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Abstract. We give an explicit characterization of the standard monomials for positroid
varieties with respect to the Hodge degeneration and give a Grobner basis. Fur-
thermore, we show that promotion and evacuation biject standard monomials of a
positroid variety with those of its cyclic shifts and wy-reflection, respectively. The con-
nection to promotion allows us to identify standard monomials of a positroid variety
with Lam’s cyclic Demazure crystal. Using a recurrence on the Hilbert series, we give
an inductive formula for the characters of cyclic Demazure modules, solving a problem
posted by Lam.

Keywords: positroid varieties, promotion, evacuation, Grobner basis, standard mono-
mial theory.

1 Introduction

Classical work of Hodge [*] described a particular set of bases for the homogeneous co-
ordinate rings of the Grassmannian Gr(k, n) and its Schubert varieties under the Pliicker
embedding. Building on Hodge’s ideas, Seshadri initiated the study of standard mono-
mial theory (SMT), with the aim of giving standard monomial bases for the space of
global sections of line bundles over a (generalized) flag variety G/P. The foundation of
SMT was built in the works of Lakshmibai, Musili, and Seshadri, [17, 10, &, 9]. The tools
developed in SMT yield a wide range of applications, such as derivations of geomet-
ric properties (Cohen-Macaulayness, normality, singularities, cohomological vanishings,
etc.) of Schubert varieties and character formulas for Demazure modules.

The main goal of our paper is to extend the work of Hodge to positroid varieties in
Gr(k,n), based on works of Knutson-Lam-Speyer. Positroid varieties are the closed
strata of the positroid stratification, the common refinement of the cyclically permuted
Bruhat decompositions. These are also exactly the projections of Richardson varieties
from the complete flag variety to Gr(k, n), and are the only compatibly split subvarieties
with respect to the standard Frobenius splitting on the Grassmannian [6].

*
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Using the standard monomial theory of Richardson varieties [/, ], Knutson-Lam-—
Speyer [0] described the Stanley-Reisner complexes of positroid varieties under the
Hodge degeneration, a special kind of Grobner degeneration. However, they did not give
an explicit description (i.e., without referring to the chains in the Bruhat order of G/ B)
of the standard monomials. In this extended abstract, we present an explicit description
of standard monomials for positroid varieties, analogous to Hodge’s original descrip-
tion based on semistandard Young tableaux (Theorem A). This approach yields several
applications in algebra, combinatorics, and representation theory. More specifically:

¢ an explicit Grobner basis for positroid varieties with respect to the Hodge degen-
eration, analogous to the classical “straightening relations” (Theorem B).

* a connection between the promotion (resp. evacuation) on rectangular semistandard
Young tableaux and rotations (resp. reflections) of positroid varieties (Theorem C).

* a formula for characters of cyclic Demazure modules, resolving a problem posted by
Lam [!1] (Theorem D).

2 Background

2.1 Grassmannians and Pliicker embeddings

For k < n € Z~( and an algebraically closed field k of characteristic 0, the Grassmannian
Gr(k,n) is
Gr(k,n) = {W C k" : dim(W) = k}.
For W € Gr(k,n) and {wy,...,wi} a chosen basis of W. The Pliicker embedding is the
map ¢ : Gr(k,n) — P(A*(k")) sending W to [wy A - - - A wy].
Set R(k,n) := k[[a] : a € ([Z])] to be the homogeneous coordinate ring of the projec-

tive space IP(AX(k™)). We extend the notation of [a] to all sequences a = (ay,...,a;) €
[n]¥, where we use the convention that for any permutation o € &,

[aa(l), ﬂg(z), e ,aa(k)] = Sigl’l(O’) : [al,. cey ﬂk]. (21)

In particular, this implies that [a] = 0 if a; = a; for some i # j € [n].
The defining ideal J of Gr(k, ) as a projective subvariety of IP(A¥(k™)) is generated
by the following straightening relations:

Definition 1 ([20]). Let s € [k],a € (s[f}l),ﬁ € (k[_’ﬂl) and vy € (k[f]s) where elements in , B,y

are in increasing order. The straightening relation attached to w, B,y is

Z (_1)sign(1) [0(1,. . .,0(571,‘31'1,...,‘3%7”1] : [‘Bil,. . .,ﬁis,’)’l,. . .,’)/k,S]

1e (k1)
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where I = {iy < -+ <isy C [k+1], {#} < - <i_g 4} = [k+1]\ I, and sign(I) :=
s s+1
j=11j - (7))
We will often® represent a monomial m = 1% ,[a)] as a k x d tableau, where column
i is strictly increasing with entries in a’) for all i.

Example 2. An example of a straightening relation in Gr(4, 8) arises from the product [1,2,6,7] -
3,4,5,8]. Here « = {1,2}, p = {3,4,5,6,7}, and v = {8}. The monomials are obtained by
permuting the elements in B (colored in red).

_|_
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N[O N =

NI RIS
| G| x| W

Definition 3. A tableau is called semistandard if it is strictly increasing along columns and
weakly increasing along rows.

The homogeneous coordinate ring of Gr(k,n) is k[Gr(k,n)] = R(k,n)/J. It is the
direct sum of its graded pieces:

(]

k[Gr(k,n)] = @ k[Gr(k,n)]4,
d=0

where each k[Gr(k, n)], is a finite dimensional k-vector space spanned by the monomials
(TTL,[a®] = a® ¢ ([Z]) for all i}. The following classical theorem is originally due to
Hodge [4] (c.f. [3, Lemma 7.2.3]).

Theorem 4. The monomials Hle [a))] that correspond to semistandard tableaux form a basis of
k[GI‘(k, Tl)]d.

Let P = (([Z]), <) be the poset where
[c1,...,ck) < [dy,...,d¢] if and only if ¢; < d; foralli=1,...,k.

Let <., be a degree revlex monomial order on the polynomial ring R(k,n) :=k[[a] : a €
([Z])] where the Pliicker variables are ordered by some linear extension of P.

Definition 5. For a subvariety X C Gr(k,n), let Jx be its defining ideal under the Pliicker em-
bedding. A monomial m = [T%_,[a\!)] is called a standard monomial for X if m ¢ Ine,(Jx).

1Sometimes we need to work with tableaux with permuted entries. In these cases, it is important to
keep in mind that we may sort the columns as long as we keep track of signs.
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For each d € N, the degree d standard monomials {m : deg(m) = d,m ¢ In,(Jx)}
form a basis of k[X];. This basis is also known as the standard monomial basis. The
monomials in Theorem 4 are standard monomials by the following:

Theorem 6 ([20]). The straightening relations in Definition 1 form a Grobner basis of J under
the term order <.,. The initial ideal is

In, (J) = ([a][b] : a, b not comparable in P).

2.2 Positroid varieties

We first recall a few sets of combinatorial objects that index positroid varieties.
Define the set of bounded affine permutations to be

Bound(k,n):={f:Z — Z|f(i+n) = f(i)+n,i < f(i) <i+nforallic Z}. (2.2)

We will sometimes write f € Bound(k,n) as f = [f(1) f(2)--- f(n)]. The partial order
on Bound(k, n) is inherited from the Bruhat order on affine permutations.

Given V € Gr(k,n), let V denote a choice of k x 1 matrix such that rowspan(V) =V.
We write V = [01,- -, v4] where v; is the ith column. We extend the sequence v - - - v,
by setting v; = v;,, for alli € [n], and denote by \7[1~/]-] the matrix with column vectors
vj, - -+ ,vj. Consider the affine permutation fy; : Z — Z given by

fy(i) =min{j >i:v; € span(vj1,---,0j)}. (2.3)

It is known that fy € Bound(k, n) and that all of Bound(k, 1) can arise this way. More-
over, f; only depends on the V' := rowspan(V'), so we may define fy for V € Gr(k, n).
The open positroid variety associated to a bounded affine permutation f is H} =

{V € Gr(k,n) : fy = f} and the positroid variety is its Zariski closure 1y = H_; In fact,
positroid varieties stratify the Grassmannian: 11y = | |z~ ¢ H;,.
Let x : Gr(k,n) — Gr(k, n) be the cyclic rotation such that for V € Gr(k, n),

V=1v, - ,on, x(V):i=log01, - ,05-1], x(V):= rowspan(x(V)). (2.4)
We abuse the notation and define the corresponding cyclic shift on Bound(k, n) as
X)) = fli—1)+1.
Lemma 7. For f € Bound(k,n), x(Ilf) = IL, ).

An equivalent way to define positroid varieties is through cyclic rank matrices as
defined in [5, Corollary 3.12]. For any f € Bound(k,n), write f as the oo X co matrix
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with 1’s at positions (i, f(i)) and 0’s everywhere else. Let r(f) be the infinite periodic
matrix defined foralli € Z,i <j<i+n,

r(f)ij = |[i,j]| — #{number of 1s in f’s matrix weakly southwest of (i,j)}.

Let V € Gr(k,n) so that fy = f, then r(f);; = rank(v;, - - - ,v;). Furthermore,

IT; = {U € Gr(k,n) : rank(U; ;) = r(f)i; foralli € Z,j € [i,i + n}
and Iy is obtained by replacing “=" with “<”.

For any « € [0,n — 1] and m < n, define the cyclic interval

{ita+1<i<a+m} ifad+m<n

a+1,a+ml° = , , . ) )
{ita+1<i<norl<i<(a+m)modn} ifa+m>n

We call the first kind of cyclic interval an interval and the second kind a wrapped-
around interval. In the wrapped-around case, we sometimes write [x +1,a +m — n|° :=
[ +1,a + ml°.

For any S C [n] and any r € IN, define

Ils<, = {V € Gr(k,n) : rank(Vs) < r},
where rank(Vs) is the rank of the submatrix of V with column index S.

Lemma/Definition 8. If S is a cyclic interval, we say Ils<, is a basic positroid variety. This
is indeed an instance of a positroid variety.

For f € Bound(k, 1), the essential set of f is:
ess(f) = (i) i € Z,j e [iitnl, f(i—1) > j, £ G+1) < i) <jf() = ).

The following statement, which follows from [0, Theorem 5.1] is crucial for our main
results.

Proposition 9. Every positroid variety is the scheme-theoretic intersection of basic positroid
varieties:
Or= (1 Mjesryy
(i,j)€ess(f)

For the purpose of this paper, We only need the existence of essential sets in the
context of Proposition 9 rather than its precise description.

Example 10. Set k = 3, n = 6. Let f be the bounded affine permutation
---15,2,4,7,9,12] - - -
where f(l) = 5. Then Hf = H[z]go N H[2/4]§1 N H[LS]SZ'
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Let wy : Gr(k,n) — Gr(k,n) be the reflection map such that for

V=1[v,...,0n], wo(V)=][vg,...,01].

It is straightforward to see that wo(I1}; j<,) = I1j41_ju11-i<, hence

wO(Hf) = ﬂ H[n+1fj,n+1—i]0§r(f)i,j-
(ij)€ess(f)

Lemma/Definition 11. The image wo(I1s) is again a positroid variety. Define f* to be the
bounded affine permutation such that I1¢. = wo(I1y).

3 Standard monomials for positroid varieties

Let B(k,n,d) denote the set of rectangular semistandard tableaux of shape k x d with
entries < n. We write m € B(k,n,d) both for the monomial and its tableau. For a
positroid variety I1 fr let J = T y and

Bf(k,n,d) := {m € B(k,n,d) : m & In(J¢)}.

be the set of degree-d standard monomials for I1;.
The main theorem of this section is an explicit combinatorial description of B (k, n,d).

Theorem A. A monomial m = []%_,[a!)] € Bg(k,n,d) if and only if m € B(k,n,d) and

1. when 1y = Ils<, for some interval S, m does not contain a generalized antidiagonal
for S < r (Definition 12);

2. when Ty = Tls<, for some wrapped-around interval S, m" does not contain a generalized
antidiagonal for S¥ < rV (Construction 14);

3. when Iy = (;Is,<;,, m € (; By,(k, n,d) where Iy, is the basic positroid variety Ils <.

We note that for (3), any positroid variety can be written as a finite intersection of
basic poistroid varieties I1s. <, (see Proposition 9).

Let m = []%_;[a)] be a standard monomial of Gr(k, n) where the Pliicker variables
al) < a® <. < a@ are sorted using the partial order in the Pliicker poset.

Definition 12. Fix an interval S = [a + 1,a + m] in [n] and some r < m. A generalized
antidiagonal of m € B(k,n,d) for the rank condition S < r is a vertical strip in the tableau m
of size r + 1 with entries in S that are strictly increasing from NE to SW.
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Example 13. We illustrate the definition above with a small example. Let n = 5, k = 3,
and consider the interval positroid variety Il 4<5. The following m € B(k,n,d) contains a
generalized antidiagonal for the rank condition [2,4] < 2:

1]2 1]2 1]2 1]1]2
3|, [2]3], [3[3], [3]4], [2][3]4].
4|5 4|5 4|5 4|5|5
In each monomial, the entries in the generalized antidiagonal are highlighted. By part 1 of
Theorem A, these are not standard monomials for I 4<5.

To study the standard monomials for a basic positroid variety IIs<, where S is a
wrapped-around interval, we need the following contruction.

Construction 14. Let S = [a + 1, & + m]° be a cyclic interval and r < m. Define the following:
e SVi=la+m+1,a]°
e VW i=n—k—m+r
e For any monomial m = [1%_,[a®)] € R(k,n), define m" to be [T [a)V] € R(n —k,n),
where a)V := [n] \ a9 for all i € [d].
e For any polynomial ¢ € R(k,n), define g € R(n — k,n) to be the polynomial obtained
from g by applying V to each monomial summand.

Proposition 15. A monomial m € Iny,(Js<,)) if and only if m" € Ing(Jsv<,v)).

Example 16. Fix Gr(4,6) and let S = [2,5] and r = 3. Then SY = [6]\ S = [6,1]° and
rV' =6—4—4+3=1. Given a monomial m € Iny,(Js<,) C R(4,6) (with the generalized
antidiagonal highlighted), we obtain m" € Iny,(Jsv<,v) C R(2,6) by taking complements of
each of the Pliicker coordinates dividing m. For instance,

—_
—_
N

complement | |
Lomplement |1

’

complement | 4
ya \

7

NS

= N
W
w
S
Q1| W

(o)
Q1| W

Qi W N =
QN [N
N 1| QW —
QN QI x| N

Using the Proposition below, we prove part (3) of Theorem A.

Proposition 17. Let m := [[%,[a®] € B(k,n,d), where aV) < ... < al®). Then there exists
a unique minimal positroid variety I1¢ such that m € By(k,n,d). In other words, if Tlp is a
positroid variety such that m € B f/(k, n,d), then Iy C g,

Proof sketch for part (3) of Theorem A: Notice first that if IT F Cllp then J. 2 Jp
and thus Bf(n,k,d) - Bf/(n,k,d). This proves Bf(k, n,d) C ﬂiBﬁ(n,k,d). For m €
N; B fi(”' k,d), by Proposition 17, there is a unique minimal IT; € N, I1 7, = Iy such that
m € Bg(n,k,d). Therefore m € Bs(n,k,d).
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4 Grobner bases for positroid varieties

Using straightening relations and our characterizations for standard monomials, we ob-
tain an explicit Grobner basis for positroid varieties.

Theorem B. Let J be the defining ideal for the positroid variety Ilr. Jr has a Grobner basis
with respect to <, (see bottom of p.4) consisting of straightening relations (Definition 1), and

(1) when Iy = Ils<, for some interval S, } yes, ., (=1)! @) - m where m minimally con-
tains a generalized antidiagonal for S < r and &, acts on m by permuting entries in the
generalized antidiagonal;

(2) when Iy = Ils<, for some wrapped-around interval S, Zweervﬂ(—l)aw)(w -m")V

where m" minimally contains a generalized antidiagonal for SV < rV;
(3) when 11y = (;11s,<,, the union of the Grobner basis for each 11s,<;,.

Example 18. Let n = 5, k = 3, S = [2,4], r = 2, and consider the basic positroid variety

Xpp4j<2- The generators of the Gribner basis of Jpa<, which are not Pliicker relations for

Gr(3,5) consist of the following:

1[2] [1]2 1[2] [1]3 1[2] [1]3
3, 23] - [2]%4], [3[3]-[2]4], [3|4]|- [2[4],
75| [3]5 75| [3]5 1[5 [4]5

1[1]2] [1[1][2] [I[1]3

2134] — [2[4]4] - [2[2]4].

#|5|5| [3]5|5] [4]5]5

We see above that there is a single degree 3 generator of gb(J|p4)<2). Therefore, we also know
that we have a degree 3 generator of gb(Js1)0<1):

112|3 11214
3(4|5 3(3]5

N —
=[G
Q1| W

5 Promotion on standard monomials

Our next application concerns promotion and evacuation introduced by Schiitzenberger
[15, 16]. Evacuation appears in the theory of canonical bases where the bijection by
Berenstein-Zelevinsky [!] between canonical bases and semistandard tableaux sends
Lusztig’s involution to evacuation. Stembridge [15, 19] observed the g = —1 phenomenon,
meaning that the number of fixed points under an involution is the value of a polyno-
mial f(q) at g = —1. Motivated by the work of Stembridge, Reiner—Stanton—-White [17]
introduced the cyclic sieving phenomenon for the enumeration of fixed points under cyclic
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group actions. Rhoades [13] showed that promotion on B(k, n,d) exhibits the cyclic siev-
ing phenomenon, where the number of fixed tableaux after applying promotion a times
is the value of a polynomial at the roots of unity ;. More recently, these operations are
of interest in the study of dynamical algebraic combinatorics (see e.g., the survey [14]

and the references therein).
We relate promotion and evacuation to the cyclic and reflection symmetry of positroid

varieties, respectively.
Definition 19. Let promotion be the map prom : B(k,n,d) — B(k,n,d) defined as follows:
- If m € B(k,n,d) does not contain n, then increase each entry of m by 1.

- If m contains n, replace each n with e and perform the jeu de taquin (jdt) slide:

Z: if b < cora,bdo not exist,
alc .
ble

fz if b > cora,cdo not exist

until no longer possible. Replace each e with 0 and increase all entries by 1.
Definition 20. Let evacuation be the map evac : B(k,n,d) — B(k,n,d) defined by:

1. replace every entry x withn +1 — x,

2. rotate the tableau by 180°.

Our main theorem of this section is the following.
Theorem C. Promotion (resp. evacuation) bijects the set of standard monomials of a positroid
variety I1¢ and those of its cyclic shift x (I¢) (resp. its reflection I1¢ = wy - IT¢).

Since prom and evac are both bijections from B(k,n,d) to B(k,n,d), Theorem C is

equivalent to showing prom (resp. evac) bijects In(Jy) with In(J,5)) (resp. In(Jf+)).
Here we give an example to see how promotion (resp. evacuation) maps monomials in
In(Jf) to In(Jy(5)) (resp. In(J+)).
Example 21. Consider the basic positroid variety 11y = Ilp g1 C Gr(3,7), then x(Ilf) =
Iz 5< and wo - 11y = Ty 6)<p. For m = [1,3,4] - [2,5,7] € In(Jf), we have prom(m) =
[1,2,3] - [3,4,5] € In(Jy(s)) and evac(m) = [1,3,6] - [4,5,7] € In(Jy+). We demonstrate the
process below:

1|2 1|2 1|12 12 o2 02 1|3
prom:|3|5|—|3|5|—|3|e|—|e|3|—|1|3|—[1|3|—|2|4
417 4 e 415 4|5 415 415 5|6

1|2 716 1|4

evac:|3|5|—|5|3|— (3|5

4|7 411 6|7
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6 Hilbert series and cyclic Demazure characters

Motivated by the cyclic symmetry of the Grassmannian and its positroid varieties, Lam
introduced cyclic Demazure modules V(dwy) as the cyclic intersections of Demazure
modules. They are isomorphic to the space of sections H°(TT £/ L4, ) as T-modules.

Let wy be the k-th fundamental weight, £, the associated line bundle on Gr(k, n)
and L, = ﬁ%f. Let ress : H(Gr(k, n), L4q,) — H°(I1f, L4y, ) be the restriction map.

Proposition 22. The map resy is surjective and HO(Ilg, Ly, ) = k(1] as T-modules.

We establish a recurrence on the multigraded Hilbert series of positroid varieties with
the grading induced by the standard T-action on the Grassmannian. This allows us to
give an inductive formula for the T-character of cyclic Demazure modules, answering a
question of Lam [11, Problem 24].

Theorem D. For f € Bound(k,n), if d = 0, then ch(V(dwy)) = 1. Otherwise,

ch(V(dwy)) = PP ch(Ve((d — 1)wy) + Yy (=) =AY (day).
freLo(f)NBound(k,n)

Here top(f) € ([Z]) corresponds to the smallest Pliicker coordinate that does not van-

ish on Iy, ttor(f) .= [Tictop(f) ti» and Lo(f) is derived from Lenart’s K-theoretic Monk’s
rule for Grothendieck polynomials defined below.

Definition 23. Let T(f) denote the set of saturated chains in the Bruhat order of affine permu-
tations:

[ < flaypy < ftaybitarhy <o < flaybitarhy = tay b
where a; < 0,b; € [1,n], and the pairs (a;, b;) satisfies either (b; > b; 1) or (b; = bj1 and a; <
ai11). Let Lo(f) be the set of permutations that are endpoints of chains in To(f).
Proposition 24 ([5, Corollary 7.3]). Let C(f) := {f’ € Bound(k,n) : f < f = ft,p,a <
0 < b}. Then the following formula holds scheme-theoretically:

{op(N] =0}y = |J Tp. 61)
freC(f)

Consider the Z"-grading on the polynomial ring R(k, 1) such that for any a € ([Z}),
the degree of the Pliicker variable [a] is (d1,--- ,d,) where d; = 0ifi  aand d; = 1 if
i€ a. Forme Bf(k, n,d), define content(m) := (cy, - - -, ¢,) where ¢; counts the number

of appearance of i in m. Set totent(m) .= [T ¢4/,

Key Observation: By definition, the Hilbert series

[ee]

Hilb(R/ Jf;t) = Z Z geontent(m)
d=0 me By (k,n,d)
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and the degree d part of H(R/Jf;t) is the character of V¢(dwy). Since [top(f)] is not a
zero divisor of R/ Jy, the Hilbert series of the LHS of (6.1) is

Hilb(R/(jf + ([top(f)]));t) = (1 — tt(’p(f)) Hilb(R/jf;t). (6.2)
For the RHS, we have

Proposition 25.

Hilb(R/( () JHit) = Y (-1 Hilb(R/ T} 1),
f'eC(f) fleLo(f)NBound (k,n)

The proof of the above proposition relies on proving an isomorphism of posets of
varieties, generated by taking the closure of the “intersect and decompose” operation on
the varieties appearing in the Monk’s rule for positroid and matrix Schubert varieties.

Theorem D then follows from taking the degree d piece of the Hilbert series on both
sides of (6.1) by combining (6.2) and Proposition 25.

Acknowledgements

We thank Allen Knutson, Thomas Lam, and David Speyer for inspiring conversations
and helpful comments. DH would like to thank ICERM for hosting the Combinatorial
Algebraic Geometry Reunion Event, where many productive conversations happened.

References

[1] A. Berenstein and A. Zelevinsky. “Canonical bases for the quantum group of type A, and
piecewise-linear combinatorics”. Duke Math. J. 82.3 (1996), pp. 473-502.

[2] M. Brion and V. Lakshmibai. “A geometric approach to standard monomial theory”. Rep-
resent. Theory 7 (2003), pp. 651-680.

[3] W. Bruns and J. Herzog. Cohen-Macaulay rings. Vol. 39. Cambridge Studies in Advanced
Mathematics. Cambridge University Press, Cambridge, 1993, xii+403 pp.

[4] W.V.D. Hodge. “Some enumerative results in the theory of forms”. Proc. Cambridge Philos.
Soc. 39 (1943), pp. 22-30.

[6] A.Knutson, T. Lam, and D. E. Speyer. “Positroid varieties: juggling and geometry”. Com-
pos. Math. 149.10 (2013), pp. 1710-1752.

[6] A.Knutson, T. Lam, and D. E. Speyer. “Projections of Richardson varieties”. |. Reine Angew.
Math. 687 (2014), pp. 133-157.

[7] V Lakshmibai and P. Littelmann. “Richardson varieties and equivariant K-theory”. J.
Algebra 260.1 (2003), pp. 230-260.


https://dx.doi.org/10.1215/S0012-7094-96-08221-6
https://dx.doi.org/10.1090/S1088-4165-03-00211-5
https://dx.doi.org/10.1017/CBO9780511608681
https://dx.doi.org/10.1017/s0305004100017631
https://dx.doi.org/10.1112/S0010437X13007240
https://dx.doi.org/10.1515/crelle-2012-0045
https://dx.doi.org/10.1016/S0021-8693(02)00634-8

12

8]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

Ayah Almousa, Shiliang Gao, and Daoji Huang

V. Lakshmibai, C. Musili, and C. S. Seshadri. “Geometry of G/P. III. Standard monomial
theory for a quasi-minuscule P”. Proc. Indian Acad. Sci. Sect. A Math. Sci. 88.3 (1979), pp. 93—
177.

V. Lakshmibai, C. Musili, and C. S. Seshadri. “Geometry of G/P. IV. Standard monomial
theory for classical types”. Proc. Indian Acad. Sci. Sect. A Math. Sci. 88.4 (1979), pp. 279-362.

V. Lakshmibai and C. S. Seshadri. “Geometry of G/P. II. The work of de Concini and
Procesi and the basic conjectures”. Proc. Indian Acad. Sci. Sect. A 87.2 (1978), pp. 1-54.

T. Lam. “Cyclic Demazure modules and positroid varieties”. Electron. . Combin. 26.2 (2019),
Paper No. 2.28, 20 pp.

V. Reiner, D. Stanton, and D. White. “The cyclic sieving phenomenon”. |. Combin. Theory
Ser. A 108.1 (2004), pp. 17-50.

B. Rhoades. “Cyclic sieving, promotion, and representation theory”. J. Combin. Theory Ser.
A 117.1 (2010), pp. 38-76.

T. Roby. “Dynamical algebraic combinatorics and the homomesy phenomenon”. Recent
trends in combinatorics. Vol. 159. IMA Vol. Math. Appl. Springer, [Cham], 2016, pp. 619-652.

M. P. Schiitzenberger. “Quelques remarques sur une construction de Schensted”. Math.
Scand. 12 (1963), pp. 117-128.

M. P. Schiitzenberger. “Promotion des morphismes d’ensembles ordonnés”. Discrete Math.
2 (1972), pp. 73-94.

C. S. Seshadri. “Geometry of G/P. I. Theory of standard monomials for minuscule rep-
resentations”. C. P. Ramanujam—a tribute. Vol. 8. Tata Inst. Fundam. Res. Stud. Math.
Springer, Berlin-New York, 1978, pp. 207-239.

J. R. Stembridge. “On minuscule representations, plane partitions and involutions in com-
plex Lie groups”. Duke Math. ]. 73.2 (1994), pp. 469—-490.

J. R. Stembridge. “Canonical bases and self-evacuating tableaux”. Duke Math. ]. 82.3 (1996),
pp- 585-606.

B. Sturmfels and N. White. “Grobner bases and invariant theory”. Adv. Math. 76.2 (1989),
pp- 245-259.


https://dx.doi.org/10.37236/8383
https://dx.doi.org/10.1016/j.jcta.2004.04.009
https://dx.doi.org/10.1016/j.jcta.2009.03.017
https://dx.doi.org/10.1007/978-3-319-24298-9\_25
https://dx.doi.org/10.7146/math.scand.a-10676
https://dx.doi.org/10.1016/0012-365X(72)90062-3
https://dx.doi.org/10.1215/S0012-7094-94-07320-1
https://dx.doi.org/10.1215/S0012-7094-96-08224-1
https://dx.doi.org/10.1016/0001-8708(89)90053-4

	Introduction
	Background
	Grassmannians and Plücker embeddings
	Positroid varieties

	Standard monomials for positroid varieties
	Gröbner bases for positroid varieties
	Promotion on standard monomials
	Hilbert series and cyclic Demazure characters

