possible to bound the permanent above and below as follows.

Proposition 3.2. For any n x n totally nonnegative matrix A = (a; ;) we have
a11- - any < per(A) <nl-ayi---apy. (3.5)
Proof. Omitted. O

Now we state our main result, which characterizes ratios R(x) as in (3.1) which are
bounded above for x € ML,

Theorem 3.3. Let rational function

er(x; i )per(xr. i )---per(xr y
R(X) = p ( Il’ll)p ( 12112) p ( Ii’/Ir) (36)
per(xh,]{)per(xh,]é) - -per(x]q,]é)

have index sets which satisfy (3.4), and define matrices C = (c;;), C* = (ci*’].), D = (di),

= (d;k]) by
(xll,li)e’e . ny I/ &€ Hxlj (xh’]{)e' . qu Iq Hx (37)
and (2.12). Then R(x) is bounded above on the set of totally positive matrices if and only if
C* < D* in the componentwise order. In this case, it is bounded above by |I1|!- - - |I:|!.

Proof. Suppose that C* £ D*. Then for some indices (k, ¢) we have ¢ ¢ > dj 4. Define the
matrix B(t) = (b;;(t)) by

t ifi<kandj <Y,
R

1 otherwise.

—

Now, we have R(B(t)) = Z(—ﬁ) where deg(p(t)) = cip>di; = deg(g(t)). Thus we have

lim R(B(t)) = %/ = oo,

t—roo
Assume therefore that we have C* < D* and let A be any n X n totally positive

matrix. Applying the inequalities of Proposition 3.2 to the numerator and denominator
of R(A) respectively, we see that R(A) is at most

[ (A )" [ A ) |t B TTa) 68)
L. o d; :
(Ag ) (qu,fq) e
By Theorem 2.6, this is at most |I|!- - |L]!.
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Observe that Theorem 3.3 guarantees no nontrivial lower bound for R(x) and gives
an upper bound which is sometimes tight. Indeed the ratio % attains all values in
the open interval (0,1) as x varies over matrices in M2F. On the other hand, special
cases of the ratios in Theorem 3.3 can be shown to have both upper and nontrivial lower

bounds.

Corollary 3.4. For ratio R(x) and matrices C, D defined as in Theorem 3.3, if C = D, then
R(x) is bounded above and below by

1
Tl n = RO It 59)
for x € MF.
For example, consider the ratio
R(x) = per(x1p,34)per(x34,12) (3.10)

X1,3X2,4X31X42
with || = |L| =2, |1| = 2| = |J3] = |Ja] =1, and

0 01
00
00
1 00

S = O

C=D-= (3.11)

S = O

By Corollary 3.4, we have 1 < R(x) < 4. It is easy to see that R(x) attains values
arbitrarily close to 4 as x approaches the matrix of all ones. It is also possible to show that
R(x) attains values arbitrarily close to 1. Indeed, consider the matrix A = A(e) = (a;;)
defined by

1 1 € €
1 2 1 €

Al)=|_. 71, 1| (3.12)
e e 1 1

where € is positive and close to 0. To see that A(e) is totally positive, it suffices to verify
the positivity of the sixteen minors det(A[, 4,1 (s, p,)) indexed by pairs of intervals, at
least one of which contains 1 [Y, Theorem 9]. Observe that we have a;; > 0 and 4;; > 0
for all i, ;. Also,

Q.

et(Ap12) = 1,

(A1223) = det(Ap12) =1 2¢,
et(A1p34) = det(Azg12) = €% — €,
et(A1p3123) = 1+ 2¢ — 262,

(

(

Q.
S

et

Qa . o

et(A1234) = det(Ansg103) = 1 —4e + €% + 3¢,
det(A) = 4e — 66> — 2¢% + 9¢* — 2€ — 3€°.
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It follows that we have
2 _ .3)2
lim R(A) = lim € : S o dim1—2ete?o1.
€—07T €—07* € €—07T
In the case that all submatrices in (3.6) are principal, the necessary condition (3.4)
for boundedness is in fact sufficient to guarantee the existence of upper and nontrivial

lower bounds.

Corollary 3.5. For ratio R(x) as in Theorem 3.3, if only principal submatrices appear (I = I},
Ji = Ji for all k), then R(x) is bounded above and below as in (3.9).

Proof. Omitted. u
For example, consider the ratio

per(xr) per(xj)
per(xuy,1uy) per(xing,ing)
coming from the (false) permanental version (1.5) of Koteljanskii’s inequality (1.2). By
Corollary 3.5, the four principal submatrices of x imply that the exponent matrices C
and D are equal and diagonal with (i, i) entry equal to the multiplicity of i in I U J. Thus
Corollary 3.4 gives the lower and upper bounds

1

(3.13)

, I | 3.14
as claimed in (1.14). These bounds are not in general tight. Consider the special case
1 _ per(xi212)per(x2323) 2 oY
< : == < (215, C=D=10 2 0f. (3.15)
311! — per(x123123)per(x22) 00 1

A more careful analysis leads to improved bounds of 1/2 and 2, since the difference
2per(x1212)per(x2323) — per(x123123)per(xa,2) equals

2
det(x1313) x5, + det(xp313) X12x22 + det(x12,23)X21 X532 + X11X22X23X32 + X12X21X23X32,
and the difference 2 per(x123123)per(x22) — per(x1212)per(x2323) equals
2 2
X11X5,X33 + det(x2323) X12X21 + 2X12X00X23 %31 + X11X22X23X32 + 2X13X01 X22X32 + 2X13X55X31 .-

The authors believe that even these bounds are not tight. The smallest and greatest
values we have found for the ratio in (3.15) are 2/3 and 121/114, respectively.

It would be interesting to characterize the ratios (1.15) which are bounded by 1, or to
find examples of such ratios.

Problem 3.6. Characterize the differences per(xh,]i) . -per(x]q,]é) - per(xlllq) - -per(xy, )
which are totally nonnegative polynomials.

Problem 3.7. Show that the polynomial per (X, () )Per (X[y41,20] [n+1,21]) — PEr(x11)per(xy,y)
is totally nonnegative when I = [2n| \ 2Z, | = [2n] N 2Z.
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