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Abstract. We introduce the Macdonald piece polynomial I,, ; «[X; g, t], which is a vast
generalization of the Macdonald intersection polynomial in the science fiction conjec-
ture by Bergeron and Garsia. We demonstrate a remarkable connection between I, ) ,
Vs, and the Loehr—Warrington formula LW, thereby obtaining the Loehr-Warrington
conjecture as a corollary. We also present an extension of the science fiction conjecture
and the Macdonald positivity by exploiting I,  x-
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1 Introduction

An important question posed by Macdonald was the Macdonald positivity conjecture [15]
which asserts that the modified Macdonald polynomial H,[X;q,t] is Schur positive. To
address this conjecture, Garsia and Haiman introduced the bigraded &, module R,
now called the Garsia—Haiman module [6].

In his groundbreaking work [17], Haiman utilized the geometry of the Hilbert scheme
of n points in the plane C? to prove that grFrob (R,;q,t) = I:Iy [X; gq,t], thereby settling
the Macdonald positivity conjecture. Despite Haiman's resolution of Schur positivity, an
explicit combinatorial formula for the Schur coefficients remains elusive.

Problem 1.1. Find a combinatorial description for the Schur coefficient K Au(q,t) of the
Macdonald polynomials: H,[X;q,t] = Y, K Au(q,t)s), where s, is the Schur function.
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One approach to resolving Problem 1.1 is to decompose FIH into Schur-positive pieces
and find a combinatorial description of their Schur coefficients. The HHL formula [10]
decomposes PNIP, into LLT polynomials, which are Schur positive [5], though describing
their Schur coefficients remains challenging. Another approach uses k-Schur functions
[16], with explicit Schur coefficients described in [3], but it’s unclear if PNIV can be posi-
tively expressed in terms of k-Schur functions. In this paper, we propose an alternative
method, generalizing the science fiction conjecture of Bergeron and Garsia [1].

Let i be a partition with n removable corners {cj,...,c,} and let 1 < k < n — 1. For
a subset S € ([Z]) of [n] of size k, let u° be the partition obtained from u by deleting
corners {c; : i € S}. Let R(n, k) := ((n — k)¥) be the rectangular partition, and let A be a
partition inside R(#, k). We define the Macdonald piece polynomial 1,, ) i as

salzs] Ijese zj ~
[Ties (zj—zi) "
[Z]) jleesc( ] l)

LaklX;q, 8] == (=) s[X]. (1.1)

Se(

Here, we let z; = g~ am(ci)¢—coleg(ci) and f[z5] denotes the polynomial f in the z;’s
where i runs through S. For k =1 and A = @, I, ) x recovers the Macdonald intersection
polynomial L, defined in [1] and studied in [13, 14]. Using the novel symmetric
function [, ) x, we define another symmetric function ﬁ;‘s. We conjecture that it is the

graded Frobenius characteristic of the intersection of certain Garsia-Haiman modules
(see Conjecture 2.3), largely generalizing the science fiction conjecture.

For a partition A C R(n,k), let A be the conjugate of (n —k — A,...,n —k — Ap),
where A; = 0if i > ¢(A). The notation A depends on R(#, k), which will be clear from
context. Now, we state our main results.

Theorem 1.2. Let u be a partition with n corners, and 1 < k < n. Then for a partition A inside
a rectangle R(n, k) the symmetric function 1, ) i satisfies the following:

(a) For N > |u| — |A| — k, we have e L, = 0.

1
(b) We have T Lok = Vsy. In particular, e L, Ak does not depend on the

el 1
[ul—|A—k lul+IA—k

partition u (up to a constant).
1 € adj(A
— - = (=1)(V) LW
(c) We have T €l Ak LAk (=1) LWj .
Here, Ty := [Tee,, 2™ t<018(), and definitions for LW, and adj(A) is given in Section 4.

Note that the straightforward implication of Theorem 1.2 (b) and (c) is the Loehr—
Warrington conjecture, which was very recently proved in [7]'.

Corollary 1.3 (The Loehr-Warrington conjecture). We have Vs) = (—1)23(0) Lw,,

There is also an unpublished paper by Carlsson and Mellit proving the Loehr—Warrington conjecture.
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2 Extending the Science Fiction conjecture with Macdon-
ald piece polynomials

A diagram is a collection of cells in the first quadrant. A partition can be viewed as a
left-justified diagram with row lengths weakly decreasing from bottom to top. A cell
in the i-th row and j-th column is denoted by (i,j). We often represent a diagram as
D = [DW,D®),...], where DU) = {i : (i,j) € D} is the set of row indices in the j-th
column. The size |D| is the number of cells in D.

We fix a partition y with n corners {c1,¢y,...,c,} and let ],t(i) be a partition obtained
by removing a corner c;. Recall that the science fiction conjecture [1] suggests that

n
L, uolXq 1=} (H

i=1 \j#i

Zj

— Z‘> A, = grFrob (ﬁ?ley@) , (2.1)
] 1

where z; = Ty(,-) /Ty Note that Iy“),...,y(") [X;q,1t] is a special case of the Macdonald piece
polynomial I, ) x obtained by letting A = @ and k = 1. Our goal is to further generalize
(2.1) and refine the Macdonald positivity as well (Conjecture 2.3).

Note that [, ) x can be regarded as a linear combination of ﬁys. We present the

converse by representing each Ijlys as a linear combination of I, ) k.

Lemma 2.1. We have

~ S3|Zgc
Hys= /\[S]

I
TT1; HAK
ACR(nk) L Ljese %

where z; = Ty{.} /Ty =49~ coarm(c;) g— coleg(c;)
1
From now on we regard z1,zy, ..., z, as indeterminates and let

~ 53 128¢
Hys[X;q,t,Z] = ilzs]

I
H' “ Ak -
ACR(nk) L 1j€5° Zj

Define @ to be a specialization map on functions in z1,z,...,z; given by letting z; =

T,/ Ty. By Lemma 2.1, we trivially have ®(H,s[X;q,t,z]) = Hs.
Let 7'(1-,]2 be the operator acting on functions in z1,zy, .. ., z, defined by

. Z]f - Zl'f‘ZiHZj
B Z]' — Zj '

i if (21,22, , Zn)

Denoting S = {i; < iy < --- < it} and S° = {j; < jo < --- < j,_x}, for a partition

A C R(n, k) we define 7t s to be a sequence of operators given by 71, ¢ = Hf(:/\l) H?;l TC, js-

2This operator is motivated by Butler’s symmetric function [4] and for j =i + 1, 7;,; coincides with the
Demazure operator 11;.
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We may consider Hys [X;q,t,z] as a function in zj,zy,...,z, regarding LAk as coeffi-

cients. In this sense the operators 71;; act on H,s [X;q,t,z] by

~ Si7|Zge
s (Hys[X;q,t,2]) = Y <7TA SM> v -

vCR(n,k) HjeSC Zj

Finally, we define
) =@ (s (Hys[X0,4,2])) (2.2)

Now we give a conjectural module theoretic interpretation of H ;‘S.

Definition 2.2. For S € ([Z]) and a partition A € R(n, k), denoteby S = {i1 <ip < --- <
ik}, S ={j1 < ja < -+ < ju_i} We define S(A) to be a set of §’ € ([Z]) satisfying the
following that if we denote S\ §" = {iy, < i, < -+ <ig}, S NS = {jp, > jp, > -+ >
jv, }, then we have by < A, for 1 <s <.

Conjecture 2.3. We have ITII:\ = grFrob (mSIES(A)R‘usl) .

Letting A to be a full rectangle R(n, k) the right-hand side is the Frobenius charac-
teristic of the full intersection. Moreover, setting k = 1 and A = R(n,1), Conjecture 2.3
simply reduces to (2.1).

For partitions A()) ¢ A(?), we trivially have S(A(1)) ¢ S(A?)), and Conjecture 2.3
implies that Iq;‘él) — Iflﬁéz) is Schur positive. Given a sequence @ = A c AW ... ¢

A0 = R(n, k), we may obtain a sequence of symmetric functions that grows from H Rs(n’k)
K

to ﬁfs = ﬁys in a Schur positive sense. This refines the Macdonald positivity.

3 Proof of Theorem 1.2 (a) and (b)

3.1 Technical Lemmas

We begin by recalling several technical lemmas. To state the first lemma, we review
the following notations: M = (1 —q)(1 —1), By = Ycey geormu(c) geoleg,(e) D, = MB, —
1,hy, = Hcey(qarmﬂ(c) - tlegﬂ(c)+1), ~;4 = Hcey(tlegﬂ(c) — g@™()+1) We will use brackets
to denote plethystic substitutions. Furthermore, for a symmetric function f, define H}
as H} [X;q,t] = V71f[X — €], and rev(f) as the g, t-reversal rev(f) = f|qu,1’th,l. The
following lemma [14, Equation (3.4)] provides a formula for the Macdonald polynomial

skewed by an elementary symmetric function. The proof of the lemma uses Garsia,
Haiman, and Tesler’s plethystic formula [5, Theorem L.2].



Extending the Science Fiction and the Loehr—Warrington Formula 5

Lemma 3.1 ([14]). For a partition yu = n, we have

_ T\H
L m Z / ALIA
e, . H, = (qt) T rev ( IT- [D ' q, t] ==
I3 K I3
o Abm ( Ha ) hah i\
We need one more lemma, which follows from the Laplace expansion of the determi-
nant using complementary minors and Jacobi’s bi-alternant formula for Schur functions.

Lemma 3.2. Let zy,...,z, be variables. Let A be a partition contained within the rectangle
R(n, k). For a partition u of size |u| < k(n —k) — |A|,

shlzs]splzse] _ (_1)|/\|§}L '

3.1)
“ TTies,jese (zj — zi)
k

Se()

3.2 Proof of Theorem 1.2 (a) and (b)

Let p be a partition of N with n corners {ci,...,¢cx}. Fix 0 < k < n and let A be a
partition inside the rectangular partition R(n,k). Let m = k(n — k) — |A| = |A|. By the
definition of I, 5 x, for an integer /,

salzs] Tjese zj
Se([zl) HzeS,]GSC( j 1)

ef\_I—k—f Livk = €f\7_k_gﬁys. (3.2)

By Lemma 3.1, we have

S/\[ZS] / Tyﬁy
e oLk =( t " rev(IT- |D,s(qg,t);9,t])=——. (3.3)

Here, we used Ty[n] = T,s [Tjesc zj- Note that

~ 4 M 4
rev (11}, [D,s(q,8);9,1]) = T A, [Dym(q R

is a polynomial in zge of degree |v| = ¢. If, on the right-hand side of (3.3), the degree
of the polynomial in zgc is less than m, or equivalently if ¢ < m, then by Lemma 3.2, it
vanishes. This proves Theorem 1.2 (a).

Proceed to prove Theorem 1.2 (b). Now let ¢ = m in (3.3). Note that the leading term

of rev (H%I [Dys(q,t);q, t]) is equal to T, H, [ Mzs;q7 71| = (qt)_mwﬁv [Mzse; q,t],
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by the symmetry relation wHV =Ty rev(ﬁy). Again, by Lemma 3.2, we only need to
consider this leading term. Let us rewrite the right-hand side of (3.3) as

T ——
V}_ESG([Z]) HiES,jESC (Zj - Zi) hvh{/

H

salzs]spr[zse]
:TMV Z Z H ‘ c(Z'—Z')Sp/ ’
P ge () i€S,jese\sj T i

Ko (9, t)Hy [MX; g, t]
T,
salzs]s, [zsc]

again we obtain Ty[,,]V (ZPM ESG([Z]) msp/) = T Vsj.

where we used [Y, (2.67)]: sy = Ly . Now, applying Lemma 3.2

4 Loehr-Warrington formula

4.1 The Loehr-Warrington formula

Throughout this section, we fix a poset P on Z>g X Z>1 defined as follows. For (a,b),
(c,d) € Z>o x Z>1 we say (a,b) <p (¢,d) inPifand onlyifa+1<cora+1=cand
b > d. Otherwise, we write (a,b) #4p (c,d). We also give a total ordering on Z>y x Z>1
by a (mixed) lexicographic ordering. Define (a,b) <oy (c,d) ifa < c,ora=cand b > d.
Note that the ordering of the second coordinate is reversed.

Consider a tuple L = (Ly,...,L,) such that each L; is a finite sub(multi)set of Z~( x
Z>1. We define the diagonal inversion dinv of L by

dinv(L) =) ). x((ab) <iex (a',0")x((a,b) Ap (a',1")).

i<j (ab)eL;
(a'b")eL;

For a diagram D, let T be a filling of D with elements from Z>( x Z>1. Denote T(i, j) to
be a filling in the cell (i,j) € D. We use T(i,j)1 (resp. T(i,])2) to refer to the first (resp.
second) entry of T(i, j). We define the area of T as area(T) = }_; jep T(7,j)1. We use the
notation dinv(T) to denote dinv(Ly, ..., L;), where L; represents the set of entries in the
i-th column of T.

We fix a partition A C R(n,k). Let s be the size of the Durfee square, which is the
maximal number such that A; > s. We define a dinv adjustment of A denoted by adj(A) as
adj(A) = Y7 ;(A; —i). Consider a n-vector (A +k—1, Ay +k—2,... A, kK k+1,...,n—
1) where we regard A; = 0if i > ¢(A), and define v(A) to be a vector obtained by sorting
entries in the above vector in a weakly increasing order. Then we define the bottom of
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A, denoted by bot(A), as an n-vector given by bot(A) = (s +1,5s+2,...,5+n) —v(A),
where the subtraction is performed element-wise. We also define a pivot of A, denoted
by piv(A), to be a vector (ay,ay, . ..,as) of length s where a; is a number satisfying

U(A)ai = U(/\)ai""l = /\S+17i +k— (S +1-—- 1)/

i.e., the indices where v(A) is non increasing. Lastly we associate a diagram D(A) to the
partition A as
D(A) = [[bot(A)q,s], [bot(A)a,s], ..., [bot(A)y, s]]

and define a set 7 (A) consisting of filling T of D(A) satisfying the following conditions:
o T(i+1,j) mp T(i,j) and T(,j — 1) s TG0 ]
* for each j > k —sif j € piv(A) we have T(bot(A);,j)1 > 0
e for each j > k — s if j ¢ piv(A) we have T(bot(A);,j)1 = 0.
Note that the first condition says that T (after taking appropriate reflection) is a P-

tableau defined in [/]. The Loehr—Warrington formula LW, in [17] can be rewritten by

LW, = qadj()\) Z qdinV(T)tarea(T)xT’ where xI = HXT(i,j)z (4.1)
TeT(A)

4.2 Jacobi-Trudi type formula for the Loehr-Warrington formula

In this section, we provide a Jacobi-Trudi type formula (Proposition 4.3) for LW, in
terms of the operators b, b, and b, defined below.

Definition 4.1. We define C,, to be a set of all P-chains {(a1,b1) <p (a2,b2) <p -+ <p
(@m, bm)} where each (ay, by) € Z>g X Z>1. Then C,, (resp C,,) is a subset of C,, consist-
ing of elements satisfying a; = 0 (resp a; > 0). Obviously, C;, = C;y U Cy.

Lety = {yij}icz.,jez., be a set of indeterminates. For a multiset A of elements in
Z>y x Z>1, let y? be the monomial whose exponent of Yi; is given by the number of
elements (i,]) in A. We define the operators by, b, and B acting on a polynomial ring
F[y] (F is a ground field containing C(gq)) by describing their actions on a monomial as

hm.yA: Z qdinv(L,A)y(L,A)l Bm'yA: Z qdinv(L,A)y(L,A),
LeC,, LeCy,

Gm .yA _ Z qdinV(L,A)y(L,A)’
LeCy,

where y(L4) = yLyA If m < 0 then they are all zero operators.
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Lemma 4.2. We have b,b,; = by, Enf_)m = Emﬁn/ and Gnﬁm = 6m6n
Proof. The proof parallels with [19, Lemma 4.4, Theorem 4.5]. O

For an n by n matrix W = (W; ;) whose entry is an operator acting on [F[y], we define
det(W) := Ypee, (—1)B" W, (1)1 Wo2)2 - - - Wer(n) -

Proposition 4.3. For integers k < n and a partition A C R(n, k) we associate an n by n matrix

bor)—it1  Hj<k=s
W(A);; = BU(A)j_i+1 ifj >k —sand jis an entry of piv(A)

Do(r),—i+1 if j > k — s and j is not an entry of piv(A),

where s is the size of the Durfee square of A. Then we have g~ 24N LW, = det(W(A)) -1

—
y,,]—t X

4.3 Reformulation of Loehr—Warrington formula

We reformulate the Loehr—Warrington formula LW from Proposition 4.3. Our main tool
is Lemma 4.4, whose proof is given in the full version [15] of this paper. For a matrix A,
let T;j(A) be the matrix obtained by moving the j-th column to the position of the i-th
column and shifting the ¢-th column to the (¢ + 1)-th position for i < ¢ < j.

Lemma 4.4. For an integer vector v = (v1, 0y, ...,0n) of length n > 2, consider an n x n matrix

bosri1 ifj<n
V = (V) given by V; ; = {gvl+] 11 Zf]] L Then we have (—q)" ' detV = det Ty ,(V).
vi+n— -

Let s be the largest integer such that A; > s. Set W(®) = W(A) as in Proposition 4.3,
and construct new matrices recursively as follows:

(Step 1) Given W), let Vi+D) = T, (W()) where a = k — s + i and b = piv(A),.

(Step 2) Add the (piv(A); + 1)-th column to the (k — s + i)-th column in V(+1) to
obtain W(+1),

By Lemma 4.4, We conclude that (—4)23") det(W(A)) = det(W()), and

Org vji ] <Kk
) = s o
[]]',Z' lf] > k.
Finally, by Proposition 4.3, we conclude
LW, = (—=1)24) det(W)) - A — (4.3)
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5 Proof of Theorem 1.2 (¢)

5.1 Macdonald polynomials for filled diagrams and HHL formula

To deal with the combinatorics of Macdonald piece polynomial, we rely on the celebrated
result of Haglund—Haiman-Loehr [10, 11]. For a diagram D, and cells u = (i,j) and
v = (i,j') of D, we say that a pair (u,v) is an attacking pair if either

Ni=iandj<j or @i=i+1andj>j.

For a word ¢ € ZLDl‘, we consider a pair (u,v) of cells in D to be an inversion pair of
o if (u,0) is an attacking pair and o (1) > o(v). We define invp (o) := g0l where
Invp (o) is the set of inversion pairs of 0. A cell u is a descent of ¢ if o(u) > o(v), where
the cell v is the cell right below u, i.e. u = (i,j) and v = (i — 1, ). Define Desp(c) to be
the set of descents of o.

A filling of D is a function f : D — [F, where we take F as a field containing
C(gq,t). Then a filled diagram (D, f) is a pair of a diagram and a filling on it. We de-
fine maj p, ;(0) as the product of f(u) over all cells u which are descents of o, ie.,
maj(D,f)(a) = [Tuepesp (o) f (). Finally, statp ¢)(w) is defined by the product of invp
and majp, ), statp r)(0) = invp(c) majp ¢ (0). In [13], the (generalized) modified Mac-
donald polynomial of a filled diagram (D, f) is defined by PNI( D,f) = ZOGZ@ stat(p, ¢y (o) x7.

Indeed, this generalizes the celebrated HHL formula [10], which gives the combinatorial
formula for the modified Macdonald polynomial.

5.2 Deformation of filled diagrams

By the shape independence in Theorem 1.2 (b), to prove Theorem 1.2 (c), it suffices to
consider a specific partition u of n corners. We fix u to be the 6 = 6,5 = (n",n —
1,...,1) for a large enough N (N > |A| suffices).

Let the corners of ¢ be indexed by ¢y, ¢y, ..., ¢, from top to bottom. Additionally, for
a k-subset S = {i; < ip < --- < ir} of [n], let §° denote the partition obtained from
5 by deleting the corners c;’s for i € S. We rearrange columns of ° by moving the
i1,i3,...,i-th columns all the way to the left in this order and denote by B. We let fgt
be the ‘standard filling” in [11], or the filling obtained by the column exchange rule [13,

Proposition 5.3]. Now we define (Js, fs) := Cyc* (B, fEt) (the diagram J5 should not be

confused with 6°). Here Cyc is the cycling operator (cf. [13, Lemma 3.6]). We may use
(85, fs) for the computation of Hys i.e. Hys = H(&S’fs).

Now, we introduce indeterminates z1,z, ..., and define (Js, fg) which is a z-defor-
mation of (Js, fs). Let S = {ji < jo < --- < j,_¢}. Then the filling fZ is given by

f2(a,b) = q‘mjﬁ forb <n—k,
Jb
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ZN+;+1—a if N 4+n+1—ac€ S¢
o k4 D) = ip for b <k.
fs ( ) q Zlvzzﬁ otherwise B
p

A straightforward calculation shows that under the specialization given by

1—-jy+1-N—-n jf i <n
Zj = q—n ji+1-N—-n ] (5.1)
g "t ifj>n
(65, fZ) recovers (s, fs). Lastly for a positive integer m < N, we define (Rec=", g%) to
be a sub filled diagram of (Js, f¢) obtained by restricting to the first m rows. Note that
the diagram Rec=" is independent of S.

5.3 Reducing to the Rec="

In this section we compute <eﬁ5‘_k_| Al 15,;‘,,() starting from filled diagrams (dg, fg) for

the computation of Hys. Given a diagram D and a positive integer £ < |D|, we define
Sub(D, /) to be the set of assignments of ¢ cells of D by positive integers. We think of R €
Sub(D, {) as a function R : D’ — Z~; for some subdiagram D’ C D with |D’| = ¢. We
also define an induced full assignment R : D — Z -1 given by assigning 1,2,...,|D| — ¢
for cells in D \ D’ in a reverse reading order, and by letting R(c) = R(c) + |D| — ¢ for
cells c € D'. We let xR = [Ty xXR(c) and lastly for a filled diagram (D, f), we abuse the
notation for stat(p ¢)(R) instead of stat(p r)(R).

Let D = Rec=" for some m < N and consider R € Sub(D, ¢). We say that a cell c =
(i,j) € D"isbad if = (i+1,j) € Desp(R) where R is the associated full assignments.
We define y(R) to be a vector whose i-th entry is the number of bad cells in the i-th
row. By employing delicate arguments, as outlined in the full version of this paper [15,
Section 6.2], one can show the following.

Lemma 5.1. The following quantity specializes to eﬁé‘_k_‘ Al Is 5 . under the specialization (5.1).

4 States,m (R) 1l2s ) [jes: 2 )3
S@timecst,55) (R) i) TTres (31~ #0) pesunracsv )
7(R)=0

(1)

Stat(ReCSN,gg) (R)xR (5.2)

5.4 Toward the Jacobi-Trudi type formula

Lemma 5.2. Let A C R(n, k), and P(z1,...,z,) be a polynomial of degree |A| that is symmetric
in variables z1,zy, . . ., z,_x and symmetric in variables z, 11,2y _g12,-..,2n. Then we have

$51z¢|P(zgc, z i n(o Hn Vo(iy,i
Z )\['S] ('S S) _ ( 1)‘)\‘ § (_1)Sg ( )[ Zi <)’]P(Zl,22,...,2n)
se(l) jleeégc ;o S, i=1
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where [2{'z52 - - - 2" |P(21, 22, . . ., zn) Tepresents the operation of taking the coefficient and
v = S Hj—i fj<n—k
Toj-i ifj>n—k '
Note that we can write (5.2) as

55 [Zs]Bs
) ies (zj—zi)’
) jese

(—1)M stats, 7z (R) x
Se([',j

(5.3)

1
Stat(RecgN,gé) (wo)

where Bg = LReSub(Rec<N,[A|) Stat(RecgN’gg)(R)xR. To apply Lemma 5.2 to
7(R)=0

(5.3), we now describe a monomial coefficient of B = B, 1. For R € Sub(Rec=N, |A|)

denoted by R : D — Z>4, we associate #(R) = (L1, Lp,...,L,) where L; is a subset of

Z>g x Z>1 given by: (c,d) € L; if and only if (¢ +1,i) € D and R(c+1,i) =d.
Lemma 5.3. For R € Sub(Rec=V, |A|) with v(R) = 0, a = rsum(R), and B = csum(R),

1. denoting §(R) = (L1, Ly, ..., Ly), we have L; € Cpifi <n—kandL; € (A?[;l. ifi >n—k
St o< g2 ()

A TN—-1 %
q"| ‘Hifl ZN+n—i

2. we have Stat(RecSN,gg)(R) = gdinv (1 (R)) T, Zl!?i for S ={n—k+1,n—

k+2,...,n}

We let @ be an evaluation map given by: y; ; — Zil}kn—i—le if0<i<N-2andy;; —

0if i > N — 2. By Lemma 5.3, we have [T, zfi]B = qnlwq) (H?;lk be [T ki1 Gﬁi . 1) )

@ (det(W) - 1), where W = W) (k is replaced

Stat(b~s,f§) (R)

By Lemma 5.2, (5.3) equals to i

by n — k) is defined in (4.2).

Proof of Theorem 1.2 (c). In the expansion det(W) -1, a variable y;; for i > N — 2 does

not appear as N is sufficiently large. We may only consider the specialization y;; —

z&fr 1—i_1%j and again specializing with (5.1), gives y; ; — q”tix]-. Note that det(W) - 1 is of

tat 2y (R
(homogenous) degree |A| in y’s, comparing with (4.3), we have M@ (det(W) - 1)

Al "

T 1 (q" :

specialize by (5.1) % (det(W) : 1|]/ij:tjxj> = Ty (—1)*9N LW, . Together with
Lemma 5.1, the proof is complete. O
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