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A degeneration of the brick variety and a mixed
subdivision of the associahedron into cubes
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Abstract. We study a degeneration of Escobar’s brick variety in cases where it is toric.
We show that the components of the central fibre of the degeneration are reduced toric
products of Richardson varieties. We write the moment polytope of the variety, which
has the same normal fan as the brick polytope of Pilaud and Santos, as a Minkowski
sum of Bruhat interval polytopes and show that the polyhedral subdivision induced by
the degeneration is a mixed subdivision. As corollaries, we obtain a characterization
of toric Richardsons, and a subdivision of the associahedron into combinatorial cubes.
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1 Introduction

Toric geometry provides a bridge between algebraic geometry and discrete geometry.
Every projectively embedded toric variety has a moment polytope, and every lattice
polytope satisfying certain conditions comes from a toric variety. Characteristics of the
moment polytope can be read off from its toric variety (e.g., the dimension of the moment
polytope is the dimension of the effective torus action on the variety.)

Our focus is on brick varieties and brick polytopes. Let Q be a word in the simple
generators of S;, and let w € S,,. The brick polytope was defined by Pilaud and Santos
in [10] as a polytopal realization of certain subword complexes A(Q,w); the subword
complex was originally defined by Knutson and Miller [6]. The brick variety Brick?, with
respect to Q, was defined by Escobar in [%4]. There, Escobar showed that, under certain
conditions on Q, the brick variety Brick® is a toric variety, and, moreover, that it is
the toric variety of the brick polytope. We introduce a slight variation on the brick
polytope called the bulky brick polytope which is the moment polytope of the brick variety
with respect to a different choice of projective embedding from [4]. Our first result is
that the bulky brick polytope has a Minkowski sum decomposition into Bruhat interval
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Figure 1: Left: Subdivision of the 2D associahedron into combinatorial cubes. Center:
Projection of subdivision of the 3D associahedron into combinatorial cubes. Right:
Projections of the skeletons of the 3D associahedron and 3D bulky associahedron.

polytopes (Theorem 4.6). Using this, we prove a new characterization of toric Richardson
varieties (Theorem 4.7).

In [13], Sturmfels proved that Grobner degenerations of toric varieties correspond to
regular subdivisions of their moment polytopes. Applying this principle, we describe
a degeneration of Brick? in Section 5 and study the corresponding subdivision of the
brick polytope. We show that the central fibre of this degeneration is a union of reduced
products of toric Richardsons, and that the degeneration induces a mixed subdivision of
the corresponding brick polytope. In a special case, we apply results of [7] to produce
a subdivision of the associahedron into pieces combinatorially equivalent to cubes. See
Figure 1 for illustrations of the subdivisions of the 2D and 3D associahedra.

2 The brick polytope

We recall the brick polytope of [10] and [11], closely following the exposition in [4], and
we define the bulky brick polytope, laying the foundations for this paper.

Consider the symmetric group S, on n letters. The simple transposition s; € S, swaps
i and i + 1 and fixes all other j. Any element w € S, can be expressed w = s;, - - -s;,,
where the s;. are simple transpositions in S,,. The length ¢(w) of an element w € S,, is the
minimal k over all expressions w = s;, - - -s; of w as a product of simple transpositions
Si; in S;,. Any expression w = s; ---s; with k = /(w) is called reduced. A word
Q= (Srh/ s, Sqm) in S, is a sequence of simple transpositions s;, € S,, and a subword of
Q is a subsequence of Q. We can associate to any word Q = (5q1r~ ..,5g,) @ permutation
Sq - *Sqy- 1f v € Sy, then a word for v is any word Q = (sq,...,5q,) in S, with
U =S4, * - 8y,,- The Bruhat order < on S, is the partial order on S, in which u < v if and
only if, for any word Q of u, there is a subword of Q that is a word for u. The longest
permutation wp in S, sends i to n +1 — i for all 7.
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Definition 2.1 ([, 14]). The Bruhat interval polytope P, , is the convex hull of the points
(w(1),w(2),...,w(n))overallu <w < v.

Definition 2.2 ([2]). The twisted Bruhat interval polytope P, is the convex hull of the
points (n+1—w (1), n+1—-w1(2),...,n+1—w Y (n)) overall u <w < v.

Remark 2.3. Observe that Py, = Pyo-1 wou-1- A (twisted) Bruhat interval polytope Py ( Pyy)
is toric if dim P, = £(v) — £(u) (dim Py, = £(v) — £(u)). When P, is toric, so are P, -1 ,1
and P, ,, and vice versa [9].

Fix a word Q = (sg,,--.,84,) in Sy. We can view a subword ] of Q as a sequence
(Sj/--+,8;,) obtained from Q by replacing some entries by 1. Denote by Q\ ] the se-
quence of length |Q| whose k-th entry equals 1 if jz # 1 and equals s; otherwise.
Denote by ;) the product of the leftmost k entries in ], and (o) =

Definition 2.4 ([0]). The subword complex A(Q,w), with respect to a word Q and w € S,,
is the simplicial complex on vertex set Q whose facets (faces) are the subwords | of Q such that
the product (Q\ ])(|q)) is a reduced expression (contains a reduced expression) for w.

Definition 2.5 ([0]). The Demazure product Dem(Q) of a word Q in S, is defined inductively:
e Dem(empty word) = 1.

. Dem((0. o) — § Dem(Q) s, if{(Dem(Q)-s;) > ¢(Dem(Q)),
Dem((Q,s;)) = {Dem(Q)/ otherwise.

Define [n] := {1,...,n}. Consider the standard basis vectors p; of R”, with 1
appearing in entry i and 0 appearing in all other entries. Define the vectors w; =
p1+---+pifori € [n] and a; = p; — pis1 for i € [n—1]. Given a subword com-
plex A(Q, wp) and a face J of A(Q, wy), the weight function and bulky weight function,
w(],-): {subwords of Q} — R" and w(],-): {subwords of Q} — R", are defined by

w(]/k) = (Q\])(k)(qu) and W(],k) Q\] <2w1> .

The brick vector is B(J) := 2191 w(], k) and the brick polytope of Q is
B(Q) :=conv{B(]) | ] € A(Q,wp) and (Q\ ])(|q|) = Wo}-
The bulky brick vector is B(J) = ZILQ‘O w(J, k), and the bulky brick polytope of Q is

B(Q) = conv{B(]) | ] € A(Q o) and (Q\ ])(jq) = wo}-

Remark 2.6. The brick polytope was originally defined in [10]. The definitions of w(], k), B(]),
and B(Q) come from [11] with a modification made by [1]. We introduce the bulky versions
w(],k),B(]), and B(Q) to match our treatment of the brick variety.

Definition 2.7 ([!1]). Let J be a face of A(Q,wp). The root function is r(],-):
{subwords of Q} — R", with r(],k) := (Q\ J) () (ag,). We say Q is root independent if for
some facet (or all facets) | of A(Q,wy), the multiset {{r(], k) : qx € J}} is linearly independent.



3 A variety of varieties

We recall several geometric objects, including the brick variety of [4].

Fix a basis e = (eq,...,ey) for C". Let G = GL,(C) be the set of n x n invertible
matrices over C. Consider the set of upper (resp. lower) triangular matrices B (resp.
B_) in G, and the set of diagonal matrices T in G. For iy < --- < i, set F; i1 =
Span(e;,, ...,e; ). Let Gr(k,n) be the Grassmannian of k-planes in C", and observe that
there is a natural action of G on Gr(k,n). Coordinate subspaces of the form Fy; 1

are exactly the T-fixed points Gr(k, )" of Gr(k,n). The complete flag variety Fl, is the
variety of complete flags of subspaces in C":

Fln:{Fo:(FlgFZ CFn 1CFn—Cn)’d1m( ) Z}
The standard flag in C" is F5t = <F{1} CFupy C--CFy, n-1y © C”), and the oppo-

site flag in C" is F,¥ = (F{n} CFpun-1) S S Fun1n-2.2 © C”). The group G
acts on Fl,, by the action
§-Fi=(gh) S R)CS--S(g F1)cC"), geG FeFl,.

For w € S, we define the Schubert variety X, = B_wB, /B, and opposite Schubert
variety X” = BiwB, /B, which have the properties that X, C X, iff w > v, and
X% C XY iff w < v. The Richardson variety X7 = X, N X? # @ if and only if u < v. For
o €Sy, define o Fy  »y := Fo1),. o)y and 0 - F' := ((0- F1y) C (0-Fpy) € -+ C
(o F,.n-1y) €C"). The T- f1xed pomts (Fl,)T of Fl,, are {c - F$t | 0 € S, }.

The group G x G acts on Fl, x Fl, by (f,g) - (Fe,Ge) := (f - Fo, g Ge) forall f,g € G,
F.,Ge € Fl,,. Define Gy :={(g,8) | § € G} € G x G. For ¢ € S, the set of pairs of flags
in relative position ¢ is the Ga-orbit of (F5t, o(Fst)) in Fl,, x Fl,;, and we will denote this
set by Dg. The closure D, of Dy in Fl;; X Fl, is Dy = Uy <,D7, (see, e.g., [3, Lemma 2.1].)

Let Q = (s;,,...,5; ) be a word in S;. The brick variety Brick® of [4] is the projective
variety consisting of sequences of flags such that the first flag is F5' and the last flag is
F.P and consecutive pairs of flags lie in Ds,-,I

Brick® = {(FO,FL, ..., F¥) | FO = Fs, £k = FSP, and (FL, FJ™Y) € Dy, j=0,..,k—1}
= (Ds, x FI71) N (Fly x D, x B2 N+ N (B! x Dy, ) 0 (B B! x RF).

By [4, Theorem 20], the variety Brick® is smooth and irreducible, of dimension Q| —
{(wp). Consider the set 7 = {] € A(Q,wo) : (Q\])(qg)) = wo}. For ] € J, define the

T-fixed point p; of Brick? as

pri= (S (Q\ D) FS -, (Q\ D)) - FELRP)
By [, page 7], the map J — (Brick®?)T that sends ] to pj is bijective.
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Example 3.1 ([4, Example 12]). Consider the word Q = (s1,52,51,52,51) in S3. The brick
variety Brick® can be visualized with a Magyar diagram:

C3

| S
(e1, e2) V2 (e2, e3)

N N
(e1) 1% V3 (e3)

(e1,e2) CC?), F2=(V1 CV, CC?),F) = (V3 C Vo CC3),and Fy = (V3 C (e2,e3) C C°).
The point pj corresponding to | = (—, —, 51,52, —) has Vi = (ep), Vo = (ep,e3), and V3 = (e2)

4 Moment polytopes

4.1 Background

We discuss the moment polytope of the brick variety, following the exposition in [4].

Definition 4.1. Let T' = (C*)X. An algebraic action of T' on the projective space P™ is always
of the form (t1,...,t;) - (x1: -+ 1 xpm) = (11 Hi-‘zl t?’l”' SR o H?:l ?)’”’i) with w;; € Z. In
such a case we say the T'-weight of the fixed point (0 : ---:0:x;:0:---:0) is the vector

(Wi, .-, Wjk) € ZF C R¥. Suppose X is a variety with an algebraic action of T’

o If T' acts on X with finitely many T'-fixed points and there is a T'-equivariant embedding
f: X — IP™ for some m, then the moment polytope of X with respect to f is the convex
hull of the T'-weights over the points f(vy), where vy is a T'-fixed point of X.

o The effective torus is T' /Sty/(x), where Str/(x) is the T'-stabilizer of a general' x € X.

e X is a toric variety with respect to the action of T' if X contains a dense T'-orbit. Equiv-
alently, by orbit-stabilizer, X is toric if and only if dim(X) = dim (T’ /Sty (x)).

The T-weight of the image of the fixed point o - Fy; __, of Gr(k, n) under the “Pliicker

embedding” ¢ : Gr(k,n) < P&~ is 0(wy). The torus T acts diagonally on the variety
[T;_, Gr(k,n), and there is a projective embedding ¥ of [];_; Gr(k, n) into a projective
space, given by the product of Pliicker embeddings y: Gr(k,n) — P® =1, followed
by the “Segre embedding”. The T-weight of the fixed point (o1 - Fy1y,..., 0 F1,. n})
under ¢, where 0y, € S, for k =1,...,n,1is Y}, 0x(wy). There is a T-equivariant em-
bedding ¢,.: Fl, — [T¢_, Gr(k,n), where F, = (F; C F, C --- C F, € C") is sent to
(F1, B, ..., Fy). The T-weight of the fixed point ¢ - F5t under ¢, is o(wy + - - - + wy).

Lgeneral in the sense that there is an open subset U C X such that Sty (x) is constant for all x € U.



Remark 4.2. Henceforth, we assume that a T-invariant subvariety of Gr(k,n) is embedded
in PO via g, and a T-invariant subvariety of Fl, is embedded in [T{_, Gr(k,n) via ¢y.
We will use puy to denote the map sending a T-invariant subvariety X (or T-fixed point) of
Z to its moment polytope (or T-weight), where Z will always be a single Grassmannian, a
product of Grassmannians, a single flag variety, or a product of flag varieties. We always have
1z (X) = conv,xr pz(x), where XT denotes the set of T-fixed points of X.

Remark 4.3. Observe that o(wy + -+ +wy) =c(n,n—1,...,2,1) = (n+1—-c"1(1),n +
1-07%2),...,n+1—0"1(n)). The T-fixed points in the Richardson variety X3 are precisely
the coordinate flags w - FS', with u < w < v. Thus, the moment polytope of XY is the twisted
Bruhat interval polytope P, ,. The dimension of a T-invariant subvariety matches the dimension
of its moment polytope precisely when the variety is toric, so P, is toric exactly when XY is.

Let Q = (sg,,---,5 ) be a word in S, with Dem(Q) = wy. Then Brick? is a T-

o1

invariant subvariety of Fl,~** and thus has a moment polytope yi_ o1 (Brick?) given by

the convex hull of the resulting T-weights of its T-fixed points.
Alternatively, we may view Brick® more directly as a subvariety of a product of

Fl)2I

Grassmannians. We define 7; : — Fl, as the projection onto the i-th Fl,; factor

(with indexing of i starting at 0) and v; : Fl, & H}Ll Gr(j,n) — Gr(i,n) as the com-
position of ¢, with the projection onto Gr(i,n). We define p; : Brick® — Gr(g;,n) by
pi = vy, © 7; and obtain the T-equivariant embeddings

Q|

o: Brick? — [TGr(gin), (..., R%) = (o1(E}), ..., pa(E2)),
i=1

n
7: Brick? — ﬁ'l‘[cr(j,n), (FO,..., B2 s (o (FL)), -, pu (g (FA2)).
i=0j=1
Let | be a subword of Q, and recall the fixed point p; of Brick® corresponding to J.
The T-weight of p; under the embedding p is the brick vector B(]) = |Q| 1Q\ ) (i) (wy,),
and the T-weight of the fixed point p; under the embedding 7 is the bulky bI‘le Vector
B(]) = |Q‘ o(Q\ ()(wi + -+ + wy). Thus, the moment polytope of Brick® under p
is the br1ck polytope B(Q), and the moment polytope of Brick® under the embedding
obtained by applying ¢, to each Fl, factor is the bulky brick polytope B(Q). As the
brick polytope and bulky brick polytope are moment polytopes of Brick? with respect

to two different projective embeddings, it follows from the theory of toric varieties (see,
e.g., [5]) that B(Q) and B(Q) have the same normal fan?.

Theorem 4.4 ([4, Theorem 15]). Brick? is a toric variety if and only if Q is root independent
and {(wg)<|Q|<l(wq) + dim(T). Further, Brick® is the toric variety of B(Q) (and of B(Q)).

2For exposition on “normal fans”, see, for example, [11, Section 5.2].
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4.2 Minkowski decomposition

The main results of this subsection are Theorem 4.6, which gives a Minkowski decom-
position of 2(Q), and Theorem 4.7, which characterizes toric Richardson varieties®.

Lemma 4.5. Let 7; : FIY — Fl,, be the projection of FIX onto its i-th factor (with indexing of i
starting at 0). Let R, S be words in Sy. Set i := |R|, u := woDem(S)~!, and v := Dem(R).

1. We have 7t;(Brick®®) = X2, where 4 denotes concatenation of words.
2. If Brick®"S is toric, then XY is toric.

Proof. (1) follows from slight modifications of the proof of [4, Theorem 26]. For (2),
assume Brick® " is toric. Then it contains a dense T-orbit O. As mt; is T-equivariant,
surjective onto XY, and continuous, it follows that 77;(O) is a dense T-orbit in XJ. N

Theorem 4.6. For 7 = {] € A(Q,wo) : (Q\ J)(jq)) = wo} and Ay = min({k : k > £,q; =
a0} U{IQI}) — £, we have

-1 Q|
B(Q)=(|Q|+ 1wy + me {k:qr=j}w;+ Z/\gcjor\}vw(] ) 4.1)
J=
Q|
- P1 1+ Z woDem squ,...,sq‘Q‘)*1,Dem(sq1,...,sqk)' (4.2)

Proof sketch. Manipulating the formula for B(]), one finds

Q| Q|

=Y w(l k) = (1Ql + Dwn + <me{k g =jhw >+Z/\ﬂﬂ]€
=1

L

When L is the set of facets of A(Q,wy), [10] showed that B(Q) = convj¢r, Zk 1 w(],k) =
ZI‘{Q‘l convjer w(], k). Further arguments can show that Equation (4.1) follows from their
result once we write 28(Q) as above. One can show that conv;c 7 w(], k) is the polytope
yGr(qk,n)pk(BrickQ)‘*. Manipulating this expression (and using Lemma 4.5), we eventually

arrive at B(Q) = ZIE'O 21 MGr(jn) (vj(nk(BrickQ))). Applying [14, Proposition 2.7], we
have pgy, o) (X3) = Litq Har(in) (vi(X7)), and obtain

Q| Q|

— ; Q
B (Q) = kg%) HEL, nk(Ban Z woDem ( St )~ 1, Dem(sq; ,--/Sq; ) o
3In future work, we hope to explore how Theorem 4.7 relates to the root theoretic characterization of
toric Richardson varieties given in [1, Theorem 4.7].
4The polytope HGr(gen) 0k (Brick?) happens to be a positroid polytope, as defined in, e.g., [7].




Theorem 4.7. Let u < v € S;. Let R be any reduced word for v, let S be any reduced word for
u~Ywy, and let | be any facet of the subword complex A(S + R, wy). The following are equivalent:

1. Brick®"™ is a toric variety.
2. X} is a toric variety.
3. U(v) — l(u) < dim(T) and the multiset {{r(], k) : qx € J}} is linearly independent.

Proof. (1) <= (3) by Theorem 4.4, and (1) = (2) by Lemma 4.5. We will prove
(2) = (1). The hypotheses on R and S ensure Brick®™ is a resolution of singularities
of X by [4], so dim(Brick®™®) = dim(X3). If X! is a toric variety, then dim(P, ;) =
dim(X9). Since B(R + S) has P, , as a Minkowski summand (by Theorem 4.6), we have
dim(B(R + S)) > dim(X?) = dim(Brick®™) > dim(B (R + S)). The dimension of the
moment polytope of a variety is the same as the dimension of the effective torus. This
means the effective torus acting on Brick®™ has the same dimension as Brick®"® and
thus Brick®*® is a toric variety whenever X9 is. O

5 A degeneration of the brick variety

5.1 The degeneration

We define a degeneration of the brick variety and describe its central fibre (Theorem 5.5).
Say G x G has coordinates ((a;;);i-1,..n, (bij)ij=1,.,n). Lett € C. Let G; be the
subvariety of G X G cut out by the equations

ajj = tjiibi,]', i < j,' bj,i = tj*ia]-,l-, i < j; aji = bi,ir i=1,...,n

Observe that Gy = Gp and Gp = B_ x1 B4 (i.e., Gy is the set of elements in the product
B_ x B4 whose diagonals are equal). Consider the embedding p: C* — T, sending t to
the diagonal matrix whose diagonal is (1,¢t71,...,+ 1)

For t € C*, we have G; = {(g,0(t)g(o(t))™") | ¢ € G} € G xG. Foro € S, and
t € C*, the variety D) := (1,p(t)) - Dy is invariant under the action of G; on Fl, x Fly:

(& 0(0)g(0(t) ™) - (Fuo,0(t)(Ge)) = ((g - Fo),0(t)(8 - Gs)) € Dy(r), & € G, Fo, Go € Fly.
Consider the following two varieties, G := U;cc(Gt x {t}) C (G?) x A! and D2 :=
Urecx (Dgry X {t}) C (FI2) x Al. Let D, be the closure of D2 inside (FI2) x A, and let
D (o) be the fibre of Dy — A over 0. The action of G; on D, ;) foreacht € C* induces an
action of Gy on Dy (o) (ct. [/, Proposition 4.1]) 5 In particular, Dy () is a union of orbits of

5The orbit degeneration technique of degenerating a group alongside a variety so that the degeneration
of the variety is a union of orbit closures of the degeneration of the group comes from [/], which employed
the same family of groups G; C G x G.
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Go = B_ x 1 B+. To uncover which union of orbits, observe that (Dg(l))T - (Da(t))T for
all t € C, and consider the B_ x 1 B orbits of these T-fixed points. This yields the correct
answer, given in Theorem 5.1; however, proving this requires geometric techniques.

Theorem 5.1. The central fibre D, ) is reduced and equal to U X X XW.
weSy s.t. L(wo)=L(w)+L(0)

Example 5.2. In S3, we have Dy (o) = (X1 X X*1) U (X5, X X°2°1) U (X5;5, X X*152°1),
Let Q = (s4,,...,54,) be aword in S,,.

Definition 5.3. A sequence (uo,u1,...,u|q|) in Sy is a brickly sequence with respect to Q if
up =1, ujg) = wo, and u; < u;sq;,, and u;y1 < wu;sg, foralli =0,...,|Q| — 1. We will
denote by L(Q) the set of brickly sequences for Q.

Example 5.4. In S, set Q = (s1,52,51,52,51). Then u = (1,1,5,,51,5152,515251) is a brickly
sequence with respect to Q.

The degeneration of D, induces a degeneration of Brick? into a union of reduced
products of Richardson varieties (Theorem 5.5). For t € C, we define Brick®(t) as

(Ds,, (#) x FIT) 0 (Fly x D, (£) x FL2) 00 (BT x D, (1) 0 (FSE < FIT % R,

Theorem 5.5. Suppose Brick? is a toric variety. For u = (uo, u1, . .., ujg|) € L(Q), set

HQl-1%q g

.— 4o UoSqy iSqy o, ..
wi= Xy X Xy, X Xy, %X X X”IQ\

Then Brick®(0) = Uuer (o) Cu, and C, N C,y is a common face of Cy and C,y for u,u’ € L(Q).

The first part of Theorem 5.5 follows from the definition of BriCkQ(t) and Theo-
rem 5.1, while some of the latter parts require more geometric techniques to prove.

5.2 Bricks tricks for mixed subdivisions

The main result of this subsection is Theorem 5.8, which says that the degeneration of
the brick variety of Theorem 5.5 induces a mixed subdivision of the brick polytope.

Lemma 5.6. Suppose 1 = ug, uy,..., U)o = Wo - S1 is a brickly sequence in S,. Then for x =
woDem(Sy,, |, 5g;,5/ - - .,sq‘Ql)*1 and y = Dem(sg,, Sy,, . . - Sq;), the Bruhat interval [u;, u; 15,

is contained in [x,y|; equivalently, XZl':flsqi C xY.

Proof sketch. The proof proceeds by induction using subword combinatorics. O
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Definition 5.7. A full dimensional Minkowski cell of a Minkowski sum of polytopes P =
Y.t 1 P is a polytope C = Y_I' | C; such that dim(C) = dim(P) and C; is a face of P; for all i. A
mixed subdivision of P is a set of full dimensional Minkowski cells {C; = Y3_1 C;; : j € ]} for
some index set | such that P = Uj¢; Cj, and C; N Cy is a common face of C; and Cy for any j, k.

Theorem 5.8. If Brick? is toric, then, in the notation of Lemma 5.6, the moment polytopes of
the components of Brick®? (0) < Fl,,(C)!Q! give a mixed subdivision of B(Q) = Zl‘.g‘o Pyy.

Proof sketch. Let us,ve € L(Q) be arbitrary brickly sequences. Using the fact that C, =
X1 X, 5 x X,/97719 i 4 toric variety, we can show dim(p 011 (Cu))= dim Py g +

Q|
21‘8‘1 dim pui/”i—ls ” The dimension of a Minkowski sum is only equal to the sum of the
dimensions of its summands when the summands are affinely independent. Hence, the

summands of j_ o1 (Cy) are affinely independent; this implies the linear map from the

prOdUCt Pl/l X PM1,MOSq1 X oo X PM‘Q‘,MQfls‘Q‘,l

By Lemma 5.6, we have that [u; u;_15;] is a subinterval of [x,y]. By [Y], subin-
tervals of a toric Bruhat interval correspond to faces of the (twisted) Bruhat interval
polytope. Hence, each puzvuiqsqi is a face of yFI\QHl(m(BrickQ)), and pi0141(Cy) is a

t0 ppyjoi (Cy) is an isomorphism.

full-dimensional Minkowski cell. These cells union to give all of 2 (Q) by Theorem 5.5.
It was proved in [I, Theorem 1.1] that toric Bruhat intervals are lattices. The in-
tersection of two intervals contained in a lattice is always an interval (or empty), so

[ui, ui_lsqi] N [vi,vi_lsqi] = [lli, bl] for some a;, b,‘ € Sn. Clearly Xgl’ - Xuisqi N Xvisqi

= u.;‘zﬁrl USUiH as
it is a sub-Richardson variety. Any Richardson variety contained in X, 7 N X, 7 will

have fixed points indexed by permutations contained in [a;, b;] and hence it will be con-
tained in XZL’ Since intersections of Richardson varieties are reduced unions of Richard-
son varieties [12, Theorem 2.74], we conclude that XZ; is the desired intersection. So
ypln(XZf) = P, . will then be a common face of p”ir”i—lsqi and Pvirvi—lsqi' A product of
faces, each drawn from a different polytope, is a face of the product of those larger poly-
topes. Ergo, using the fact that the Minkowski sums ) P”i/”i—lsqi and ) Pvi,viqsq,- are both
linearly isomorphic to the products of the same polytopes, ‘uFl‘nQH_l(Cu NCy) = L0,
will be a face of both Pyl (C,) and Hgjor (Cy). O

5.3 Subdividing the associahedron into cubes

The main result of this subsection is Theorem 5.11, which describes a subdivision of the
associahedron into pieces that are combinatorially equivalent to cubes.

Theorem 5.9 ([V]). The twisted Bruhat interval polytope P, , is combinatorially equivalent to
a cube if and only if X is smooth and toric. If v = cu or v = uc for ¢ = s153-+-s;j or
c=(s5152---85) L with j <n—1,and £(v) — £(u) = j, then X, is smooth and toric.
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Remark 5.10. By [9], for X5 C X% with X? toric, P, ;, will be a face of P, 4. So when X9 is also
smooth, B, , will be a face of a cube and therefore be a cube. This shows that any sub-Richardson
of a smooth toric Richardson is smooth and toric.

Let ¢ be a Coxeter element in Sy, i.e,, a word in S, containing all simple reflections
exactly once. Denote by ¢* the concatenation of ¢ to itself ad infinitum. Define wy(c) to
be the lex-first subword of ¢® that is a reduced word for wy.

Theorem 5.11. Fix ¢ = (s1,82,...,8,-1) and ¢’ = (s,_1,84-2,--.,51). Let Q be the concate-
nation wo(c) + c’. Then Brick® is toric and Brick® ~ Brick®™°(). Moreover, we have

o 71;(Brick®) is a smooth toric Richardson variety for each i, and each component C, of
Brick?(0) is a product of smooth toric Richardsons.

e B(Q) is a translation of Loday’s realization of the associahedron, B(Q) has the same
normal fan as Loday’s realization, the summands of the Minkowski decomposition of 8 (Q)
(Equation (4.2)) are combinatorial cubes, and the moment polytopes of the components
of Brick®(0) give a mixed subdivision of B(Q) into pieces which are combinatorially
equivalent to cubes.

Proof sketch. For Q = ¢ + wy(c), Brick® is the toric variety of Loday’s realization of the
associahedron [4, Corollary 16]. The first step here is to prove that Q = wy(c) + ¢’ can
be obtained from ¢ + wy(c) by commuting moves (e.g. s153 = s351). Commuting moves

shuffle the order of the Grassmannian factors of the product ]_[B1 Grg,n 2 o(Brick?) but
do not change the incidence structure recorded by the Magyar diagram (unlike arbitrary
permutations of the letters of Q) and thus leave o(Brick?) unchanged aside from this
permutation of its factors. Hence, Brick? 2 Brick"™"(9) and B(wy(c) 4 ¢') = B(c +
wo(c)) is the same as Loday’s realization of the associahedron up to translation [4].

To show that 7;(Brick?) is smooth and toric, there are three cases. For i < 1, we can
show 71;(Brick?) C X;"**""!. When i > |Q| — n, we show 7;(Brick?) C X

wo(s182---5p-1)

Both X{""*""! and X“° are smooth and toric by Theorem 5.9, so 7;(Brick?)

wo (5152-+8n-1)
is smooth and toric. For n < i < |Q| —n — 1, we can show ;(Brick®) = X? with
u = wo(sq,,, - ..Sq‘Q‘)_l and v = sg,5g, - . . Sg,. Thus vu™!
1

= Sq;Sqy - - - 54;g;1, - - - Sq,0 W0 and
from that we can obtain vu™" = s;...5,_1 and thus v = sy...s,_qu. Thus applying
Theorem 5.9, we conclude that for all i, 77;(Brick?) is smooth and toric.

Since 71;(Brick®) is smooth and toric, and 71;(C,) is a sub-Richardson of 7;(Brick®)
for each i, we get that 71;(C,) is a smooth toric Richardson. The remaining combinatorial
statements within the theorem can be proven from what we have presented already. [
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