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Counting lattice paths with a linear boundary. I. (German summary)
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The lattice paths studied in this paper consist of unit horizontal and vertical steps in

the positive directions. For nonnegative integers n, r, and t, let L+(n, r, t) be the set of

paths from the origin to the point (n, rn+ t) not touching the line y = rx+ t except at
the final point. It is well known that

(1) |L+(n, r, t)|=
t

t+(r+1)n

✓
t+(r+1)n

n

◆
.

This paper is concerned with q-extensions of (1) and related results. Note that for r =
1, |L+(n, r, t)| is a ballot number, and for r = t= 1, it is a Catalan number.

The statistics on paths studied here are most easily defined by first converting each

path to a binary word: each horizontal step is converted to a 0 and each vertical step

to a 1. Given a binary word w = w1 · · ·wn, we define its “down-set” to be D(w) =
{i:wi > wi+1, 1 i n� 1}, and we define the three statistics desw = |D(w)|, ↵(w) =P

i2D(w) |{j  i:wj = 0}|, �(w) =
P

i2D(w) |{j  i:wj = 1}|. Thus ↵(w) + �(w) is the

major index of w.
It is well known that

(2)

1X

n=0

|L+(n, r, t)|
zn

(1+ z)(r+1)n+t
= 1,

which is related by Lagrange inversion to (1). One of the author’s main results is the

following generalization of (2): Let

Gn(r, t, x, a, b) =
X

w2L+(n,r,t)

xdeswa↵(w)b�(w).

Then for t� 1,

(3)

1X

n=0

Gn(r, t, x, a, b)
anzn

(1+z)···(an+z)(1+bxz)···(1+brn+t�1xz) = 1.

The author also gives an analogue of (3) for a “dual” of Gn and derives recurrences

and convolution identities for Gn and its dual. Ira Gessel
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s1 s1 s2 s2 ⋯
s1 s11 + s3 s11 + s3 s21 + s4 ⋯
s2 s11 + s3 s31 + s41 + s6 s31 + s41 + s6 ⋯
s2 s21 + s4 s31 + s41 + s6 s42 + s43 + s61 + s62 + s71 + s81 + s(10) ⋯
⋮ ⋮ ⋮ ⋮ ⋱





s4

+ (q3 + q2r + q2t+ qr2 + qrt+ qt2 + r3 + r2t+ rt2 + t3

+q2 + qr + qt+ r2 + rt+ t2 + q + r + t)s31

+ (q4 + q3r + q3t+ q2r2 + q2rt+ q2t2 + qr3 + qr2t+ qrt2 + qt3 + r4 + r3t+ r2t2 + rt3 + t4

+q2r + q2t+ qr2 + 2 qrt+ qt2 + r2t+ rt2 + q2 + qr + qt+ r2 + rt+ t2)s22

+ (q5 + q4r + q4t+ q3r2 + q3rt+ q3t2 + q2r3 + q2r2t+ q2rt2 + q2t3 + qr4

+qr3t+ qr2t2 + qrt3 + qt4 + r5 + r4t+ r3t2 + r2t3 + rt4 + t5

+q4 + 2 q3r + 2 q3t+ 2 q2r2 + 3 q2rt+ 2 q2t2 + 2 qr3 + 3 qr2t+ 3 qrt2

+2 qt3 + r4 + 2 r3t+ 2 r2t2 + 2 rt3 + t4 + q3 + 2 q2r + 2 q2t+ 2 qr2

+3 qrt+ 2 qt2 + r3 + 2 r2t+ 2 rt2 + t3 + qr + qt+ rt)s211

+ (q6 + q5r + q5t+ q4r2 + q4rt+ q4t2 + q3r3 + q3r2t+ q3rt2 + q3t3 + q2r4

+q2r3t+ q2r2t2 + q2rt3 + q2t4 + qr5 + qr4t+ qr3t2 + qr2t3 + qrt4 + qt5

+r6 + r5t+ r4t2 + r3t3 + r2t4 + rt5 + t6 + q4r + q4t+ q3r2 + 2 q3rt+ q3t2

+q2r3 + 2 q2r2t+ 2 q2rt2 + q2t3 + qr4 + 2 qr3t+ 2 qr2t2 + 2 qrt3

+qt4 + r4t+ r3t2 + r2t3 + rt4 + q3r + q3t+ q2r2

+2 q2rt+ q2t2 + qr3 + 2 qr2t+ 2 qrt2 + qt3 + r3t

+r2t2 + rt3 + qrt)s1111
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E4,6 = s1 ⌦ s42 + s2 ⌦ s411 + s2 ⌦ s33

+ (s11 + s21 + s2 + 2s3 + s4)⌦ s321

+ (s21 + s31 + s3 + s4 + s5)⌦ s3111

+ (s21 + s31 + s3 + s5)⌦ s222

+ (s111 + s22 + s21 + 2s31 + s41 + 2s4 + s5 + s6)⌦ s2211

+ (s211 + s32 + s31 + 2s41 + s51 + s5 + s6 + s7)⌦ s21111

+ (s311 + s42 + s51 + s61 + s8)⌦ s111111
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E6,4 =s2 ⌦ s4 + (s21 + s3 + s31 + s4 + s5)⌦ s31

+ (s111 + s22 + s31 + s4 + s41 + s6)⌦ s22

+ (s211 + s31 + s32 + 2s41 + s5 + s51 + s6 + s7)⌦ s211

+ (s311 + s42 + s51 + s61 + s8)⌦ s1111
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