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Abstract. Certain affine crystals, known as Kirillov—Reshetikhin (KR) crystals, were re-
alized in a uniform way (for all untwisted affine types) in terms of the quantum alcove
model, and their graded characters were shown to coincide with the specialization of
symmetric Macdonald polynomials at t = 0. We generalize these results by introduc-
ing a “non-symmetric” quantum alcove model for certain level zero Demazure-type
crystals inside tensor products of KR crystals, whose graded characters coincide with
non-symmetric Macdonald polynomials at t = 0. Moreover, in type A, we construct an
explicit affine crystal isomorphism between the non-symmetric quantum alcove model
and the semi-standard key tabloid model for level one affine Demazure crystals due to
Assaf and Gonzalez.

Keywords: Kirillov—Reshetinkhin crystals, Demazure crystals, Macdonald polynomi-
als, quantum alcove model, semistandard key tabloids.

1 Introduction

Certain representations of Lie algebras g (including the highest weight ones) possess
crystal bases, when viewed as representations of the quantum algebra U, (g) [10]. In the
limit g — 0, the structure of a crystal basis is encoded in a colored directed graph on
the basis elements, called a crystal graph. The directed i-edges give the action of the
Kashiwara operators (analogues of the Chevalley generators) as g — 0. Crystal graphs
have various combinatorial models, and are useful tools in representation theory.

Kirillov—Reshetikhin (KR) modules [1”] are finite-dimensional modules W'~ for affine
Lie algebras, not of highest weight, labeled by a positive integer multiple sw, of the
corresponding finite-type fundamental weight w,. We refer to the KR modules W'
as single-column ones. In most cases, W° was shown to have a crystal basis, and
the crystal graph is denoted B'*. The latter are building blocks for the highest weight
crystals, constructed as infinite tensor products of certain B'”.

In [17] it was shown that the quantum alcove model, constructed in [15], is a uniform
model for tensor products of single-column KR crystals, for all untwisted affine types.
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The quantum alcove model generalizes the alcove model in [14], which describes the
highest weight crystals of symmetrizable Kac-Moody algebras. These models are based
on enumeration of certain paths in the quantum Bruhat graph (resp. the Hasse diagram
of the Bruhat order) for the finite Weyl group.

In classical types there are (type-specific) models for tensor products of KR crys-
tals B"! based on concatenations of fillings of columns called Kashiwara—Nakashima (KN)
columns [11]. While these tableau models are simpler than the alcove models, they have
less easily accessible information, so it is hard to use them in computations, for instance
of the energy function, and the combinatorial R-matrix (see Section 2.2). As these com-
putations are much simpler in the quantum alcove model [17], an alternative is to relate
them to the tableau models, via affine crystal isomorphisms from the former model to
the latter one. Such maps, to be called “alcoves-to-fillings” maps, were constructed in
types A, C in [15], and in types B, D in [4].

A corollary of the realization of tensor products of KR crystals in terms of the quan-
tum alcove model is their connection with Macdonald polynomials (of the correspond-
ing untwisted affine type). The symmetric Macdonald polynomials P, (x; g, t), indexed
by dominant weights A, are Weyl group invariant polynomials with rational function
coefficients in parameters ¢, [15]. They generalize the irreducible characters of the cor-
responding simple Lie algebras, which are recovered for g = t = 0. A uniform combina-
torial formula for P, (x; g, t) was given by Ram and Yip [19] in terms of alcove walks. By
comparing with the quantum alcove model, it was shown in [17] that the specialization
Py (x;q,t = 0) coincides with the graded character of a tensor product of single-column
KR modules, graded by the energy function.

There are also non-symmetric versions of Macdonald polynomials E,(x;g,t), where
p is an arbitrary weight [15], as well as a Ram-Yip formula for them. Specialized non-
symmetric Macdonald polynomials are related to Demazure characters of affine Kac-
Moody algebras, as discussed in [7]. Later it was shown that E,(x;4,t = 0) coincides
with the graded character of a Demazure-type submodule of a tensor product of single-
column KR modules [13]. In the mentioned paper, the latter can be thought of as a
Demazure submodule of a certain quotient of a level zero extremal weight module. The
corresponding crystal is called a DARK crystal (Kirillov—Reshetikhin Affine Demazure)
in [3]. Thus, we expect a combinatorial model for the mentioned DARK crystal based on
the alcove walks in the non-symmetric Ram-Yip formula specialized at t = 0. This is the
tirst main result of the paper, a “non-symmetric version” of the quantum alcove model.

On the other hand, in type A, E;(x;q,t = 0) can be computed in terms of semistan-
dard key tabloids. These were introduced in [”] as special cases of the non-attacking skyline
fillings in the Haglund—Haiman—Loehr formula for non-symmetric Macdonald polynomi-
als [7]. They were given an affine crystal structure in [!], which realizes the crystals of
level one Demazure modules for the affine Lie algebra sl,. The second main result of
our paper is an explicit affine crystal isomorphism between the non-symmetric quantum
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alcove model in type A and semistandard key tabloids, i.e., an “alcoves-to-fillings” map
in the type A Demazure case.

The last result is expected to generalize to the other classical types B,C, and D. We
will construct alcoves-to-fillings correspondences which would extend the maps in [4, 15]
mentioned above to the Demazure case. These constructions will combine those in [4,

] with the ones in the current paper. In particular, we will derive the type B, C, and D
analogues of the semistandard key tabloids, which will be Demazure-type analogues of
the corresponding concatenations of KN columns.

2 Background

2.1 Root systems

Let g be a complex simple Lie algebra, and h C g a Cartan subalgebra. Let ®* C ® C bhj
be the corresponding irreducible root system and choice of positive roots. For a root
a € ®1, we use the notation &« > 0 < sgn(a) = 1. Let a; be a choice of simple roots for
i in some indexing set I, and let 6 be the highest root with respect to the simple roots.
We denote by (-, -) the nondegenerate scalar product on b induced by the Killing form.
Given a root a, we have the coroot a¥ := 2a/(x, «) and reflection s,. The weight lattice P is
generated by the fundamental weights wj for i € I, which satisfy (wj,a;’) = ;. The set of
dominant weights is denoted P". Define p := }_ w;, and for a root «, set |a| := sgn(a)a.

Let W be the finite Weyl group, generated lﬁ; s; := s,. With respect to these gener-
ators, W comes with a length function ¢(-) and longest element w,. The Bruhat order on
W is defined as the transitive closure of its covers: w < ws, if /(w) +1 = £(wsy).

For a root « € @7 and an integer k € Z, consider the reflection s,y in the affine
hyperplane H, := {A € bi|(A, ") = k}. The affine Weyl group W, for the dual root
system @V is generated by such reflections. The hyperplanes H, ; divide b}, into con-
nected components called alcoves. The fundamental alcove is denoted A,. An important
object in defining the quantum alcove model is a certain directed graph on W.

Definition 2.1. The quantum Bruhat graph of W is the directed graph with vertex set W and
edges w LR wspg labeled by p € O if:
(1) w<wsg, or

(2) L(wsg) = L(w) —2(BY,p) + 1.

2.2 Kirillov-Reshetikhin crystals

Given a semisimple or affine Lie algebra g with simple roots «; for i € I, a g-crystal is
a nonempty set B together with maps ¢;, f; : B — BU{0} fori €  and wt : B — P
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satisfying f;(b) = b’ if and only if ¢;(b') = b for b € B. The maps ¢;, f; are called crystal
operators and they give B the structure of a colored directed graph with edges b — f;(b).
For g-crystals By and By, the tensor product B; & B, is defined on the set B; x By with a
rule that determines on which factor e; and f; act [©].

Kirillov—Reshetikhin (KR) modules, denoted W', are finite-dimensional modules, not
of highest weight, of affine Lie algebras. They are indexed by positive integer multiples
of a fundamental weight sw;. In classical types sw; corresponds to a rectangle of height
r and length s. In the case s = 1, the modules are called “single-column” KR modules.
In most cases, W' was shown to have a crystal basis, and the corresponding Kirillov—
Reshetikhin crystal is denoted B"°. For a composition a = (ay,ay,...,a;), tensor products
of column-shape KR crystals for untwisted types are defined as follows:

k
B =B*:=)B". (2.1)
i=1

The crystal B is known to be connected as an affine crystal, but disconnected as a classical
crystal. If a’ is a permutation of a, then there is a unique crystal isomorphism between
B2 and B?, called he combinatorial R-matrix.

Let g be an affine Lie algebra and let A € P™ be a dominant weight for g. Consider
the level zero extremal weight module V(A) over the quantum group U, (@), generated by
a vector v, of weight A. For a Weyl group element w, the Demazure submodule V,,(A) is
given by V;(A) := Uy (g) - wo,.

Beck and Nakajima introduced a subtle finite-dimensional quotient of Vy,_ (A), de-
noted U} (A) (see [13, Section 3.3]). As a U,(g)-module, U, (A) is isomorphic to a ten-
sor product of KR modules Wi, The image of the level zero Demazure module V,} (A)
under the projection to U, (A) is denoted U} (1) and is a Demazure-type submodule.

2.3 The quantum alcove model

Fix a dominant weight A € P™. The quantum alcove model depends on a sequence of
roots I := (B1, B2, - -+, Bm) called a A-chain [15]. This is equivalent to a shortest sequence
of adjacent alcoves from the fundamental alcove A, to the translate A, — A. Define the
reflection 7; := sg,.

Definition 2.2. A subset | = {j1,j2,...,js} C [m] is called admissible if there is a path in the
quantum Bruhat graph

L= rj, = rjtj, = =1ty o1y = end(]).

Denote by A(T) the set of admissible subsets of .



A Combinatorial Model for Affine Demazure Crystals of Levels Zero and One 5

Theorem 2.3 ([15, 17]). Let A = wj, + wj, + -+ + wj, be a dominant weight of a untwisted
affine Lie algebra. Then A(T') with the proper crystal operators e;, f; is a model for the tensor
product of KR crystals B* := B! @ B2l @ - .. @ Bivl,

Let W) C W be the stabilizer of A. Given a Weyl group element 1, we denote by |u] the
lowest coset representative of uW).

Theorem 2.4 ([13]). The set of admissible subsets | € A(T') satisfying the condition end(]) <
|w| is a model for the DARK crystal corresponding to the Demazure-type module U (A).

Based on the quantum alcove model, the following is derived in [15, 17]:
Theorem 2.5. Let § be an untwisted affine Lie algebra and A € P™ a dominant weight of g.

1. The symmetric Macdonald polynomial P)(x;q,t = 0) is a graded character of the tensor
product of column-shape KR crystals B*, so it is expressed by A(T).

2. The nonsymmetric Macdonald polynomial Ey)(x;q,t = 0) is a graded character of the
Demazure-type crystal corresponding to U (M), so it is expressed by the subset of A(T)
defined in Theorem 2.4.

2.4 Semistandard key tabloids and their crystal structure

In this section we describe the model defined in [!] for level one affine Demazure crystals
in type A,_1. The objects are fillings of diagrams subject to conditions on pairs and
triples of entries. A diagram dg(u) of the weak composition y = (u1, 4, ... jin) consists
of u; boxes left-justified in row i. We label the box in row i column j as (i, j). For example,

[ 1]
[T 1]

Definition 2.6. A filling is an assignment of a positive integer m; jy < n to each box (i, j).

if u=(3,0,2) thendg(p) =

Definition 2.7. Given a diagram dg(u), we say two boxes are attacking if they are in the same
column or they are in adjacent columns with the left box strictly higher than the right box. A
filling is non-attacking if every pair of attacking boxes have distinct entries and no entry in the
first column exceeds its row index.

Definition 2.8. A triple is a collection of three boxes with two row adjacent and either (Type 1)
the third cell is above the left and the lower row is strictly longer, or (Type 1I) the third cell is
below the right and the higher row is weakly longer. The orientation of a triple is determined by
reading the entries of the boxes from smallest to largest. A coinversion triple is a Type I triple
oriented counterclockwise or a Type II triple oriented clockwise.
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Definition 2.9 ([!]). The semi-standard key tabloids of shape u, denoted SSKD(u), are the
non-attacking fillings of dg(y) with no coinversion triples.

Example 2.10. The filling is a semi-standard key tabloid of shape u = (3,0,2).

The weight of a tabloid T, denoted wt(T), is defined as the weak composition with
i-th part equal to the number of entries i in T. For example wt(T) = (2,1,2) in the
example above. Assaf and Gonzélez defined raising and lowering operators ¢;, f; for
i=0,1,---,n—1, which act on T by swapping certain entries i and i +1 (1 and n for
i = 0). The affected entries are determined by a pairing rule [!, Definitions 3.1-3.6]. The
operators e;, f;, and the map wt give an affine Demazure crystal structure on SSKD(u).

Theorem 2.11 ([1]). The above crystal structure on semi-standard key tabloids of shape u is
isomorphic to a certain level one Demazure crystal of the affine Lie algebra sl,,.

Theorem 2.12 ([/]). The type A specialized non-symmetric Macdonald polynomial is given by

Eu(x;q,t=0)= ) gm (1) xwt(T) (2.2)
TEeSSKD (1)

where maj(T) is the sum of all legs of boxes (i, ]) of T with m; jy < m;; 1).

Remark 2.13. The level zero and level one Demazure crystals discussed above are known
to be isomorphic. [5].

3 Nonsymmetric quantum alcove model

We introduce a new model for the crystal of the Demazure-type module U (A). The
objects of the model are non-symmetric analogues of admissible subsets as in Defini-
tion 2.2. This model has two benefits over the original quantum alcove model: 1) of
removing the condition end(]) < |w] in Theorem 2.4, and 2) of being compatible with a
tableau model for a type A level one affine Demazure crystal, to be discussed in Section
4.

3.1 w-admissible subsets

Given a weight 4 € P, let w € W be the element of maximal length such that y = wA for
a dominant weight A. Consider a reduced alcove path I" from A, to ww,A. + u:

= A, —71> Ay —’Yz> A, N LN Am :wwvo—l—y. (3.1)
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The sequence of crossed hyperplanes is given by H), |, where my is defined by this
relation. To describe the objects of the model, we need another alcove path I obtained
from T by applying —w ™! on the left:

= ' T= w4, Al a7 ZPar a0 (32)

Note that in this case all the roots §; are positive. Let ] = {j; < j» < --- < js} C [m] and
define the reflections Tj; 7= Sy, fori =1,2,...,5. We can interpret | as a “folding” of the
alcove path T, resulting in a “folded” alcove path I'(]) := (1,02, ...,0m), where

5k = 1”]'17’]'2 . -i’ji(’)’k). (33)

Here i = i(k) is the largest index for which j; < k. After folding I', the k-th hyperplane
crossed in the path IT'(]) is given by:

H\(Sk\,l,{ =T '?]'iH\’YkLmk (3.4)
where 7, := s,, ;, and the integers l,{ are defined by this relation. The objects of our
model are subsets ] C [m] satisfying the following condition:

Definition 3.1. Wesay | = {j1 < jo < --- < js} C [m] is w-admissible and write ] € A(T")
if there is a path ending at w in the quantum Bruhat graph:

wS‘leslgj2 e .Sﬁjs — = wS‘leslgj2 — ZUSﬁjl — w.
Define wt(]) :=7;7j, - - - 7;,(u) and ht(J) := ¥ ((u, 7vj,) — mj,) where the sum is over all i such
i
that the edge corresponding to B, is a quantum edge, i.e. an edge of type (2) in Definition 2.1.

Theorem 3.2 ([1V]). The above model computes the non-symmetric Macdonald polynomial

Eu(x,q,t=0)= ) gt ) (3.5)
JeAT)
3.2 Crystal operators and the first main result

Using the setup in the previous section, we define crystal operators ¢;, f; on A(I"). For |
a w-admissible subset, recall the “folded” alcove path I'(J) = (d1,62,...,0m) from Equa-
tion (3.3). The action of the operators is determined by the levels I/ of the hyperplanes
crossed by the folded path I'(J). Fix a root « € ® and define:

L()={icm|6=%a}, To=Tu)) = LU{e},

I := (wt(]),sgn(a)a"), oo =TT+ - T},00 .
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~ ) ) ) ) 1 ifig]
L= << <iy<i =oco} and ¢; := .
o {1 2 n n+1 } i {_1 ifiE]

If « > 0, we define the continuous piece-wise linear function g, : [0, 7 + %] — R by

, sgn(d;,) ifxE(k—l,k—%),kzl,...,n
ga(O) = _E, g,'x(x) = eiksgn(éik) if x € (k — %,k), k=1,...,n (3.6)
sgn((0e, —a")) ifx € (n,n+ 3).

If « <0, then g, is the graph obtained by reflecting ¢, across the x-axis. For any «:

sgn(zx)li]k = —qu (k - %) fork=1,...,n (3.7)
00 \ 1
sgn(a)ly = —(wt()),a’) = —gu (n+ 5 ) - (3.8)
Fixi € {0,...,n—1}. If i > 0 then g, is a simple root, and if i = 0 then «( := —6.
Define M := max(g,). Assuming that M > (wt(]),a;), let k be the maximum
index j in I, for which we have sgn(oci)l} = —M, and let m be the successor of k in sz,--

Assuming also that M > §;, we have k € |, and either m ¢ | or m = co. Define:

fi) = {(1\ () U{m) it M> (u(]),a) and M > 6i9

) (3.9)
0 otherwise.

The operators e; are defined similarly. We use the convention that J\ {co} = JU {o0} = J.
Using the properties of the quantum Bruhat graph, we show that the set A(T”) is closed
under the crystal operators f;, ¢;, so the model is well-defined. Based on this, and by
using a similar approach to the one in [13, 17], we derive our first main result.

Theorem 3.3. The set of w-admissible subsets A(T"), together with the operators e;, f; and map
wt defined above, is a model for the Demazure-type crystal corresponding to the module U} (M).

Remark 3.4. The entire crystal is constructed by repeated application of the operators e;
and f;, starting from the lowest element | = @ (f;(J) = 0 for all i). By comparison, the
Demazure-type crystal from Theorem 2.4 is constructed by repeated application of only
the operators f;, starting from the highest element | = @ (¢;(J) = 0 for all i) but checking
the condition end(J) < |w] at each step.

Remark 3.5. Viewing | as a folding of the alcove path I, the crystal operator f; acts by
removing the fold along the hyperplane H,, . for x > 0 maximal, and adding a fold
along the hyperplane H,, _ (.1 (if such x exists). The value of x is determined by the
maximum M of the function g, defined above. The action of ¢; is similar, this time
moving folds in one level. See Figure 1.
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Hyo Hoa i Hyo Heg Hyo Hou ) Heyo He
Hayo / i‘ ; 1 Hopo) ;// / Hao / Hayo /
Hap L Hopn Ha,y /[ Hapn
J={1,5} fo(J) = {5,6} fofo(J) = {5} fifofo(]) =@

Figure 1: Action of the composition fi fofo on the folded alcove path I'(]) in type Aj.
4 Specializing the model to type A,_;

4.1 A choice of y-chain

Recall that the nonsymmetric quantum alcove model depends on a choice of alcove path
I, i.e. a sequence of positive roots called a p-chain. To relate the alcove model to the
tabloid model, a particular sequence of roots is needed. In this section we explicitly give
such a sequence.

To this end, consider the setup as in Section 3, now specialized to type A, 1. Let
A’ be the conjugate partition to A and let dg(y1) be an empty diagram of shape . The
alcove path I will be constructed by concatenating smaller sequences of roots I'(j), one
for each column of dg(u):

r'=17'r'e) ).

Suppose A;. = k. Rename and reorder w(1),w(2),--- ,w(k) as iy, i, - - - ,ix with
i <ip < -+ <lg. (4.1)

For s < k, define ms := min({a € {k+1,--- ,A}_1}|is >w(a)}U {A}_l +1}) (by conven-
tion Aj, = n). Then I''(j) is given by the following sequence of roots:

(w=(iy),m1) (w= (i), m +1) ... (w (i), n)
r'(j) = N N U (4.2)
(w1t (i),my)  (w (i), me +1) .o (W (ik), 1)

Proposition 4.1 ([6]). The sequence of roots I, defined as the above concatenation, encodes an
alcove path of the form (3.2), with which it is identified.

Example 4.2. Let 4 = (1,0,3,1). Then u = wA for A = (3,1,1,0) and w = w™! = 3412.

The corresponding diagram has the following shape: dg(u)= L,
[l
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e The first column has 3 boxes: i1 = 1,m =5; i, =3,mpy = 4;i3 =4,m3 = 4.
e The second column has 1 box: i1 = 3,m = 3.

e The third column has 1 box: iy = 3,m; = 2.
The corresponding sequences of roots I''(j) are:
r'1)=(1,4)(24); T'@2)=(13)(L4) TI'3)=I((12)(1,3)(1,4).
Concatenating produces the alcove path I with vertical bars separating each part.

I' = ((1,4)(2,4)1(1,3)(1,4)[(1,2)(1,3)(1,4)) -

4.2 The filling map

We now describe a map from w-admissible subsets A(I"”) to semi-standard key tabloids
SSKD(u). Recall that a w-admissible subset selects a subsequence of roots within the
alcove path I". Let T; be the sequence of transpositions corresponding to the roots in
I'(j) that are selected, noting that T; could possibly be empty. Given a w-admissible
subset | and a column j of the empty diagram dg(y), define:

wi=whT,- T

where the right hand side is the permutation obtained from w by consecutively multi-
plying by each transposition present in Ty, Ty, . .., Tj from left to right.

Definition 4.3. The map fill is a map from subsets | (not necessarily w-admissible) to fillings of
shape y with entry in row i, column j given by

() (i, ) == u(w (7).

Theorem 4.4. If | is w-admissible, then fill(]) is non-attacking and has no coinversion triples.
Moreover, “fill” is a weight preserving and height preserving bijection between w-admissible
subsets and semi-standard key tabloids of shape .

Example 4.5. Continuing Example 4.2, let ] = {2,5,6,7}. One can check that J is w-
admissible. From the decomposition of T" = ((1,4)(2,4)|(1,3)(1,4)|(1,2)(1,3)(1,4))
into I (1)I"(2)I'(3), we have:

Ti=(24); Th=0 Ts=(1,2)(1,3)(1,4).

Starting from w = 3412, we apply in order the transpositions above:
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ul =3412(2,4) = 3214; u® =3214; u® =3214(1,2)(1,3)(1,4) = 4321

2
3[3|4]

Since w~! = 3412, the entry in box (i, ) is w/(w~1(i)), so fill(]) =

H

4.3 The inverse map

Given a semi-standard key tabloid T, to reconstruct a w-admissible subset | such that
T = fill(]), a “greedy” algorithm is run once for each box of T, working up the columns
then across the rows. The initial input is the permutation w. If the target box is in column
j, row i and has entry b, we select every root of I'(j) (see Equation (4.2)) of the form
(w~1(i), x) that brings us closer to our target entry with respect to a clockwise order,
and consecutively multiply the current permutation by each selected transposition.

Proposition 4.6. Repeated application of the process described above terminates, produces a
unique path in the quantum Bruhat graph, and is the inverse of the map “fill”.

4.4 The second main result

Here we recap the main constructions and state our main result. For a dominant weight
A and a Weyl group element w, we construct a crystal structure on w-admissible subsets
that realizes the crystal of the level zero Demazure-type module U (A). In type A, Assaf
and Gonzélez constructed a crystal on semi-standard key tabloids that realizes a certain
level one affine Demazure crystal. Through the bijection fill, we show that the crystal
operators on tabloids agree with the crystal operators on w-admissible subsets. More-
over, “fill” identifies the statistics “ht” and “maj”, which compute the energy function

[16].

Theorem 4.7. The map fill is an affine crystal isomorphism from w-admissible subsets to semi-
standard key tabloids. Moreover, ht(]) = maj(fill(])).
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