Séminaire Lotharingien de Combinatoire 93B (2025) Proceedings of the 37" Conference on Formal Power
Article #48, 12 pp. Series and Algebraic Combinatorics (Sapporo)

Equivariant y-nonnegativity of order polytopes of
graded posets

Akihiro Higashitani*!

YGraduate School of Information Science and Technology, Osaka University, Japan

Abstract. The equivariant Ehrhart theory of lattice polytopes has been introduced
by Stapledon, developed by many researchers, and the study of the equivariant /*-
polynomials is getting one of the trends in the theory of lattice polytopes. On the other
hand, the h*-polynomials of order polytopes of sign-graded posets are known to be
y-nonnegative by Brandén. In this manuscript, we prove that order polytopes of sign-
graded posets are always equivariant y-nonnegative. Namely, the y-polynomials of the
equivariant i*-polynomials of order polytopes of graded posets have its coefficients
with actual characters.
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1 Introduction

1.1 Introduction to equivariant Ehrhart theory

First, let us briefly recall the classical Ehrhart theory before explaining the equivariant
version. See [1] for the introduction to Ehrhart theory. Let P C RY be a lattice (resp.
rational) polytope, i.e., a convex polytope all of whose vertices belong to Z¢ (resp. Q“),
of dimension d. Consider the Ehrhart series of P, which is the generating function 1 +
Y1 |mP N Z% ", where mP = {ma : « € P}. Then it is known that if P is a lattice
polytope, then this Ehrhart series becomes of the form:

hs +hit+ -+ hit
(1 _ t)d+1

1+ Y [mPnzi|t" =

m>1

In this case, we call the polynomial hj + hjt +--- + h;td of degree at most d appearing
in the numerator the h*-polynomial of P, denoted by h*(P;t).

In [10], the equivariant Ehrhart series is introduced. Next, we recall what the equiv-
ariant Ehrhart theory is. See, e.g., [1] and [11] for more recent developments on the
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equivariant Ehrhart theory. Let G be a finite group linearly acting on Z“. Then the ac-
tion of G can be extended to the lattice Z?*! = Z9 @ Z by fixing the second summand.
Let p : G — GL4(C) be the G-representation defined by this action. Let P C R¥ be
a lattice polytope of dimension d and assume that P is G-invariant. Then the dilated
polytope mP is also G-invariant for any m € Z-q. In particular, G acts on mP N Z" as a
permutation. Let x,,p € R(G) be the character of this permutation representation, where
R(G) denotes the representation ring of G and we identify each representation with its
character.

Definition 1.1. With the notation above, the equivariant Ehrhart series of a G-invariant
lattice polytope P is given by

EE(P,0;t) i= 1+ Y. xupt™ € R(G)[[t]).

m>1
Then we write EE(P, p; t) as follows:

h*(P,p; t)

BE(PPit) = T det(1d —pp)’

where h*(P,p;t) is a power series in R(G)[[t]] and Id is the identity matrix. Note
that ((1 —t)det(Id —pt)) ! is an element in R(G)[[t]] (cf. [10, Lemma 3.1]), and so is
h*(P, p;t) which is not necessarily a polynomial. We call h*(P,p; t) the equivariant h*-
series (or equivariant h*-polynomial if it is a polynomial) of P with respect to p.

By evaluating EE(P, p;t) with ¢ € G, we obtain the Ehrhart series of P8 := {x € P :
¢ -x = x} by definition. In particular, we recover the Ehrhart series of P by evaluating
EE(P, p; t) with the unit e of G.

Note that each coefficient of the equivariant h*-series is a virtual character of G. We
say that h*(P,p;t) is effective if each coefficient is an actual character, i.e., each coeffi-
cient has a unique expression ) _a,x by irreducible characters y and nonnegative integer
coefficients a, € Z>y.

The following conjecture is one of the main topics in the equivariant Ehrhart theory:

Conjecture 1.2 ([10, Conjecture 12.1]). With the above setting, if h*(P, p;t) is a polyno-
mial, then h* (P, p; t) is effective.

This conjecture is known as the effectiveness conjecture. Note that the effectiveness of
h*(P, p; t) always implies its polynomiality. This conjecture has been verified in several
cases. See, e.g., [2], [°] and [ 1]. In the non-equivariant setting, the nonnegativity of the
h*-polynomial is well known ([, Theorem 3.12]). The effectiveness of the equivariant
h*-polynomial corresponds to the nonnegativity in the equivariant setting.
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1.2 Equivariant y-nonnegativity
Let f(t) = Y3_,a;t' be a polynomial of degree s with a; € Z>.

e We say that f(t) is real-rooted if all of the roots of f(t) are real numbers.

e We say that f(t) is unimodal if there is 0 < k <swithay < --- <ag > --- > a,.

e We say that f(t) is palidromic if a; = as_; fori =0,...,s.

e Assume that f (¢
that f(t) = E}i{fJ it (t +1)572. We call y(t) = ElLi/()zJ v;t the y-polynomial of f(t).
We say that f(t) is y-nonnegative (sometimes, y-positive) if all ;’s are nonnegative.

) is palindromic. Then there exist coefficients o, 71, . - ., Y|s/2) such

For a palindromic polynomial, the following implications hold:
f(t) is real-rooted = f(t) is y-nonnegative = f(t) is unimodal.

The real-rootedness and y-nonnegativity of the i*-polynomials of lattice polytopes are
one of the main topics in Ehrhart theory and many results are known. Some of them are
collected in [0] as a survey paper.

Now, it is quite natural to think of the equivariant version of y-nonnegativity. For a
given palindromic polynomial f(t) = Y3_, xit' € R(G)[t] of degree s whose coefficients
are virtual characters of a finite group G, we say that f(t) is equivariant «y-nonnegative
(or y-effective) if the y-polynomial of f(t) is effective. Namely, we call f(t) equivariant
y-nonnegative if it can be written as

/2]

f#)y =) %t 1+t € R(G)[H

i=0
and each 7; € R(G) is an actual character. Then the following question naturally arises:

Question 1.3. Let G be a finite group and let P be a G-invariant lattice polytope. As-
sume that h*(P;t) is palindromic and y-nonnegative. Then, is h*(P,p;t) equivariant
y-nonnegative?

1.3 Order polytopes of labeled posets

Order polytopes were introduced in [7] by Stanley. Let us recall what order polytopes of
labeled posets are. Let (P, w) be a labeled poset, i.e., P = {p1,..., ps} is a poset equipped
with a partial order < and a bijection w : P — {1,...,d}. We define the “half-open”
order polytope of (P, w) as follows:

O(P,w) ={(x1,...,x4) € [O,l]d cx; > x;if pp 2 pj,
x; > x;if p; < pjand w(p;) > w(p))}-
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Note that O(P, w) is a usual polytope if w is order-preserving (a.k.a. a natural labeling),
ie, w(p) < w(p') whenever p < p’. We naturally define the Ehrhart series of the
half-open polytope O(P, w) by setting

h*(O(P,w); t)
O(P,w)NZ4t" =
Here, we regard [nO(P,w) N Zd\ = 1 for n = 0 if w is a natural labeling, while

nO(P,w) N Z% = 0, otherwise. The h*-polynomial h*(O(P,w);t) of (P,w) is also
known as the W-polynomial of (P, w).

We say that a poset P is graded if each maximal chain in P has the same length. Then
we can associate the rank function p : P — Z>( by letting p(p) be the maximal length
of the chain starting from a minimal element to p. The rank of a graded poset is the
maximum of the lengths among all maximal chains.

Let (P,w) be a labeled poset and let E(P) = {(p,p’) € P x P : p’ covers p}, where
we say that p’ covers p if p < p’ and there is no p” with p < p” < p’. Then we can also
associate the labeling w to E(P) defined by

w(p, ) = { 11 ifw(p) < w(p)

-1 ifw(p) > w(p).
A labeled poset (P, w) is called sign-graded (or a poset P is w-graded) if for every maximal
chain p1 < p2 < -+ < psy1in P, thesum Y _; w(p;, pi+1) is constant. The common value
of this sum is called the rank of a sign-graded poset (P, w), denoted by r(w). Note that
a poset P is graded if and only if P is w-graded for some natural labeling w.

We say that a poset P is w-consistent if for each p € P, A, := {q € P : q = p} is
wp-graded, where wy, is the restriction of w to E(Ap). Notice that if P is w-graded, then
P is w-consistent. The rank function p : P — Z of an w-consistent poset P is defined by
p(p) = r(wp). This agrees with the (usual) rank function on P as above if P is graded,
i.e., w-graded for some natural labeling w.

It is known that h*(O(P,w);t) is palindromic if and only if (P,w) is sign-graded.
Moreover, the following is proved by Brandén:

Theorem 1.4 ([2, Theorem 4.2]). For a sign-graded poset (P, w), the h*-polynomial of
O(P,w) is y-nonnegative.
1.4 Main Result

An automorphism of a labeled poset (P,w) is a bijection ¢ on P satisfying that p =<

P o(p) 2 ¢(p) and w(p) > w(p) <= w(g(p)) > w(g(p')). Let Aut(P,w)
denote the automorphism group of (P,w). Then Aut(P,w) naturally acts on O(P,w)
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as a linear action by permuting the corresponding coordinates. Hence, we can discuss
the equivariant h*-series of O(P,w). In view of Question 1.3 and Theorem 1.4, we are
tempted to discuss the equivariant y-nonnegativity of order polytopes of sign-graded
posets. The main result of this manuscript is the following;:

Theorem 1.5 (Main Result). Let (P,w) be a sign-graded poset admitting an action by
a finite group G. Then the equivariant /h*-polynomial of O(P,w) is equivariant -
nonnegative.

2 The y-polynomials of the equivariant /*-polynomials of
order polytopes

The purpose of this section is to explain how to prove Theorem 1.5. To this end, we first
recall an idea of the proof of Theorem 1.4, and we perform our proof by an example.

2.1 Fundamental facts on labeled posets

For the explanation of the proof of Theorem 1.4, we have to recall some notions and
lemmas on labeled posets from [”].

Lemma 2.1 ([2, Corollary 2.4]). Let P be sign-graded with respect to different labelings
w and «'. Then h*(O(P,w'); t) = tU(@) =@ 2px(O(P, w); t).

Remark 1. We say that w is canonical if (P,w) has a rank function p with p(P) C {0,1},
and p(p) < p(p') implies w(p) < w(p’). It is known by [?, Theorem 2.5] that P ad-
mits a canonical labeling if P is w-graded for some labeling w. Therefore, for a sign-
graded poset (P,w), we may assume that w is canonical for the computation of the
h*-polynomial of O(P, w) thanks to Lemma 2.1.

Let (P,w) and (P’,w’) be labeled posets equipped with partial orders <p and <p,
respectively. The ordinal sum P & P’ is the poset P LI P! equipped with the partial order
defined by x < yif x <pyin P or x <p y in P’ or x € P,y € P'. We define two kinds of
labelings w @41 w' of E(P @& P’) as follows:

w(x,y) if (x,y) € E(P),
(@) (xy) = {w'(x,y) if (x,y) € E(P'), and
1 ifxeP,yecP,
w(x,y) if (x,y) € E(P),
(o1 )(x,y) = ' (x,y) if (v,y) € E(P),
-1 ifxePyeP.
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By abuse the notation, we write P @11 P’ when the labeling is given by w &1 .
Regarding the h*-polynomials in the case of the ordinal sums, we have the following;:

Lemma 2.2 ([2, Proposition 3.3]). Let (P,w) and (P’,w’) be labeled posets. Then

H(O(P &P, wa w');t) = h*(O(P,w); Hh* (O(P,'); t) and
H(OP®P,wo_1w');t) = t-h*(OP,w); i (O(P',w'); ).

Let (P,w) be a sign graded poset. We say that (P,w) is saturated if p and p’ are
comparable for all p, p’ € P whenever p(p) and p(p’) differ by 1. For two posets P and
P with P = P as sets, we say that P extends P if p < p’ in P whenever p < p’ in P. We
call P a saturation of P if a saturated poset P has the same rank function as (P,w) and P
extends P.

Lemma 2.3 (cf. [2, Theorem 3.2]). Let (P, w) be a sign-graded poset. Then we have
W (O(P,w);t) = Y h*(O(P,w);t), (2.1)
P

where the union runs over all saturations of (P, w).

2.2 An idea of the proof of Theorem 1.4

Let (P, w) be a sign-graded poset and assume that w is canonical (see Remark 1).
The proof of Theorem 1.4 roughly consists of the following three steps.
The first step: By Lemma 2.3, it suffices to prove the y-nonnegativity of 1*(O(P,w);t)
for each saturation P of P.
The second step: For each saturation (P, w), we know by [2, Proposition 3.4] that

(P,w) = Ay @1 A1 D _1 Ay D1+ Diq Ag

holds, where each A; is an anti-chain. Hence, we can directly compute *(O(P,w);t)
from h*(O(A;, w);t) by applying Lemma 2.2 and the y-nonnegativity follows from that
of each h*(O(A;, w);1).

The third step: The h*-polynomial of the order polytope of an anti-chain corresponds to
the h*-polynomial of the unit cube [0, 1]%. It is known that the h*-polynomial of [0, 1] is
y-nonnegative in general. See Subsection 2.3 for more details.

2.3 Equivariant Ehrhart series of cubes

For the extension of the proof of Theorem 1.4 to Theorem 1.5, the crucial part is the
third step of Subsection 2.2. (We can see that the discussions of the first and second
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steps straightforwardly work also in the equivariant setting, but we omit the detail due
to space limitations.) So, we discuss how to see the equivariant y-nonnegativity of [0, 1]¢
under the G-action. Although the group action in Theorem 1.5 is not necessarily the
GS4-action, this action will play the essential role in our setting.

Let P = [0,1]% be the d-dimensional unit cube and consider the equivariant Ehrhart
series of P with respect to the action of G;. Then it is known that the equivariant /*-
polynomial is equivariant y-nonnegative. See, e.g., [©]. In fact, we know that

T . .
H(Poit) = Y xat/(1+1) 12 (2.2)

by using actual characters x4 ; of &;. In [7], an explicit way how to describe each of x4
is given. For example, we see the following:

X30=1 Xx31= X0 Xao =1, xa1 = X+ 2x

(2.3)
xs0=1 251 =200+, psa = x
where “1” is the trivial character and x" stands for the irreducible character of the Specht
module S* corresponding to a partition A (a Young diagram) of d (i.e., a certain conju-
gacy class of G;). See [/, Theorem 1.1] for more details.
For the calculations later, we collect the character tables of &3 and G4:

E G 1 XE XHH XBE Xﬁj
S3 ‘1 X x e 1 1 2 3 3
e r 1 2 (12) 1 -1 0 1 -1
(12) |1 -1 0 (123) |1 1 -1 0 0
(123) |1 1 -1 (1234) |1 -1 0 -1 1

12)34) |1 1 2 -1 -1

2.4 Example: how to prove Theorem 1.5

Let us describe how to see the equivariant y-nonnegativity of h*(O(P,w),p;t) with an
example. Throughout this subsection, we consider the labeled poset P = {py,...,ps} as
in Figure 1 whose canonical and natural labeling w is given by w(p;) = i for each i.

Let G = Dy = (0,7 : 0* = T2 = ¢,070 = T) be the dihedral group of order 8. Then G
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P1 P2 p3 Pa

Figure 1: An example of a poset

acts on P as follows:

pi fori =1,3;

piv1 fori=1,2,3,56,7; P4 fori =2;
c-pi =1 Pp1 fori = 4; and T-p;=<{p fori = 4;
ps fori =8§; pi+1 fori=5,7;

(pi-1 fori=6,8.
N N

gr=4d)

P1 p2 ps P4

Figure 2: The action by o Figure 3: The action by T

Note that this preserves the naturality of the labeling w. Hence, G is isomorphic to a
subgroup of Aut(P, w).
We describe the character table of Dy:

D, 1 x1 x2 Xx3 x4
e 1 1 1 1 2
{o,0%} 1 1 -1 -1 0
02 1 1 1 1 =2
{t,70?} |1 -1 1 -1 0
{tr,7c®} |1 -1 -1 1 0

We also describe all saturations of P as follows:

P
1 PZ »
ey )
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Here, “—1” indicates the labeling of E(P) and the labeling “1” is omitted. Note that each
of Hasse diagrams gives a G-orbit. For example, regarding P,, “x8” means that there
are 8 copies of the same poset with different labelings, which form a G-orbit. (The others
are similar.) In fact, the labelings of the poset P, are the following:

Below, we compute the -polynomial of the equivariant #*-polynomial for each orbit.
For later use, let &, 4 = Gy X -+ X B,

P;| Note that this class forms a single G-orbit. We see that this saturation is of the form
Ay @1 Ay, where |A1| = |Az| = 4. As described in (2.2), we know that the equivariant
h*-polynomial of [0, 1]” with respect to the &,-action is equivariant y-nonnegative. Since
Aq &1 A naturally admits the G4 4-action and h*(O(A; $1 Az, w); ) is just the product
of h*(O(A1,w);t) and h*(O(Ay,w);t), we obtain the y-polynomial of the equivariant
h*-polynomial of O(A; &1 Ay, w) as follows:

R(64,4)[t] =) (1 + Xl,Alt)(l +X1,A2t) = ]_ + vil)t _|_ ,Yél)tzl

where x1 4, and X1,4, are certain characters of &, arising from its action to the cubes

O(A1,w) and O(Ay, w), respectively. (We know x14, = X1.4, = X0+ 2x5 by (2.3).)

Note that 'yil) is a direct sum of two characters of &4 and 7&1) corresponds to the tensor

(1) (1)

product, so both of ;" and 7y, ’ correspond to certain characters of &44. Here, in this
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case, we see that G is a subgroup of &44. Hence, we can regard each of the characters
7%1) and ’ygl) as a character of G by restriction.
Therefore, we conclude that each coefficient of the y-polynomial of h*(O(Py), p; t) is
(1), (1)

an actual character of G. The explicit descriptions of y;"’, v, * € R(G) are as follows:

N =243 +36+4w N =949+ 70+ 76 + 161

We briefly explain how to get them. For ’y%l) (’yél)

of G can be interpreted as that of &4 4 by

is similar), since each conjugacy class

e € G<+— (ee) € Gyy;
0,00 € G+ ((1234),(1234)) € Gy

0% € G+ ((12)(34),(12)(34)) € Gy4;
7,707 € G +— ((12),(12)(34)) € Gyy;
10,70° € G +— ((12)(34),(12)) € Gy,
we see that (1,4, + X1,4,)(g) is equal to
(16 ifg=e,
—4 ifg=o0,07,
(G + 24, + G+ 205, () =0 ifg=c?,
2 if ¢ = 7,702,
2 ifg =100

D,| There are 8 copies of the same poset D, which is of the form Ay ©1 Ay ®_1 A3 Bq Ay,

where |A;| = |A4] = 3 and |A;| = |A3| = 1. Let P, be this G-orbit. Regarding the
~y-polynomial of the equivariant /#*-polynomial of O(P,,w) with respect to the &3 1 3-
action, we have

2 2
R(631,13)[t] >t (1 +x1,4,8) (1 + x1,4,t) = t(1 + 7§ b+ ’Yé '),
where x1,4, and X1 4, are certain characters of &3 arising from its action to O(A1,w)
and O(A4, w), respectively. Actually, we know X1 4, = X1,4, = X by (2.3).

Unlike P;, we notice that G is not a subgroup of &3713. Let H = GNG3713. In
this case, we have H = {e}. By considering the induced character from H to G of the

restrictions of the characters 'ygz) , ’yéz) € R(631,13) to H, we obtain the description of the
y-polynomial of the sum of the equivariant /*-polynomials of this G-orbit. Therefore,
the equivariant y-nonnegativity follows. More precisely, we see the following:

(the ~7-polynomial of Y h*(O(P,w),p; t)) = Xpermt(1 + 4t +41%),
ﬁGﬁz
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where Xperm = 1+ X1+ X2 + X3 + 2x4- In fact, the restriction of 'ygz), 7&2) to H is just the
trivial character up to scalar, so the character Xperm of the regular representation of G
appears as the induced character.
D;| There are 4 copies of the poset P; which is of the form A; @1 Ay ®_1 Az D1 Ay,
where |A;| = |A3| =2, |Ay| =1 and |A4| = 3. Let P; be this G-orbit.

The y-polynomial of the equivariant #*-polynomial of O(Ps,w) with respect to the
S2,10,3-action is £ - (1 + Xl,A4t) € R(6211,213) [t], where X1,A, = XHZ‘ € R(63).

Here, we notice that G is not a subgroup of &,173, while the intersection H =
G N &y 123 becomes non-trivial. In this case, we have H = {¢, 7o’} or {e,70°}. Thus, we
can regard the orbit P; as a coset representative of H, so we think of the permutation
action on P; by G. By considering the induced character from H to G of the restrictions
of the character x1 4, € R(S2,123) to H, we obtain the following explicit description of
the y-polynomial:

the y-polynomial of Z h*((’)(ﬁ,w),p; t) | =t(1+ x3+ X4 + Xpermt).
136733

Note that 1 4 x3 + x4 corresponds to the character of the permutation representation of
the action of G on G/ H.

| P4| Similarly to the case of P3, we obtain that

the y-polynomial of Z h*(O(ﬁ,w),p; t) | = t(1+ x2+ x4 + Xpermt),
ﬁ€ﬁ4
where 1+ X2 + x4 corresponds to the character of the permutation representation of the
action of G on G/H with H = GN&3,,1, = {e, T} or {e, T0?}.
E There are 8 copies of the same poset D5 which is of the form Ay &1 Ay ®_1 Az Py
Ay @_1 As D1 Ag, where |A1| = |Ag| =2, and |Az| = |As| = |A4| = |As| = 1. Let Ps be

/////

just t2, we get

the -polynomial of ) _ W (O(P,w),p;t) | = Xpermtz-
136755
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By summarizing those computations, we conclude that

Y(OP,w),p;t) =14+ (24+3x2+3x3+4xa)t + (9+9x1 +7x2+ 7x3 + 16)(4)152

+ t(Xperm + 4Xpermt + 4Xpermt2)
+#(1 4 X3 + Xa + Xpermt) + H(1 + X2 + X4 + Xperm?) + Xpermt”
=1+ (54 x1+5x2+5x3 + 8xa)t
+ (16 + 16)71 + 14x2 + 14x3 + 30xa)t* + 4(1+ x1 + x2 + X3 + 2x4) .
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