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Abstract. We define a multivariable generalization of the Eulerian polynomials using
linear and descent based statistics of permutations and establish the connection with
the (a,t)-Eulerian polynomials based on cyclic and excedance based statistics of per-
mutations. As applications of this connection, we obtain the exponential generating
function for the multivariable Eulerian polynomials and <-positive formulas of two
variants of Eulerian polynomials. We also show that enumerating the cycle André
permutations with respect to the number of drops, fixed points and cycles gives rise
to the normalised -y-vectors of the («,t)-Eulerian polynomials. Our result generalizes
and unifies several recent results in the literature.
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1 Introduction

The Eulerian polynomials have a long and rich history, some of which is given in [/, 16,

, 14]. For any positive integer n, we denote the symmetric group of [n] := {1,2,...,n}
by &,. For 0 € &,, the integer i € [n — 1] is called a descent (des) if o(i) > o(i +1);
an ascent (asc) if o(i) < o(i + 1); an excedance (exc) if i < o(i). It is well-known that the
Eulerian polynomials A, (x) have the following combinatorial interpretations:

n—
An(x) — Z <Z>xk _ Z xase(o) — Z ydes(0) — Z yexe(o) (1.1)

k=0 ceGy, ce6, oSG
Let M, be the set of permutations ¢ € &, such that the first descent (if any) of o appears
at 01 (n). The binomial-Eulerian polynomials were introduced by Postnikov, Reiner, and
Williams [ 17, Section 10.4] as the h-polynomials of stellohedrons, and can also be defined
as in the following

n

A’n(x) — Z ydes(o) _ 1 + x Z (Z) A (x). (1.2)

UGM-,T+1 m=1
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It is well-known [, 15] that the Eulerian polynomials A, (x) have the following y-positive
expansion

|n/2] _ ‘
Apr(x) = Y i d(14x)"% (1.3)
j=0
[n/2| ‘ '
= Y 2d, ;X (1+x)"7, (1.4)
j=0

where 1, ; is the number of permutations without double descents having j descents in
S;,41 and d,,j is the number of André permutations with j descents in &,,41. It is also
known [17, Section 10.4] that the polynomials A, (x) have the following gamma positive

formula
[n/2]

An(x) = ) Fuj X (14 2)"77, (1.5)
j=0
where 7, ; is the number of ¢ € M, such that ¢ has j descents and no double descents.
The coefficients of the polynomials A,(x) can also be nicely expressed as sums of
products of Eulerian numbers and binomial coefficients. For integers a,b > 0, Chung,
Graham, and Knuth [5] found the following identity with three proofs:

;on(a_ltb) <af1>:k;<a;:b><bf1>/ (1.6)

where <8> = 1. Shareshian and Wachs [15] noticed that the above identity corresponds

exactly to the palindromicity of the coefficients of A, (x). Recently, Ji and Lin [13, Theo-
rem 4.1] found an a-analogue of (1.6).

For o € &, an index i € [n] is a drop (drop) of ¢ if i > o (i); a fixed point (fix) of ¢
if i = o(i). We shall also consider a permutation ¢ € &, as a word ¢ = 07...0, with
0; := (i) for i € [n]. Say that a letter o; is a left-to-right maximum (Irmax) of ¢ if 0; > 0;
for every j < i; a right-to-left maximum (rlmax) of o if ; > o; for every j > i.

In the middle of 1970’s Carlitz—Scoville considered several multivariate Eulerian poly-
nomials, among which are the so-called («, §)-Eulerian polynomials [3]

An(x,y | a, ﬁ) — Z xasc(tf)ydes(tf)almax(o)—lﬁrmax(a)—ll (1.7a)

[ SICHa]

and the following ones [*], that we refer to («, t)-Eulerian polynomials,

A (x,y, b a) i= Y () drop() ffix(@) yeye(e), (1.7b)
ce6y,
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where cyc(c) denotes the number of cycles of . As y" A, (x/y,1,t/y|a) is equal to
A,Ciyc(x, y,t|a), polynomial A;yc(x, y,t|a) is the homogeneous version of quyc(x, 1,t|a),
which is studied in [, Chapter 4].

Foro = 07...0, € 6, with the boundary condition 0 — 0, i.e., 09 = 0441 = 0, a letter
0; € [n] is called a valley (val) of ¢ if 0;_1 > 0; < 0;41; peak (pk) of o if 0;_1 < 07 > 0j11;
double ascent (da) of ¢ if 0;_1 < 0; < 0j11; double descent (dd) of ¢ if 0;_1 > 0; > 0j11.

It is clear that the following identities hold

val = pk—1, asc=val+da, des=val+dd. (1.8)

Recently, refining the («, B)-Eulerian polynomials A, (x,y | «,B),Ji[| 2] considered a vari-
ation of Eulerian polynomials incorporating six statistics over permutations in &,,1:

A (11,12, 113,14 | , :3) - Z (uluz)val(a)uga(o)u;ld((f)lxlmax(a)—l‘Brmax(a)—l. (1.9)
0€6,1+1

In a follow-up Ji-Lin [13] considered a binomial analogue of Carlitz-Scoville’s polyno-
mial (1.7a) when a = B.

This paper originally arose from the desire to provide an alternative approach to Ji’s
generating function [17, Theorem 1.4] via previous known results in the literature, which
led us to the following connection formula: let xy = ujuy and x +y = u3 + uy, then

An(ull Up, U3, Uy | o, ;B) = Azyc <x1y/ %51’[4 | X+ :B) : (110)

By combining a refined version of (1.10) and known group actions, among our main
results, we generalize Ji and Ji-Lin’s polynomials and results in [12, 15].

For a permutation o = 07 ...0, € &,, we say that an index i € [n] is a cycle peak (cpk)
of o if c=1(i) < i > ¢(i); cycle valley (cval) of o if c~1(i) > i < o(i); cycle double ascent
(cda) of o if o7 1(i) < i < o(i); cycle double descent (cdd) of o if ¢~ 1(i) > i > o(i). Note
that cpk(c) = cval(c). The following is our first main result.

Theorem 1.1. If xy = ujup and x +y = uz + w4, then

AT eyt @) = Y (uqug) PR0) 5300, £0000) fix(0) yeye(o), (1.11)
ce6,

Leto =03 ...04 € &, with the boundary condition 0 — 0. A letter 0; € [n] is a
o left-to-right-maximum-peak (Imaxpk) if o; is a left-to-right maximum and also a peak;
o right-to-left-maximum-peak (rmaxpk) if o; is a right-to-left maximum and also a peak;

o left-to-right-maximum-double-ascent (Imaxda) if o; is a left-to-right maximum and
also a double ascent;
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o right-to-left-maximum-double-descent (rmaxdd) if o; is a right-to-left maximum and
also a double descent.

Let u = (u1, up, u3, uy) and define the generalized Eulerian polynomial

Ay (u, f, gt ’ o, ﬁ) = Z (uluz)val(a) uga(a)ujd(U)flmaxpk(U)flgrmaxpk(a)—l
0€6,41
« tlmaxda((r)+rmaxdd(a)almax((7)—1‘Brmax((7)—1. (1'12)

The following is our second main result, which generalizes (1.10).

Theorem 1.2. If xy = ujup and x +y = uz + uy, then

y auz + Puy
af+pg

In the next section, we present some consequences of the main theorems, and outline
the proofs of Theorem 1.1 and 1.2 in Section 3.

An(u, f,g,ta, B) = AYS (x t|ocf—|—,8g). (1.13)

2 Applications of the main theorems

2.1 Exponential generating functions

The exponential generating function of polynomials A;“(x,y,t|a) is well-known [5, 4,
] and reads as follows

L APt = (500 eR

z __ Xz
150 xey ye

Combining Theorem 1.2 with (2.1), we derive immediately the exponential generating
function of A, (u, f,g,t|a, B) in (1.12), namely

Theorem 2.1. Let xy = uqup and x +y = uz + ug. We have

af+pg
) . (2.2)

z" xu Uy )tz X —
ZAn(u/f,g,ﬂlX,‘B)m:e( 3+Bug)t ( Y

z __ XZ
n>0 xe¥* — ye

From the above theorem we derive plainly the generating functions for Ji’s gener-
alized Eulerian polynomials A,(u,1,1,1|«,p) and Ji-Lin’s binomial-Stirling Eulerian
polynomials A,(u,0,1,1|a,p) [13, Theorem 1.5].

Furthermore, combining Theorem 1.2 and the continued fraction expansion of the or-
dinary generating function of A;/“(x,y,t|«) in [21, Théoréme 3] we obtain the following
continued fraction formula for the ordinary generating function of A, (u, f, g, t|«, B).
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Theorem 2.2. We have

Z An(u, f, g, t|a, B)z" = 5 ’ (2.3a)
n=0 )\12
1-— boZ —
1 b /\222
T ET 1-— sz —
where

br = k(uz + us) + (auz + Pua)t, (2.3b)
Aer1 = (k+af + Bg)(k+ 1)uquy (k> 0). (2.3¢)

In particular, the polynomials A, (u, f, g, t | &, B) encompass the moment sequences of
the orthogonal Sheffer polynomials [2”].

2.2 (a,t)-Eulerian and binomial-Eulerian polynomials
Define the («,t)-Eulerian polynornials An(x,y,t|a) by

(x y,t | (X Z xasc des )tlmaxda(0)+rmaxdd(¢7)almax(0)+rmax((7)—2’ (2.4a)

(76671-&-1

which is equal to A,(x,y,x,y,1,1,t |, a). By Theorem 1.2 we have

Ap (x,y,t|a) = AF" ( XY, +y | 2«x) (2.4b)
Combining (2.4b) and Theorem 1.2 with f = ¢ = 1, « = B, we obtain the following
t-analogue of Ji-Lin’s Theorem 1.6 [13].
Theorem 2.3. If xy = ujup and x +y = uz + uy, then

Z (ul uz)val(a) uda(a) ujd(U) tlmaxda(a) +rmaxdd(c) lxlmax(a) +rmax(c)—2 )

An(x,y,t|a) = 3

€611
We define the («, t)—binomial—Eulerian polynomials A, (x,y,t|«) by

gn (x, y,t | 06) _ 2 xasc des )tlmaxda(U)Jrrmaxdd(a) lemax(a)Jrrmax(U)fZ’ (2.5a)
TEM ;111

which is equal to A,(x,y,x,1,0,1,t| &, «) because a permutation ¢ € S, is an element
of M,, if and only if Imaxpk(c) = 1. By Theorem 1.2 we have

An(x,y,t la) = A (x, Y, (x+y)t|a). (2.5b)

Combining (2.5b) and Theorem 1.2 with f = 0, ¢ =1, and a« = 3, we obtain the following
t-analogue of Ji-Lin’s Theorem 1.5 [13].
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Theorem 2.4. If xy = ujup and x +y = uz + uy, then

An (x,y,t|a) = J\Z/l: (uluz)val(o)uga(ﬂ) uid(ﬂ) plmaxda(c)+rmaxdd(c) , Imax(c)+rmax(c) 2
ceMpi1

2.3 A symmetric («, t)-Eulerian identity

Define two kinds of («, t)-Eulerian numbers as follows:

<Tl>exc :: Z 2CYe(o) 4fix(e) (1<k<n), (2.6a)
k ot €Sy
exc(o)=n—k
and 11\ asc
< > — Z armax((r)trmaxdd(a) (1 <k< Tl). (2.6b)
k ot cEGy

asc(o)=n—k
It is easy to see that A (x,y,t(x +y) | a) is symmetric in x and y because the involution
®: 0 o1 for ¢ € &, satisfies (exc,drop, fix) o = (drop, exc, fix) c~!. We have the

following symmetric (a, f)-Eulerian identity.

Theorem 2.5. For integers a,b > 0, we have

(edr= G = (b @72)
()0, Sger (1)), e

k>0 k>0

o (1),, = (5),, = ‘

Remark 1. When o« =t = 1 and t = 1, identity (2.7) reduces to (1.6) and [13, Theorem 4.1],
respectively.

and

24 -positivity of («,t)-Eulerian polynomials

The following lemma can be derived from Theorem 1.1 and 1.2 with suitable substitu-
tions [20, Lemma 2.2].

Lemma 2.1. For any variable f, we have

An(x,y,0,x+y, f,1,t|a,a)
_ Z (xy)asc(a) (x + y)nfz asc(a)flmaxpk(a)—1trmaxdd(a)almax(o)+rmax(a)—2 (2.8a)

U€6n+1
da(c)=0
— Z (xy)exc((f) (x + y)n—z exc(o) tﬁx(cf) DCCYC(U) (f + 1)cyc((r)—ﬁx(0) ) (2.8b)

re6y,
cda(o)=0
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We define three types of subsets of &,:

(‘52‘}6";; :={0 € &,:cda(c) =0 and exc(c) =j}; (2.9a)
Stz i= {0 € &, : da(0) = 0 and asc(0) = j}; (2.9b)
/\/lg;jcozj = {0 € M, :da(c) =0 and asc(c) = j}. (2.90)

From Lemma 2.1, we derive the following combinatorial interpretations of the coeffi-
cients in the y-expansion of A, (x,y,t|«a) and A,(x,y,t]|«).

Theorem 2.6. For 0 < j < |n/2], we have

|n/2] ' ‘
An(x,yt|a) = Y vile t)(xy) (x +y)", (2.10)
j=0
where
Y ]_((X, t) _ Z almax(0)+rmax(a) —Ztrmaxdd(a) (2.11a)
Uee(nii:lgsczj
_ Z neye(o)—fix(v) ,eye(e) tﬁx(a); (2.11b)
0-6651?:;2]'

Remark 2. When t = 1, Carlitz and Scoville [3] studied the above <y-coefficients but did not
give any combinatorial interpretation. By complement operation o — ¢°, Equation (2.11a) with
t = 1 can be obtained in Ji-Lin’s [15, Theorem 1.6]. When « = t = 1, Equation (2.11a) is
equivalent to (1.3).

Theorem 2.7. For n > 1, we have

5]

NI=

Au(x,y,tla) = Y Fuj(a, ) (xy) (x +y)" 7, (2.12)
=0
where
A ]'(0(, i’) _ Z armax((r) -1 trmaxdd(a) _ Z acye (0) tfix(a) ) (2.13)
geMgizlgsc:j 066;%‘3;2]-

When t = 1, by complement operation ¢ — ¢¢, the first combinatorial interpretations
in (2.13) appeared in [!3, Theorem 2.1]. When a = t = 1, Equation (2.13) is equivalent
to (1.5). More combinatorial interpretations of the -y-coefficients in (2.10) and (2.12) are
given in [20, Theorem 2.5 and 2.6].

From Theorem 2.1, we can derive the exponential generating function for these two
y-coefficients, respectively.
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Theorem 2.8. Let u = /1 — 4x. We have

[n/2] ue%(t—l)z 20

1+7§1 ]Z Ynj(@, t)x n. - (u cosh(uz/2) —Sinh(uz/z)) , (2.14)
[n/2] l/le(t_%)z .

1+1§1 ]Z g2 D e (ucosh(uz/Z) —sinh(uz/z)) : (2.15)

2.5 <-vector of («,t)-Eulerian polynomials and cycle André permuta-
tions
For 0 <j < [n/2],let dn,]-(tx, t) = ’yn,j(tx,t)/Zj, then, Equation (2.10) reads
[n/2] .
An(x,y tla) =Y 2d, (e, t)(xy) (x +y)" 7. (2.16)
j=0

From Theorem 2.2, we derive the continued fraction

o] W/ZJ 1
d t) j " = , 2.17
HZO Z nj (a, t)x/Z" pope ( )

= 1-— bOZ -
1 b AzZz
T hET 1—byz—---
where
k+1

by =k+at, A= o Jxt a(k+1)x (k>0). (2.18)

It follows that d,, ;(«, t) are polynomials in IN[a, {]. The aim of this section is to provide
three combinatorial interpretations in terms of André (resp. cycle André) permutations.

Definition 1 ([10]). For a fixed x € [n], let ¢ = o1---0y € Sy. Say that o is an André
permutation of the first kind (resp. second kind) if o has no double descents, i.e., o;_1 >
0; > 041, and each factorisation u A(x) x p(x) v of o has property

¢ Ax) =D ifp(x) =@
e max(A(x)) < max(p(x)) (resp. min(p(x)) < min(A(x))) if A(x) # @

where A(x) and p(x) are the the maximal contiguous subword immediately to the left (resp.
right) of x whose letters are all greater than x.
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Let Al (resp. A2) be the set of André permutations of the first (resp. second) kind in
Gy,. It is known [9] that the cardinality of A} (resp. A2) is the Euler number E,,.

Let 0 = 07...04 € &;. A right-to-left minimum (rmin) of ¢ is an element ¢; such
that o; > 07 if j > i. A letter 0; € [n] is a right-to-left-minimum-da (rminda) of ¢ if it is
a double ascent and 0; is a rmin. Let A := {ay,...,a;} be a set of k positive integers. Let
C = (ay,...,a¢) be a cycle (cyclic permutation) of A with a; = min{ay,...,ax}. Then,
cycle C is called an André cycle if the word a;...a; is an André permutation of the
tirst kind. We say that a permutation is a cycle André permutation if it is a product
of disjoint André cycles. Let C.A, be the set of cycle André permutations of [n]. Note
that Hwang et al. [1 1] used cycle André permutations to characterise the so-called Web
permutations to provide a combinatorial interpretation for entries of the transition matrix
between the Specht and SL,-web bases.

Theorem 2.9. For 0 < j < |n/2], we have
dyja,t) = ) ix(@) yeye(o), (2.19a)

O'EC.An
drop()=j

dn,j(“r t) — Z trminda(o’)txrmin(o')fll (l _ 1,2) (2.19b)

(@)
‘TEAn+1
des(0)=j

We prove (2.19) by computing the exponential generating functions of both sides, and
derive the i = 1 case of (2.19b) from (2.19a) by a bijection from C.A, to Al 41, and the
i = 2 case by constructing another bijection from A, ., to A2, via André trees, see [0,
Section 4.3-4.5].

3 Proof outlines of Theorem 1.1 and 1.2

3.1 Preliminaries

Recall two variants 6; and 6, of Foata’s fundamental transformation FFT. For 0 € G,
the mapping 6; : ¢ — 01(c) (resp. 6 : ¢ — 02(0)) goes as follows: (a) Factorize o as
product of disjoint cycles with the largest letter in the last (resp. first) position of each
cycle; (b) Order the cycles from left to right in decreasing (resp. increasing) order of their
largest letters, then erase the parentheses to obtain 61 (c) (resp. 62(c)). See [19, p. 30].

Fix a letter x € [n] and a permutation ¢ € &, the x-factorization of o is defined as the
concatenation o = wjwy x waws, where wy (resp. wy) is the maximal contiguous subword
immediately to the left (resp. right) of x whose letters are all smaller than x. Define the
involution ¢x(0) : 6, — &, by

£o(0) {w1w4 xwows, if x is a double ascent or a double descent of ¢;
(o) :=

, if x is a valley or a peak of ¢.
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Here, we use the convention ¢(0) = o(n+ 1) = oo. The involution s := [[,c5Cx
(S C [n]) defines a Z} action on &, [1], called the modified Foata and Strehl action or MFS
action, see [Y]. Cooper et al. [0, Propositions 3 and 4] defined the cyclic valley hopping
Px(0) : 6y — S, by

u(0) = 92_1 olyoby(0), if xis not a fixed point of ;
e g, if x is a fixed point of o,

where we treat the 0-th letter of 6,(¢) as 0 and the (n+1)-th letter as co. Define the
involution s := [T,es ¥x(S C [n]).

3.2 Proof of Theorem 1.1

For any permutation ¢ € &, denote the orbit of ¢ under cyclic valley-hopping by
Orb(c) := {s(c)|S C [n]}, which has a unique permutation ¢ without cyclic double
descents. By [0, Propositions 3 and 4], we have

Z (uluz)cpk(n)ugda(”)uzdd(”)tﬁx(n)acyc(ﬂ) _ (Mluz)cpk(ff)(u3 + u4)cda(t‘7)tﬁx((‘7)0‘cyc((7).
€0rb(0)

(3.1a)
By definition, it is clear that for o € &,
exc(o) = cda(o) +cpk(c) and drop(c) = cdd(o) + cval(o). (3.1b)
Setting 11 = u3 = x and uy = uy = y in (3.1a) yields
Z xexc(n)ydrop(n)tﬁx(n)acyc(n) _ (xy)cpk((r) (x _i_y)cda((f)tﬁx((f)“cyc(&). (3.1¢)
€0rb(0)
Thus, if uju; = xy and u3 + u4 = x + y, combining (3.1a) and (3.1c) we have
Z (uluz)cpk(n)ugda(r()uzdd(ﬂ)tfix(n)“cyc(n) _ Z xexc(n)ydrop(n) tﬁx(rr)lxcyc(n).
t€0rb(0) ne0rb(o)
Then summing over all the orbits of &, gives Equation (1.11). O

3.3 Proof of Theorem 1.2

For a finite set of positive integers E, we denote by Gf the set of permutations of E. For
o € G define the weight function

ZU((T,‘ x4, b) _ (uluz)cpk(g)ugda(a)uzdd(o)afix(a) bCyC(O’)—fiX((T) acyc(o), (3.2a)
wi(o;e,a,b,t) =w(o;a,a,b) pimaxda(o) (3.2b)

wy(T;0,a,b,t) =w(o;a,a,b) prmaxdd(T) (3.20)
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Let S be the set of permutations in &, of which each cycle has a color in {Red, Blue}.

An element of &X is called a cycle decorated permutation (CDP). Hence, a CDP 7t € X
is in bijection with a pair of permutations (¢,7) € &4 x &p such that (A, B) is an
ordered set partition of [n] and 77 = 07, namely, the permutation ¢ consists of all red
cycles and 7 the blue ones. By Theorem 1.1, under the assumption that xy = uju; and
x +y = u3z + uy, the left-hand side of equality (1.13) can be written as

Ay <x,y, tHaus + Bug) (af + Bg) L af + ﬁg)
= Z (ulu2)cpk(n)ugda(n)uzdd(ﬂ)(t(m/%+ﬁu4))ﬁx(rc)(“f+’Bg)cyc(rr)ffix(n)

eSS,

= Y, wioaus, f,t) wa(T; B ug g, ). (3.3)

((T,T)EGH*
We define a mapping p : SX — S,+1 as follows:
(0,7) > T :=0(0)x01(7t) withx=n+1, (3.4)

where 6] and 0; are the FFT, see Section 3.1. Clearly this is a bijection. It follows (1.13)
from combining p and (3.3).
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