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Abstract. Let H be the Iwahori-Hecke algebra corresponding to any Coxeter group.
Deodhar’s defect statistic [Geom. Dedicata 36, no.1 (1990)] allows one to expand prod-
ucts of simple Kazhdan-Lusztig basis elements of H in the natural basis of H. Billey
and Warrington []. Algebraic Combin. 13, no.2 (2001)] provided a graphical interpreta-
tion of the type-A case of this formula. Clearwater and the third author [Ann. Comb. 25,
no. 3 (2021)] extended the graphical type-A case of this formula to combinatorially ex-
pand products of Kazhdan-Lusztig basis elements indexed by “smooth" elements of
the symmetric group. We similarly extend the type-BC case of Deodhar’s result to
combinatorially expand products of Kazhdan-Lusztig basis elements indexed by hy-
peroctahedral group elements which are “simultaneously smooth" in types B and C.
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1 Introduction

Let (W,S) be a Coxeter system with generating set S = {s1,...,s5}, let < denote the
Bruhat order on W, let H be the Iwahorl—Hecke algebra correspondlng to W, and let
{Tw|w € W} be the natural basis of H as a Z[qz qZ]-module (See, e.g., [1].) A second
basis {C},(q) |w € W} introduced by Kazhdan and Lusztig [17], sometimes rescaled as
{Cw(q) |w € W}with Cy(q) := ¢'®)/2C! (g), is important in many areas of mathematics.
Products of these elements expand nonnegatively in the natural and Kazhdan-Lusztig
bases, and have appeared in intersection homology [!], [16], combinatorial description
of Kazhdan-Lusztig basis elements themselves [?, 7], Schubert varieties [”], total non-
negativity [, 14, 17, 18], trace evaluations [5, 6, 10, 11, 15], and chromatic symmetric
functions [5, 15].

We will focus on Deodhar’s result [/, Proposition 3.5], where he considered sequences
(siy,...,si.) of generators in S, products of the corresponding Kazhdan-Lusztig basis

elements ésl,(q) = T, + Ts; of H, and their natural expansions
] ]

Cs,'l(I]) S’k Z ay T, (1-1)

weW

Deodhar described the coefficients {a, |w € W} C Z[q] in terms of subexpressions of
(siy--.,8i): sequences ¢ = (07,...,0%) of elements of S with i € {e,si].} forj=1,...,k
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Call index j a defect of o if oy - - - Oj-18i; < 01 0j1, and let dfct(c) denote the number
of defects of ¢. Then each coefficient on the right-hand side of (1.1) is given by

Ay = qufct(cr)’ (1.2)
o

where the sum is over all subexpressions ¢ of (s;,...,s; ) satisfying oy - - - 0 = w.

Billey and Warrington [, Remark 6] observed that when W and H are the symmetric
group &, and type-A Iwahori-Hecke algebra H/(g), Deodhar’s defect statistic has the
following simple graphical interpretation. Let F = Fsi1 0---0 Fsik be the wiring diagram
corresponding to (s;,...,s; ), where o denotes concatenation, and the factor wiring dia-
grams F;,...,F; , are the planar networks

n — n n — n n n
n—1 — n—1 n—1 — n—1 n—1 >< n—1
3 — 3, 3 >< 3 ,..., 3 — 3, (1.3)
2 >< 2 2 2 2 — 2
1 1 1 — 1 1 —

respectively. Edges of F are understood to be oriented from left to right, with n source
vertices on the left, n sink vertices on the right, and k more interior vertices, one per factor.
We can cover F with 2F different path families of the form 7t = (7y, ..., 7,), if we allow
two paths meeting at the interior vertex of a factor FS either to cross or not to cross
there. Let I'T,,(F) be the subset of these path families havmg type w, ie., fori =1,...,n,
path 71; begins at source i and terminates at sink w;. Call index j a ( type -A) defect of T
if the two paths meeting in F;; cross an odd number of times in F;, -oF; L ,and let
dfct(7r) be the number of defects in 7. Then each coefficient on the r1ght -hand side of

(1.1) is given by
Ay = Z qdfct(ﬂ). (14)
mell, (F)

Clearwater and the third author [6, Corollary 5.3] extended this type-A result to
products of the form

C,) (q) - év(k)(Q) = ZawTw (1.5)

in Hﬁ‘(q), where v(1), ..., v(*) are maximal elements of parabolic subgroups of &, (and
more generally, 3412-avoiding, 4231-avoiding elements of G,), and each factor

- LT

u<v 7)

belongs to the rescaled Kazhdan-Lusztig basis of H;(q). Again we have (1.4), where F
has the form F ;) o - - - o F ), with factor networks generalizing those in (1.3) by allowing
interior vertices to have indegree and outdegree greater than 2.



Generalization of Deodhar’s defect statistic 3

We extend this result further to analogous products of elements of the Kazhdan-
Lusztig basis of the type-BC Iwahori-Hecke algebra HE“(g) in Section 5. To do so,
we review necessary background material on the hyperoctahedral group, HZ¢(g), and
type-BC planar networks in Sections 2 — 4.

2 The hyperoctahedral group

Recall that for a Coxeter group W with generating set S and an element w € W, an
expression w = s;, - - - s;, for w as a product of generators is called reduced if it is as short
as possible, and ¢ = ¢(w) is called the length of w. We define the Bruhat order on W
by declaring v < w if some (equivalently, every) reduced expression for w contains a
subsequence which is a reduced expression for v.

For a | C S let W denote the parabolic subgroup of W generated by . Each coset
wWj of W has a unique Bruhat-minimal element [4, Corollary 2.4.5]. Let W/ denote
the set of minimal coset representatives. It is known that we have [, Definition 2.4.2,
Lemma. 2.4.3]

Wl:{weW|ws>wforalls€]}:{w€W|wv>vforallv€W]} (2.1)

and that there is a bijection [4, Proposition 2.4.4]
woxw; &5 w (2.2)

given by simple multiplication (w,#) — wu. The Bruhat order on W induces a re-
lated partial order on the set W/W; of cosets {wW|w € B,}: we declare vW; < wWWj
if the minimal element of vWj is less than or equal to the minimal element of wW;.
(Equivalently, we may define < by comparing arbitrary elements of the two cosets [,
Lemma 2.2].) We call this poset the Bruhat order on W/Wj.

The hyperoctahedral group ‘B, is the Coxeter group of type B, = C,, generated by
S ={sp,...,sy—1}, subject to relations

sizze fori=0,...,n—1,
50515051 = 51505150,
. o (2.3)
5iSj = /5 fori,j>0and |i—j| >2,
SiSjSi = 8jSiS; fori,j>1and |i—j| =1.

The parabolic subgroup of B, generated by {si,...,s,_1} is the symmetric group &, the
Coxeter group of type A,,_1.

Like elements of &, elements of B, naturally correspond to permutations of letters
belonging to a certain alphabet. Specifically, we define the alphabet

n,n]:={-n,...,n} ~ {0}
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with notation @ := —a for all a € [7,n], and we consider permutations wy - - - wWyw - - - Wy
of [11,n] which satisfy w; = w; for all i € [11,n]. We define a correspondence between
B, and such permutations via the (left) action of B, on these permutations: sy swaps
the letters in positions land 1;s;(i=1,...,n—1) simultaneously swaps the letters in
positions i, i + 1 with each other, and the letters in positions 7, i + 1 with each other. Then
forw =s;, ---s; € By, we define the (long) one-line notation of w to be the permutation

Wy -+ wTwl ce Wy = 51'1(51'2(' .. (Sir(ﬁ. . Tl .. n)) e )) (24)
For example, when n = 4, the element sps; € 84 has long one-line notation
s0(51(43211234)) = 50(43122134) = 43122134. (2.5)

It follows that wi_1 is the index j satisfying w; = i. By counting certain inversions in the
long one-line notation of w, we can compute ¢(w).

Lemma 2.1. The length of w € B, equals the number of pairs (i, j) with |i| < jand j appearing
earlier than i in wy - - - WyWy - - - Wy,

Proof. Omitted. O

The condition w; = W; implies that each element (2.4) is completely determined by
the subword wy - - - wy,, called the short one-line notation of w. The set of short one-line
notations of elements of B, is the set of signed permutations of [1,n]: words wy - - - wy
with letters in the alphabet [, n] with no repeated absolute values.

Certain elements of the hyperoctahedral group are most easily defined in terms of
subintervals of [7, n], where we declare any subset [a,b] := {a,...,b} ~ {0} of [, n] to
be an interval, even if 2 < 0 < b. Roughly speaking, we define a reversal of 98, to be an
element s, ;) obtained from the identity by reversing letters [a, b] in positions [a, b], and
ensuring that the resulting permutation belongs to B,,. To be precise, we describe such
elements using three cases: 1 = b, a = b(b>0),and 0 < a < b. When a = b, we have the
trivial reversal sj;, ;) = s¢ = e. For b > 0, the reversal S p) 18 the element having one-line
notation

- (b+1)-b---1-1---b-(b+1)---n, (2.6)
and equal to the product of generators so(s15051)(5251505152) « + - (Sp—1 - - - 515051 - - - Sp_1)-
For 0 < a < b the reversal s, is the element having one-line notation

and equal to the product of generators s,(s,+154)(Sa+257+154) - - - (Sp—1 - - - Sa). Each re-
versal s(; ;) is the unique element of maximum length in a parabolic subgroup of B,
generated by

B {{so,...,sbl} ifa="0(>0), 27

Jlay = {sa,...,sp_1} if0<a<b.
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The first equality in (2.1) implies that when ] = i), the subset W, of B, may be
characterized in terms of long one-line notation as follows.

Lemma 2.2. Given reversal s(, ) € By, and corresponding generators | = J, ), each minimum-

length coset representative we Wl satisfies
(1) wt < wl+1for1 = max{1,a},...,b—1, and
2) wrt <wtifa=b.

Proof. Omitted. L

3 The Hecke algebra of the hyperoctahedral group

Given Coxeter group W with generator set S, define the Hecke algebra H = H(W) of W
to be the Z[q%, q_%]-span of {Ty | w € W} with unit T, and multiplication defined by
T.T. — gTws + (9 — 1) Ty %f ws < w, (3.1)

Tows if ws > w,

where s € S and w € W. This formula guarantees that for w € W and any reduced
expression s;, - - -s;, for w, we have Ty, = Ts, e T, Call {Tw |w € W} the natural basis
of H. It is easy to see that the spec1al1zat10n of H at q2 =1 is isomorphic to Z[W]. A
second basis [12] of H is the (rescaled) Kazhdan—Lusztig basis {Cy,(q) | w € W}, related to
the natural basis by

=Y Pow(q)To, (3.2)
v<w
where {P,(q) |v,w € W} C Z[q] are the Kazhdan—Lusztig polynomials, whose recursive
definition appears in [17]. Coefficients of these polynomials may be interpreted in terms
of intersection cohomology IH* (), ) [13], where Q) is a certain Schubert variety indexed
by w. (See, e.g., [3].) In particular, when (), is rationally smooth, all polynomials
{Pyv(q) | v < w} are identically 1 [12, Theorem A.2].
For each subset | of generators of W, one forms a natural Z[q%, q_%]-submodule of H
by taking the span of sums
Ty, = Y. To (33)
veuWy
of natural basis elements of H with each sum corresponding to a coset of W;. This
submodule
— J
Hj:= spanz[q%,é%}{TuW] lue W_} (3.4)
in fact forms a left H-module. A nice formula for the action of H on H; was given by
Douglass [, Proposition 2.3].
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Proposition 3.1. Let s be a generator of W, and let | be some subset of the generators. Then for
all w € W, we have

qTsww; + (g — 1)TwW] if swWj < wWj,
T, Tow, = Towmw, if swW; > wivj, (3.5)
qTww, if swW; = wWj.

Corollary 3.2. If v € Wy, then ToTw, = qm’) Ty,

Let us consider the module H}BC := Hj in the special case that H = HB(gq) and
] = ][a,b}/ and its relation to Kazhdan-Lusztig basis elements. By [3, Section 13.3.7],
rational smoothness of Schubert varieties of types A, B, Cis implied by pattern avoidance.
In particular, when w € ‘B, avoids the patterns 3412 and 4231, we have the stronger
property that type-B and C Schubert varieties indexed by w are both smooth. Since a
reversal in ‘B, avoids both of these patterns, we have the following.

Proposition 3.3. For each reversal s, ) € By, we have

és[a,b](q): Y T

ZJSS[a’b]

Thus each Kazhdan-Lusztig basis element indexed by a reversal s|, ;) is itself a coset
sum (3.3) for the parabolic subgroup generated by | = Jj,:

Tw, = Cs,,y (4)- (3.6)
By (2.2) and (3.5), other defining basis elements (3.4) of HFC can be written as
Tuw; = TuCsyy (), (3.7)

for u € W/ It follows that each product of the form

65[1111’1] () 65[“kfbk] (a) (3.8)
belongs to HB¢ i and we can expand it in the defining basis of this module as follows.
[agb]

Proposition 3.4. Suppose that the product of the first k — 1 factors of (3.8) expands in the natural
basis of HE¢(q) as

Cotuyay) (1) C

Slag_1.bx_1

](CI) = Z co Ty, (3.9)

vEB,
for some polynomials {c, = co(q)|v € By} in Zlq|, and define | = Ji, p,1- Then the full
product (3.8) expands in the defining basis of Hj BC as

Z ( Z q Cwu) TC akbk](q)' (3.10)

wew! Nuew;
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Proof. Using (2.2) to factor each element v on the right-hand side of (3.9) as v = wu with
weW , ue W), we may express the product (3.8) as

L (T ctoTu )G )

wew! NuEW]

Then by Corollary 3.2, we have T”és[ak,bk] (q) = qé(”)@[ak,bk] (q9) and the claimed formula.
]

4 Type-BC star networks

To graphically represent products of the form (3.8), we extend the idea of type-BC wiring
diagrams to include planar networks in which interior vertices may have indegrees and
outdegrees greater than 2. In particular, we associate to each reversal s, ;) € B, a type-
BC simple star network F, ;) having 2n source vertices on the left and 2n sink vertices on
the right, both labeled 7,...,n from bottom to top. For the three casesa = b, a = b
(b > 0), 0 < a < b of reversals, we include edges and 0, 1, or 2 additional interior
vertices as follows.

1. When Floq =Fp has a directed edge from source i to sink 7, fori =1#,...,n.

2. Whena =b (b >0), F[a,b] has one interior vertex. For i =g, ...,b, a directed edge
begins at source i and terminates at the interior vertex, and another directed edge
begins at the interior vertex and terminates at sink i.

3. When 0 < a < b, P[a,b] has two interior vertices. For i = a,...,b, a directed edge
begins at source i and terminates at the upper interior vertex, and another directed

edge begins at the upper interior vertex and terminates at sink i. Fori = b,...,q,
a directed edge begins at source i and terminates at the lower interior vertex, and
another directed edge begins at the lower interior vertex and terminates at sink i.

For example, the seven type-BC simple star networks

3—3 3 X 3 3y 43

22 27M2 2 >< 2

1 X 1 1—1 1/ M

1><1' T—1 Ty 1

X0 a2
— 3733 373

Fy Fqq Fi 5 Fa F1 21 Fip g Fii 3

3—3 3—3
2—2 2—2

X

~
~

QRN =N W
QRN =N W

W N = =N W
W N == N W

@l NI
[SSTI S|

[68)
8]
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correspond to the reversals sp = e, S S@2)s SBE3) Sn2r S123), 513 in Ba. Define
FBC to be the set of all concatenations F = Fig, ) © -+~ © Flg p,) Of type-BC simple star
networks and call these type-BC star networks. For instance, the type-BC star network
F = Fy3) 0 Fpg 0 Fi 0 Fgy € F5C is shown in (4.3).

Following [?], [0], we consider families 77 = (75, ..., 7y, 711, . . ., 71,) of paths covering
a star network F € F2¢, ie, using all edges in F. Call 7t a BC-path family if for each
factor Flap) of F and each irldex i € [1,n], there exist indices j, k, such that paths 7r; and
7t; enter Fi, ;) via sources j, j and exit Fi, ;) via sinks k, k, respectively. That is, 7z; must be
the reflection of 77;. Define 7t to have type u = ugz - - - uguy - - - uy € B, if for all i, path 7;
begins at source i and terminates at sink u;. For F € ]—",?C and u € B, define the sets

I1%¢(F) = {7 | r a BC-path family covering F},

TBC(F) = {r € ITB(F) | type(r) = u}. (4.2)

For example, the star network F = Fjy 3) 0 Fp 3 0 Fj 5 © Frq € FBC and path families

3 3 3 3 3 3 3 3

2 2 2 2 2 2 2 2

r—1 1 1 1 -1 L1 1 1
7 7 X 7 _ N/

1 1 Ty, s 1 Ty SN Ts ===, 01

_ _ _ \\ll A _ _ \\ ) _ _ \\, 4 _

2 2 2-¥es N 2 =R 2 2-Nm o e

_ _ _ £ _ _ \ ,/~ _ _ > _

3 3 3 3 37 v vmmmes 3 3 3
(4.3)

: BC BC BC : 13 :
satisfy 71 € II73(F), 0 € I (F), T € I1553(F), with 7 failing to be a BC-path family

because T, 77 in blue (also T, 75 in red) are not reflections of one another.

Each element F € F2¢ combinatorially interprets a product of Kazhdan-Lusztig basis
elements in HE‘C (9). To describe this interpretation, we extend the defect statistic [7], [¢],
[7] described in Section 1. Given a BC-path family 7t covering F, define a type-BC defect
of 77 to be a triple (77, usy k) with |i| < j, and 71, 7; meeting at one of the internal vertices
of Fl, 4,] after having crossed an odd number of times. Let dfct®C(77) denote the number
of type-BC defects of 7t. Observe that a single vertex can be the location of more than
one defect. For example, consider the star network and BC-path family

Fgo o FgqoFugoFga = (4.4)

Nl R =N
Nl = =N
~

We have dfctBC(n) = 4: defects of 7 are (r1y,711,2), (77, 712,3), (7M1, M2, 4), (715, 712, 4).
Refining the sets (4.2) by counting defects of path families in them, let us define

TES(F) = {m € TI5C(F) | dfct®C () = d}. (4.5)
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5 Main results

When one compares concatenations F’ of k — 1 simple star networks and F of k simple
star networks, one sees bijections between certain sets of path families in F and F'.

Proposition 5.1. Fix a sequence (Sig, p,],---,S[a,p,]) Of reversals in By, define the generator
subset | = ], 1), and choose an element w € W/ . Consider two type-BC star networks

/ /
F'=Fa 5 ° Fa_y by and F=FoF

ag,by]*

Then for each element v € Wy and each d > 0, we have a bijection

eS,(F) = (J 1B, ., (F). (5.1)

MGW]

Proof. First we demonstrate the bijection (5.1) in the case that v = e. Observe that each
path family 7 in [18¢(F) can be decomposed uniquely as the concatenation of its trun-
cation 7t to F" with its truncation 77" to F,, 5,): 77 = 7' o 7. These truncations satisfy
type(r')type(n”) = w and type(nn”) € W;. Thus we have 7/ € TIBS(F) for some
u € Wj. Let us write the first truncation map 7 — 7’ as trunc : TI(F) — IT(F’). Let ¢ be
the restriction of trunc to TIE¢(F). We claim that the map

Y TIRC(F) — | TInG(F') (5.2)
ueW]

is bijective. To see this, keep w € W/ fixed, and choose a path family T belonging to
UMGWIHEJE(P’) and define y = y(t) = w'type(t) € W;. The set HE—Cl(F[ak,bk}) contains a
unique element, call it o 1. It is easy to see that the map

x: | J IaG(F') — IIES(F)
uew; (5.3)

T+ TO U'y(T)—l

inverts 1. Now we claim that for 7t € T18¢(F), the paths 7, 7’ = () satisfy
dfct®C (') = dfct®C () — £(u).

To see this, observe that Lemma 2.2 implies the paths of w = 71/ 00,1 terminating at
certain sinks to have increasing indices: sinks [by, by] if ax = by, and sinks [by, @] and
lag, by] if 0 < ap < by. Therefore by Lemma 2.1, the paths of 7/ terminating at the
corresponding sinks of F/ include ¢(u~1) = ¢(u) path pairs (7, n]’) with |i| < j and
with 7T]/- terminating at a sink with smaller index than that of 7r]. Each such pair has
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crossed an odd number of times in F’ and crosses again, defectively, in F, ;. Thus
dfctBC (') = dfet®C(71) — £(u) and the bijection (5.2) restricts for all d to

1-1
hu(F) &— U Hzg,dfﬂ(u)(lsl)'
MEW]

We complete the proof of the bijections (5.1) by demonstrating bijections between all
pairs of sets T1E¢ (F) and HE;;, 4(F) with v,y € Wj. In particular, for fixed v,y € Wy,

wo,d
define the map ¢, : IT55 (F) — IG5 (F) by writing 77 = trunc(rr) o 0,1 for some z € Wy
and by mapping
7T > trunc(7) 0 0,151y, (5.4)

To see that ¢, is well defined, observe that since the type of trunc(7) is wvz, the type of
Poy (1) is wozz 1o~y = wy. To see that ¢, is invertible, note that ¢y, (¢, (7)) equals

¢py,o(trunc(7r) 0 0-1,1,) = trunc(r) o o, = trunc(m) oo, = 7.

to-ly)y 1o

Finally, we claim that ¢, restricts to a bijection from va 4(F) to HS); 4(F) for all d. To
see this, observe that as z varies over Wy, the set of paths of trunc(7t) o 0,1 which meet

at the central vertex of F, ;) is constant. N

This leads to our main result: combinatorial formulas for coefficients appearing in
the natural expansions of certain products of Kazhdan-Lusztig basis elements.

Theorem 5.2. Fix a sequence (Siq, b,/ - - -, S[a b)) Of reversals in B, and define the type-BC star
network F = Fig 10+ 0 Fg p1- Then we have

- ~ d
CS[gl,bl] (q) T CS[ak by Z Z |H |q T (5-5)
yEB, d>0
Proof. (Idea) For any reversal s, ;) and corresponding generator set | = ]|, ;;, we have by

Proposition 3.3 that the coefficient of T, in (ﬁfsw] (g) is 1 for u € Wy and is 0 otherwise.
On the other hand, the star network F, ;| satisfies

1 ifue Wyandd =0,
|HBC(Pab)|:{ J
0 otherwise.

Thus the identity (5.5) holds for a single Kazhdan-Lusztig basis element indexed by a
reversal. Now assume that the identity holds for products of 1,...,k — 1 such elements

and consider a product of k of them. Writing F' = Figp1 0+ ©Fg , p 4], We have

C. d
Coe 1 (@ =Y Y IT5G(F)|g'To. (5.6)

veEB, d>0

Cs[al,bl] (q) e
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Defining | = J, s, and applying Proposition 3.4 to (5.5) — (5.6) we have that the left-hand
side of (5.5) equals

)3 < Yo Y TS 4 (F) g )T Coppop (@) (5.7)

wew! NueWyd=0

Applying Proposition 5.1 and using (3.7), we may rewrite (5.7) as

E (S Ie)) e, @) = X ():qdmi;w) T T

wew/ 420 wew/ 420 UEW]

= Y Y Y 4 IRG(F)| Tuu (5.8)

ZUGW£ MEW] d>0

= Z Z Zq ’kud |Twu,

wer MGW] d>0
which by (2.2) equals the right-hand side of (5.5). O

To illustrate Theorem 5.2, consider the coefficient of T, in 65[1,3](q)@m](q)ésm(q)és 0 1](q).
Exactly four path families of type e cover the network F = F; 3 0 Fjp3 0 Fjj 9 © Fqq) in
(4.3). These include the defect-free path family 7t in (4.3) and the three path families

3 3 3 3 3 3
2 2 2 2 2 2
1 1 1 1 1 1
— O - LARN _ 7 - N —7
Ty ===, M1 Ty ==~ 1 Ty ===, 01
_ \\ 1’ ,’\ — — ! ,/\ — — I' :’\ =
2-Fea el N2 2-%- o ===2 2= 00 2
3 3 300 3 30 3

with circled defects. The four families contribute 1,4, 9,4, respectively, to the coefficient
of T,. Thus the desired coefficient is 1 + 2g + ¢°.

As a corollary of Theorem 5.2, one may similarly interpret the natural expansion of
products C)(q) - - - C i (q) € HEC(q) when wl), ..., w(") € 9B, avoid the patterns 3412
and 4231. By [15, Theorem 5.21], each of these Kazhdan—Lusztig basis elements factors
as on the left-hand side of (5.5), and by the comment preceding Proposition 3.3, each of
these elements of B, corresponds to Schubert varieties which are simultaneously smooth
in types B and C. It would be interesting to extend the theorem to Hecke algebras of
Coxeter groups of type D.
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