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Abstract. In this paper, we introduce higher rank generalizations of Macdonald poly-
nomials. The higher rank non-symmetric Macdonald polynomials are Laurent polyno-
mials in several sets of variables which form weight bases for higher rank polynomial
representations of double affine Hecke algebras with respect to higher rank Cherednik
operators. We prove that these polynomials satisfy generalized versions of the classi-
cal Knop-Sahi relations and we give combinatorial descriptions of their weights. The
higher rank symmetric Macdonald polynomials are defined as Hecke-symmetrizations
of the higher rank non-symmetric Macdonald polynomials and form eigenbases for the
spaces of Hecke-invariant higher rank polynomials with respect to generalized finite
variable Macdonald operators. We prove that the higher rank symmetric Macdonald
polynomials satisfy stability properties allowing for the construction of infinite variable
limits. These higher rank symmetric Macdonald functions form eigenbases for certain
representations of the (positive) elliptic Hall algebra with respect to generalized infi-
nite variable Macdonald operators. Lastly, we show that the higher rank polynomial
representations may be used to construct higher rank polynomial representations of
the double Dyck path algebra.

Keywords: Macdonald Polynomials, Double Affine Hecke Algebras, Double Dyck
Path Algebra

1 Introduction

Macdonald polynomials are fundamental objects in algebraic combinatorics bridging
combinatorics, representation theory, and geometry. In his highly influential paper
[17], Macdonald introduced the symmetric Macdonald polynomials P)(X;q,t) as q,t-
analogues of the Schur functions s (x). In an effort to resolve open problems surround-
ing the Macdonald polynomials P, Cherednik developed the theory of double affine
Hecke algebras (DAHAs) and non-symmetric Macdonald polynomials [/]. On the geo-
metric side, Haiman showed [14] that a plethystically transformed family of Macdonald
polynomials H(X;g,t) may be interpreted geometrically as the torus fixed point classes
of the equivariant K-theory of the Hilbert schemes Hilb,,(C?). Both of these algebraic and
geometric perspectives have been developed and expanded over the last few decades
leading to new areas in algebraic combinatorics.
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Many authors have introduced and studied generalizations of Macdonald polyno-
mials. Haiman introduced wreath Macdonald polynomials which come from consid-
ering the K-theory of the fixed loci of Hilb, (C?) with respect to certain cyclic group
actions (see [19] for a survey). In another direction, Haglund introduced the multi-t
Macdonald polynomials which are combinatorially defined symmetric functions with
infinitely many parameters g, ¢, t5, . .. generalizing the usual modified Macdonald func-
tions [16]. Dunkl-Luque defined vector-valued generalizations of the non-symmetric
and symmetric Macdonald polynomials [¢] which were extended by the author [3] to
give vector-valued generalizations of the infinite variable symmetric Macdonald func-
tions. Gonzalez-Lapointe [7] defined multi-Macdonald polynomials which are related
to the wreath Macdonald polynomials [15]. Other authors have studied partially-
symmetric generalizations of Macdonald polynomials and associated geometric con-
structions [1, 5, 11, 15, 20].

In this paper, we take a different approach to constructing generalizations of the Mac-
donald polynomials. We start by introducing a representation-theoretic gadget called
expansion functors 1y, 4 (Definition 3.1) which build new DAHA modules from old ones
and allow for varying choices of g-parameters in each copy of DAHA. Using these func-
tors we construct the higher rank polynomial representations of DAHA (Definition 3.6)
by repeatedly applying these expansion functors to the ordinary polynomial represen-
tation of DAHA. These construction work in all types but we focus only on type GL.
The higher rank polynomial representations V")(gy,...,q,) depend on the choice of pa-
rameters 41, . .., q, and when they are generic the Cherednik elements Y7, ..., Y, act with
one-dimensional weight spaces. We define the higher rank non-symmetric Macdonald

polynomials Ey(1>,...,y(") (X1,---,X5q1,---,4r, 1) as the Y-weight vectors of 142 (g1, ---,4r)

(with a specific choice for normalization) depending on u(), ..., u(") € Z" (Theorem 4.6).
In Proposition 4.13, we derive higher rank analogues of the Knop—-Sahi relations for
the usual non-symmetric Macdonald polynomials (Proposition 2.8). We then define the
higher rank symmetric Macdonald polynomials P, (Definition 5.3) as certain Hecke-
symmetrizations of the higher rank non-symmetric Macdonald polynomials and show
they form a Y; + ... + Y, eigenbasis for the higher rank spherical representation

Wr(lr) (q1,--.,qr) with distinct weights (Theorem 5.5). In the last section, we consider sta-
bility for the higher rank symmetric Macdonald polynomials with respect to the natural
quotient maps x;,+1 — 0 on the polynomial representations. We are able to define
representations W) (qy,...,q,) for the elliptic Hall algebra £ along with higher rank
symmetric Macdonald functions Py which form an eigenbasis with respect to a higher
rank Macdonald operator A (Theorem 6.5). Furthermore, using machinery from the au-
thor’s paper [2] we show that the spaces W(")(gy, ..., q,) form the Hecke-invariants of a

larger space /:S” (91,..-,4qr) called the rank r polynomial representation of B;, (Corol-
lary 6.7).
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2 Definitions and Notation

2.1 Combinatorics

Definition 2.1. Let n > 1. We will write &, for the symmetric group and &, for the
extended affine symmetric group. The symmetric group &, has generators sq,...,5,-1
given by simple adjacent transpositions s; := (i,i + 1) and &, has one additional gen-
erator 7t satisfying 7%s, 1 = s;7> and 7ts; = s 17 for 1 < i < n— 2. We will con-
sider the natural action of &, on Z" in which &, acts by permuting coordinates and
n(ay, ..., an) = (an +1,a4,...,a,-1). We will identify Z" with the set &,,/6, of mini-
mal length coset representatives and therefore consider Z" C &,,.

Definition 2.2. Let e, ...,e, be the standard basis of Z" and let « € Z". We define the
Bruhat ordering on Z", written simply by <, by first defining cover relations for the
ordering and then taking their transitive closure. If i < j such that a; < «; then we say
a > (ij)(«) and additionally if a; — a; > 1 then (ij)(a) > a +¢; — ¢; where (ij) denotes
the transposition swapping i and j.

2.2 Double Affine Hecke Algebras

Definition 2.3. Let t,41,42,43,... be a family of algebraically independent commuting
free variables. Define F := Q(t,41,92,93, - - .).

Definition 2.4. Let ¢ > 1. Define the double affine Hecke algebra D,(q,) to be the [F-
algebra generated by Ty,...,T,_1, Xlﬂ,...,Xfl, and Ylil,. . .,Y,;H with the following
relations:

* (L -1)(Ti+t) =0, o TYiT; = tYi,
TiTiqa Ty = Ty TiTiga, TY; = YT, j & {i,i+1},
TTi =TT, [i—j| > 1, YiY; =YY,

o T/IXT 1 =+71X14, * 1T X1 = Xo11 Ty,
TX; = XiT,, j ¢ {i,i+1}, « ViXy - Xp=qiXi - XpYi
X;X; = X;X;,

Define the special element 77 by

T = ti(nil)lel s Tn—l'



4 Milo Bechtloff Weising

Define 7 := XyT; '--- T, !,. The affine Hecke algebra A, is the subalgebra of D,(q;)
generated by the elements Ty,..., T, 1,7, 7 '. We will write D, (q,) for the subalge-
bra of D,(q,) generated by Ty,...,T,_1, 7, T without containing the inverses of 7, 7T.
We write Y for the commutative subalgebra of A, generated by the Cherednik elements
Ylil,...,Y,fl. We may also consider the dual Cherednik elements 61,...,0, defined by
0, := t‘i_lTi__l1 Ty YaT, 1+ T;. We will write 0 for the subalgebra of A, generated
by 6:1,..., 651,

Remark 2.5. The algebra A, does not depend on the choice of parameter g, so we may
consider A, as a subalgebra of every D,(q,) for all £ > 1.

Definition 2.6. Let £ > 1. The polynomial representation V(q,) of D,(qy) is given by

the following action on F[x7™!, ..., x1]:

o Tif(x1,...,%n) =sif(x1,...,x0) + (1 — t)xlx fo(xl,. ces Xn)
o Xif(x1,..,xn) = xif(x1,...,%n)

o tf(x1,...,%n) :f(xz,...,xn,qzlxl).

Here s; denotes the operator that swaps the variables x; and x;.

We will write €(®) for the normalized trivial Hecke idempotent which is the unique
element of the finite Hecke algebra, the subalgebra of D, (q,) generated by Ty, ..., T;—1,
satisfying (e(”))2 = ¢ #0and forall1 <i<n-1, Tie) = T, = ). We will
write S;f (q0) := €™ D} (q,)e™ for the positive spherical double affine Hecke algebra.

2.3 Non-Symmetric Macdonald Polynomials

Fix some ¢ > 1. For the following definitions we will consider the polynomial represen-
tation of Dy (qy).

Definition 2.7. The non-symmetric Macdonald polynomials (for GL,) are the family of
Laurent polynomials E;(x1,...,Xu;qe,t) € IF[x1 ,...,x,jfl] for p € Z" uniquely deter-
mined by the following:

* E, has a triangular monomial expansion of the form E, = x4} ), a axh.
* E, is a Y-weight vector.

For y € Z" the Y-weight of E, is given by x;, = (x,(1),...,x,(n)) where x,(j) :=

q;yjtﬁﬂ(j) where B,(j) := #(k < jlux > p;) +#(j < k|p; < px)- Note that «,(j) depends
implicitly on the choice of ¢ > 1.
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Proposition 2.8 (Knop-Sahi Relations). If u € Z" and 1 < j < n — 1 such that s;(u) > p,
then

® En(y)(xl,---,xn;%t) = q?”XlnEy(xl,...,xn;qg, t)

. Esj(y)(xll-..,xqu,t) = <T]—|— %) Ey(xl,. e Xn;qp, t).

_K‘ll(j+1)

Remark 2.9. We may also define polynomials F, similar to the non-symmetric Macdon-
ald polynomials which are 6-weight vectors instead of Y-weight vectors. Much of the
theory of non-symmetric Macdonald polynomials may be constructed for the F, poly-
nomials with slightly different combinatorics.

3 Representation Theory

3.1 Expansion Functors

The constructions in this paper are centered around the following representation theo-
retic gadget.

Definition 3.1. For any i,j > 1 define the expansion functor 1,4, : Dn(q;) —Mod —

Dn(q;) — Mod by

D (

Ty, (V) = Ind ") Resy" " (v).

These expansion functors make sense in all Lie types and therefore so will most of
the constructions in this paper. However, for the sake of clarity and brevity we will only
focus on type GL,,. The following definition will be convenient for our purposes in this
section.

Definition 3.2. Let £ > 1. A D,(g,)-module V is exceptional if V is Y-semisimple with
distinct Y-weights & = (a(1),...,a(n)) with a(i) € t2q%q% , - - -

Crucially, the polynomial representations V(gq,) are exceptional.
Definition 3.3. For / > 1 and ¢ € &, we define Yy, o (F)" — (F)" by ‘I’%é({x) = a,

oY _ wo Y
‘PW —‘Pqé‘qu and

o ¥o,(a) = (... a(i+1)a(i)),,...) « Y7 (a) = (q; a(n),a(1),...).
Using Mackey Decomposition we find the following:

Lemma 3.4. If V is an exceptional D;(g;;1)-module, then 7,4, (V) is an exceptional
Dy (g;)-module. Further, if {a;|t € I} are the Y-weights of V, then {¥!. _ (a;)[(t, 1) €
I x Z"} are the Y-weights of 1, 4,., (V).
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3.2 Higher Rank Polynomial Representations

Definition 3.5. For r > 1 we define the space of rank r Laurent polynomials by

+1 +1 +1 17 _
IF[xll,. xln,...,xr,l,...x,,n]_IF[&, o Xy
where we use the shorthand x; = (xill, ..,xiinl). Further, for « € Z" we will write

Z‘?‘

* = xi1---xi". We will consider the natural r-dimensional grading on F[xy,...,x,]

given by deg(g‘i‘(l) . @ﬁ‘(r)) = (laM],...,|a)|) where |a)] := (xgi) +otad) ez
For every 1 <i <rand 1 < j < n—1 we write ; : Flx;] — F[x;] for the operator
sj()

) . X —x;
6](&1') T xl]x,] lel

Definition 3.6. For r > 1, we define the rank r polynomial representation of D, (q1) as
the module

V(r)(qlf e r) = Ta1,q2 " Tgr_1,qr V(gr).

We naturally identify V) (91, - --,4r) as a F-vector space with the space of rank r Laurent
polynomials F[xy, ..., x,].

Remark 3.7. We stress that even though V(")(qy,...,q,) is a module for D,(g;), the
operators defining this representation will involve all of the parameters g, ..., 4.

By repeatedly applying Lemma 3.4 we find:
Corollary 3.8. V") (gy,...,g,) is an exceptional D, (g1)-module.

Lemma 3.9. The generators T}, X;, 7t of Dy,(q1) act on v(g,...,q) according to the
following formulas:

OTactsass +(1-t)y L ®k®§]®1®r1k)

k= 0]
) (r) 1) (r)
o Xi(xp -ox ) =xp-afxy
(1 (r) _, (r) (1) ﬂ() V7(1) (r) y(r) V;(1)
s (e ox ) =g g A b g g

4 Higher Rank Non-Symmetric Macdonald Polynomials

4.1 Main Construction

In this section, we construct the higher rank non-symmetric Macdonald polynomials.
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Definition 4.1. For u* = (u\V),...,u(") € (Z")" define ay» € (F*)" by
M ),
e =Yl - ¥R (L),
Example 4.2. For p* = (0,1,0(2,0,0[0,0,1) we have a(q1,02,0,0/0,01) = (95%q5%, a7 't 12).

Definition 4.3. We define the homomorphism - : @n — G, vias; =5, forl <1 <
n—1and 7 := s, 1---s1. For p € 2" = 6,,/6, we write 0, := u € &, where
we have identified u with its corresponding minimal length coset representative. For
pt = (uW, ..., u) € (Z")" we define v, € (Z")" as

Yo o= (W, 0,0 (), o -0 (1)),
Further, we will write 0y« := Ty) """ Oy

Remark 4.4. Note that oy defines a bijection between (Z")" and itself. For all u* € (Z")"
and 1 <i < n we have that

Ly ey ,
we (i) = Ve (1) q Vo (z)tn_gy. (i),

Definition 4.5. For y € Z" define T, € A, inductively via T(y o) :=1and
4 TS]’(V) = T]Tﬂ if S](]l) > U i Tﬂ(y) = TCTP"

By induction using DAHA intertwiners we can show the following result:

Theorem 4.6 (Main Theorem). There exists a unique family of homogeneous higher rank
Laurent polynomials

(B oGt X0 ) 12 1, (i, 1) € (27
satisfying the following properties:
e Forr = 1and y € Z", Ey(x;q1,t) = Eu(x11,...,X1,0;q1,t) is the usual non-

symmetric Macdonald polynomial for y (Definition 2.7).

e Each E,) .y (X1, %G1, -, t) € VO (qq,...,q,) is a Y-weight vector with
Weight [Xy(l),...,y(r)'
e For every u € Z" and (B1),...,B") € (Z")", we have for some higher rank Lau-
rent polynomials g, depending on i and ( BY),..., B") the triangular expansion
E, g, . g0 (X1, X151, - Gra1 )

= TuEg), o (Koo Xp 1302 - et 1) + ) 2780 (X0, X, pq)-
T<u
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Example 4.7.

1-—t
1—qﬂ2

+ 1=t X11X3,x + 1-1 (1_t )x X2 1X2 02X
P 1,1X22%2,3 5 1,1%X2,1X2,2X2 3.
1—q14, 242 1—q14, 24-2 1 — got?

Remark 4.8. The author conjectures there exists a combinatorial formula for the higher
rank non-symmetric Macdonald polynomials generalizing the Haglund-Haiman-Loehr
formula [13]. The compression methods of Guo—Ram [1”] might be useful in finding such
a formula.

. _ 2 2
E0,1,0),2,1,0) (X1, X2; 41,42, 1) = X125 1 %22 + (t = 1)x12%5 1 %23 + ( ) X1,2X21X22X2 3

Definition 4.9. For r > 1 and u® € (Z")" we call Eye(xy,...,%,;q1,-..,qr,t) the rank
r non-symmetric Macdonald polynomial corresponding to p®. As a shorthand, we will
often write Eye := Eye(X1,...,X;q1,---,qr 1)

Corollary 4.10. For all r > 1 the rank r non-symmetric Macdonald polynomials Ey. for
u® € (Z")" are a Y-weight basis for V") (gq, ..., q,) with distinct weights Ao

Remark 4.11. We have the equalities:
o EO,ﬂ. (Kl/ L /lr—‘,—l; ‘71/ sy Qr—&—l/ t) - E]/l' (EZI e /£r+1/’ q2/ sy qT—F]_/ t)

i Ey',O(Zy---/Zr+1}q1z---/fh+1/t) == Ey'(ip---/Zr)fh/---/%/t)-

Remark 4.12. We may analogously define higher rank non-symmetric Macdonald poly-
nomials Fy,s using the dual Cherednik operators ; instead of the usual Cherednik op-

erators Y;. These polynomials yield a 6-weight basis for the spaces V(r)(ql, ..., qr) with
distinct weights.

4.2 Higher Rank Knop-Sahi Relations
Using Theorem 4.6 we may inductively prove the following:

Proposition 4.13 (Higher Rank Knop-Sahi Relations). Let (x(),...,u(") € (Zz"), 1 <
j<n—1,and1 < ¢ <r—1suchthats;(u))=pu®for1 <i<¢—1ands;(u")>pu,
The following hold:

(1)
— Hn
. En(yu)),y(z),m,y(r) =q," XqmE,s

T t—1
* Eﬂ“),...,u(‘*l),s]'(ﬂ“)),u(”l),..-,M” - (TJ T ) Epee.
)

- D“u' (j+1
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Let w :=(1,...,1) € Z". There is another non-trivial recurrence relation satisfied by
the E ..
K

Corollary 4.14. Forall1 <j<r,c€ Z, and (;4(1),...,;1(7)) e (z"),

5 Higher Rank Symmetric Macdonald Polynomials

In this section, we will investigate the Hecke-invariants of the spaces V") (gy,...,q,).
We use the word symmetric to be synonymous with Hecke-invariant instead of the more
traditional meaning as permutation-invariant.

Hecke-invariant but clearly not symmetric under the obvious permutation action.

Remark 5.1. The rank 2 polynomial (T; + £)(x7'x5') = x7' x5! + x72x? +(1 — £) x?2 x5! is

Definition 5.2. We will denote by <I>,([) the set of all (v(V),...,v(")) € (Z")" such that
0 _ 0

v(M) is weakly decreasing and for all 1 < j < r — 1 whenever v = v;y; we have

1,1,(1'“) > ylffll). We write <I>,(f)+ =) n (Z2)"-

The set CID,(I) indexes the set of orbits of (Z")" under the diagonal permutation ac-
tion of &,. Note that CDy) naturally contains the set Y}, of all r-tuples of partitions
(AW, A1) where each A() has at most n parts.

The well founded-ness of the next definition is a nontrivial result involving the inter-
play between the dual Cherednik operators 0; and the usual Cherednik operators Y;.

Definition 5.3. For v* € @,(qr) we define the rank r symmetric Macdonald polynomial P,e
to be the unique multiple of €(")(E,+) of the form Pye = Fe + Y_gey CpeFpe where p® is
the unique index such that F,- has 6-weight equal to the Y-weight aye of E,e, Cpe are some
scalars, and B°® range over the indices of the 8-weight vectors, except for u°, contained in
the irreducible A,-submodule of V(") (91,--.,qr) generated by Fe.

(r)

Every Py for v* € @5’ can be written in the form Pye = x19¢ .- - x,“ Pge for p* €

<1>,(j)+ and some cy,...,c € Z.

Definition 5.4. We define the rank r spherical polynomial representation W,Y) (91,---,9r)
as the S (q1)-module W\ (q1,...,q,) := e (Vn(,rl(%/ . .,qr)) where V,Ef}r(ql,. .., qr) is
the subspace of polynomials F[x11,..., X1, ..., Xp1, .-, X

We will write Ay := el (Y1 +... 4+ Yn) — (1 +t+...+#"71)) €. As a direct result
of Theorem 4.6 we find:
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Theorem 5.5. The set of higher rank symmetric Macdonald polynomials { Py} is

a Ap-weight basis for W,(lr)(

n . 1) /. . (r) /- .
AnPV. = (Z(ql Tye (l) oy Ty (Z) — 1)tn7‘7v' (1)> on.

v'e@fﬁl
q1,- - -,qr) with distinct spectrum given by

6 Stability and BB, ,

Here we investigate stability phenomena for the higher rank Macdonald polynomials.
In this section, we will write 71, for the element © € D,(q,) to differentiate between
T € Dm(qe) for n # m.

Definition 6.1. Define the map IT(") : n(+)1 (q1,---,qr) — Vrgﬁ(ql, ...,qr) by

, (@) ) @y @) )
1 (o) = X Xy Bppg = =00 =0
0 otherwise.

The quotient maps I1(") satisfy the following exceptional properties:

Lemma 6.2. The following relations hold:
o IWT; = TTI™ for 1 <j<n-—1 o TIM (0,41 — ") =0
o I1MY; = 0,11 for1 <i<n o TIMWA, 1 = A,TIM,
Using the properties of the maps I1("), we find that the P+ are stable.
Theorem 6.3. For all v* € &)

41,47
1 _ _
T100 (Pya) = & 0ol ol V1 = e = i =0
0 otherwise.

ni1+ and define o) .=

lim_, CID,(IZF as the directed union. We will represent elements v* € ®{") as

v = (1/%1) V,S?|...|1/§r),...,v,s:))

Definition 6.4. We may naturally include sets as @Elrzr — o)

for nj > 0 with vn # 0 and write ¢(v*) = max{ny,...,n,}. Given v* € &) and

n > £(v*) we will write ¢, (v ) = (V{l), . 1/;%),0,. . -,0|-~-|VY),~-/V;SC),O,-~,0) € ‘I),(qur

Let e := 7,0 (ve) and 0ye := 0, | (e)- Define W) (qq,...,q,) as the 7%, -graded stable

l/(
()(

limit of the spaces W, (41, ..., q,) with respect to the maps I1(").
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Using Theorem 6.3, we define A = lim,, A, as an operator on w) (q1,---,9r). We de-
note the positive elliptic Hall algebra of Burban—Schiffmann [4, 21] by £ = lim. S, (41).

Theorem 6.5. For all ¥ > 1, W) (qy,...,q,) is a graded £*-module with simple A-
spectrum. The A-weight vectors are given for v* € ®(") by P,e := lim, P, () with

)y Gy . _
APV' = < Z (ql Tye (Z) ce e gy Tye (l) — 1)t€(v )‘71/‘(1)) on,

Remark 6.6. We call the P,» € W) (qy,...,q,) the rank r symmetric Macdonald func-

tions. For r = 1 these agree with the symmetric Macdonald functions P,(X;q,t). If
1) )

v* € Y’ then the A-weight of P, is simply Z?(ql_Ai ceg = 1DETL

The algebra B, ; was introduced by Carlsson-Gorsky—Mellit [5] and is a close relative
of the double Dyck path algebra A,; introduced by Carlsson-Mellit [¢] in their proof of
the Shuffle Theorem. The algebra B, ; has been extended to IBe"t by Gonzélez—Gorsky-
Simental [10] to include operators Ay, which are related to the Macdonald operators
from classical Macdonald theory. In [”] the author introduced the concept of compatible
sequences of DAHA representations. Every compatible sequence of DAHA representa-
tions yields a corresponding representation of B, ;. Given the conventions of this paper,
we will be looking at B; 4, specifically. Using machinery from [”] along with Lemma 6.2
we readily obtain the following.

Corollary 6.7. For all r > 1 the families C(’)(ql,...,qr) = (V,Efl(ql,...,qr),ﬂ(”)) .
n>
form compatible sequences. As a consequence, there exist corresponding B;, -modules

£V, ) = LoCD(qr,...,q,) with £ (q1,...,q0:) = WO (qu,...,q,).

Remark 6.8. For r > 1 we call the module Esr)(ql,. ..,qr) the rank r polynomial repre-
sentations of B;,,. Since L, is functorial we in fact obtain graded B; 4 -module maps

Eﬁr)(ql,. e qr) — ££r+1)(q1,...,qr, gr+1) for all r > 1. Hence, by taking direct lim-
its we may define the universal polynomial representation of By, , Ue(q1,92,...) =

lim_, cl )(ql, ...,qr). The author conjectures that the modules c (91,-..,9r) yield ex-
tended actions by B%tl which in turn extend to a Bf;;tl action on Ue (41,42, - - -)-
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