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Abstract. We present refined enumeration formulas for lattice paths in Z? with
two kinds of steps, by keeping track of the number of descents (i.e., turns in a given
direction), the major index (i.e., the sum of the positions of the descents), and the
number of crossings. One formula considers crossings between a path and a fixed
line; the other considers crossings between two paths. Building on the first paper of
the series, which used lattice path bijections to give the enumeration with respect to
major index and crossings, we obtain a refinement that keeps track of the number of
descents. The proof is based on new bijections which rely on certain two-rowed arrays
that were introduced by Krattenthaler.
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1. INTRODUCTION

1.1. Background. Lattice paths in the plane with two kinds of steps have played an
important role in combinatorics and mathematical statistics for decades [14,19]. The
statistic giving the number of times that a path crosses a fixed line has been studied
at least since the sixties [4-6, 10, 21, 23], often in connection to random walks. For
tuples of paths, the enumeration in the special case of non-crossing tuples, in its closely
related non-intersecting variant, is given by the celebrated Lindstrom—Gessel-Viennot
determinant [9,17], and has applications to symmetric functions, plane partitions, tilings,
and statistical physics [7].

On the other hand, a very different statistic, the sum of the positions of the turns
in a given direction, has been studied in [12,15,20]. This statistic is called the major
index because it arises naturally when interpreting the paths as binary words, and it was
introduced by MacMahon [18].

In the first paper of this series [3], we enumerated paths with respect to the number
of crossings of a line and the major index, as well as pairs of paths with respect to the
number of times they cross each other and the sum of their major indices. The goal of
the present paper is to refine the results from [3] by another important statistic, which is
related to the major index and arguably more natural: the number of turns in a given
direction, or equivalently, the number of descents of the associated binary word.
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The number of turns arises when studying the distribution of runs in random walks [19],
the coefficients of Hilbert polynomials of determinantal and Pfaffian rings [16], and
summations for Schur functions [12]. A thorough investigation of this parameter on lattice
paths was provided by Krattenthaler [13]. In particular, a refinement by this statistic of
the classical determinantal formula of Lindstrom—Gessel-Viennot [9, 17] counting tuples of
non-intersecting paths was given in [11, Thm. 1] and [13, Thm. 3.6.1]. In related work,
Krattenthaler and Mohanty [15] enumerated lattice paths constrained to a strip with
respect to the number of descents and the major index.

The tools that were used in [3] to deal with crossings and the major index consisted of
bijections with a neat description in terms of lattice paths. While these bijections were
suited to study the major index, unfortunately they do not behave well with respect to the
number of descents, which is why the results obtained in [3] do not include this statistic.
Instead, in this paper we will construct different bijections that are not described in terms
of paths, but rather in terms of two-rowed arrays.

Such arrays, which are more general than paths, have been used by Krattenthaler
and Mohanty to study descents and major index on lattice paths in a strip [15], and by
Krattenthaler to enumerate tuples of non-intersecting paths with respect to the number of
turns [11,13] and to the major index [12]. However, to our knowledge, they have never
been used while also keeping track of the number of crossings. While two-rowed arrays
allow us to track simultaneously track multiple statistics, including the number of descents,
the trade-off is that they make the proofs more involved and less intuitive than those in [3].

Paralleling the results in [3], this paper solves two problems: the enumeration of single
paths with respect to the number of times that they cross a fixed line, and the enumeration
of pairs of paths with respect to the number of times that they cross each other, refined in
both cases by the number of descents and the major index. This paper is self-contained
and does not rely on any material from [3].

Our work is partially motivated by the simplicity of the resulting formulas in both cases.
For single paths with given endpoints, crossing a line at least a certain number of times
and having a fixed number of descents, we will show that the polynomial enumerating
them with respect to the major index is given by a product of two ¢g-binomial coefficients
and a power of ¢q. For pairs of paths crossing each other, the formulas we obtain involve a
product of two generating functions whose coefficients have again the same form.

The second source of motivation is that our results for paths crossing a line have
applications to the refined enumeration of integer partitions according to the number of
sign changes of their successive ranks (or off-diagonal ranks). These applications, which
generalize results of Seo and Yee [22], will be explored in [2] in connection to the study of
partitions with constrained ranks.

1.2. Preliminaries. For points A, B € Z?, we denote by P4_, the set of lattice paths with
steps N = (0,1) (north) and E = (1,0) (east) that start at A and end at B. Sometimes it
will be convenient to consider paths with steps U = (1,1) (up) and D = (1,—1) (down)
instead. For nonnegative integers a, b, we denote by G, set of paths with a steps U and b
steps D starting at the origin.
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FIGURE 1. A path P € G5¢' with maj(P) = 1+3+7+ 10 = 21. The
four valleys are marked with teal diamonds, and the three crossings of the
line y = 1 are circled in black. The middle crossing is a downward crossing,
whereas the other two are upward crossings.

In both cases, encoding paths as binary words, with 0s recording N (resp. U) steps, and
1s recording E (resp. D) steps, we define a descent (also called a wvalley) of the path to
be a vertex preceded by an E and followed by an N (resp. preceded by a D and followed
by a U). The number of descents of a path P is denoted by des(P). The major index
of P, denoted by maj(P), is defined to be the sum of the positions of the descents, where
the position is determined by numbering the vertices along the path, starting at 0. See
Figure 1 for an example. We also define a peak of the path to be a vertex preceded by
an N and followed by an E (resp. preceded by a U and followed by a D).

The enumeration of binary words by the number of descents and the major index
is implicit in work of MacMahon [18]. An explicit proof was given by Firlinger and
Hofbauer [8]. To state this result in its lattice path version, recall that the ¢-binomial
coefficients are defined as

if 0 <n <m, and as 0 otherwise.

Lemma 1.1 ([8,18]). Fora,b >0,

des(P) maj(P) _ n n? O b
z =g B L,

PeGap n>0

Equivalently, for x,y,u,v € Z,

des(P) ,maj(P) _ nn? |U—Z v—Yy

PEP (&) - (u,v) n>0

A self-contained proof of this lemma will be included in Section 3.1. The rest of the
paper is structured as follows. In Section 2 we state our results, both for single paths
crossing a line and for pairs of paths crossing each other. In Section 3 we prove them in
the case of single paths crossing a line, by introducing two-rowed arrays to encode paths,
generalizing the notion of crossings to such arrays, and then describing certain bijections
on them. In Section 4 we prove our results for pairs of paths crossing each other, by
generalizing crossings to pairs of two-rowed arrays, and then defining bijections on such
pairs.
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2. MAIN RESULTS

2.1. Paths crossing a line. First we consider the enumeration of paths with U and
D steps according to the number of times that they cross a fixed horizontal line. For
integers £, r with r > 0, let QGZ’Z’E denote the set of paths in G, that cross the line y = ¢
at least r times. A vertex of the path on the line y = ¢ is a crossing if it is either preceded
and followed by a D —in which case it is called a downward crossing—, or preceded and
followed by a U —called an upward crossing. See Figure 1 for an example.

We will provide expressions for the polynomials

Gig,f (t, q) _ Z tdes(P)qmaj(P)

>
Pega—;’e

for arbitrary integers a, b, r, ¢ with a,b,r > 0. Note that the polynomials for paths crossing
the line y = ¢ exactly r times can be obtained from the above simply as Gf;’e(t, q) —

Gy (0.
An expression for Gf;’g(l, q) was given in [3, Thms. 2.1 and 2.2]. The following result
refines these theorems by incorporating the statistic des.

Theorem 2.1. Let a,b,m >0, and let { € Z.
LLIfO<{<a—b, then

Goy" T (t ) = fﬁm’e(uq):Zt”q”2+m(m+”1)[ ¢ ] l ’ ] L2
q

=0 n—mj,

II. If0 > ¢ >a—b, then

G Mt q) = G™ (t q) = Y g Hmim=D) [na 1 [ b 1 S (2.2)
q

>0 +m n—m

III. If 0 > ¢ < a— D, then

>om+2,0 _ 22mtl _ n 2 mi)m—r) | @ —L—1 b+(+1
GEm(0.0) = G2 1) = X1 [n_m_lq i) e

IV.If0<{>a—0, then

>2m+2,4 _ (=22m+1L _ n_ n24+m(m-+e+1) |@ — (-1 b+{(+1
G (n.0) = G2 ) = 1y [Hm R )

V. If0=/¢<a—Db, then

>2m,¢ _ n, n24+m(m+1) a b
Ga,b (ta Q) nz>%t q |fL 1 |]1 4 m‘| , ) (25)

Giim—i—l,ﬁ(t’ q) _ Z tnqn2+m(m+1) [ a—1 ] [ b +1 ] . (26)
q q

e n—m-—1
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VI. If0=4/¢>a —b, then

>2m,f — n, n2+m(m—1) i a ] b
Ga,b (ta Q) Z%)t q n+m n—ml "’ (27)
nz - dgq b Jq
>2m+1,4 — n_ n?+m(m+1) i a—1 1T b+1 ]
Ga,b (ta Q) Z%)t q n+m n—ml - (28)
nz - dgq b dq
VIL. If 0 < £ =a — b, then
>2m, ¢ _ n n24m(m4L+1) e | [ b
Goy o (tq) Z:Ot q n—ml lntml (2.9)
nz - Jqt 49
>2m4-1,0 _ n_n24m(mte+1) fa+1] [b—1]
Gy () §>:Ot q B I R (2.10)
n= - dq b 14
VIIL. If0 > ¢ =a — b, then
>2m,¢ — n n2+m(m—_L—1) a b
Goy o (t ) gt q [n n m] [n _ m] , (2.11)
nz q q
>2m—+1,¢4 _ n_n24(m+1)(m—~r) a+1 b—1
Gey' (L a) Z;th [n+m+1 N I (2.12)
nz q q
IX. If0={¢=a—0b, then
G22m7f(t q) _ Z tnqn2+m(m+1) 1— qa—2m a a (213)
ab ’ = 1—g¢* [n+m], n—m_q’
1— a+2(m-+1) r
>2m+1,4 _ n_ n24+m(m+1) q a a
Gy (L) ngotq g [n+m+1]q_n_m_1] - (2.14)

2.2. Pairs of paths crossing each other. Next we consider the enumeration pairs
of paths with respect to the number of crossings between them. For this problem it is
convenient to consider paths with N and FE steps. Let P and () be two such paths, and

suppose that V1, V5, ...
vertices such that

e neither Vi nor V; are endpoints of P or Q;

, Vs (where s > 1) is a maximal sequence of consecutive common

e for each of P and Q, its step arriving at V] is of the same type (N or E) as its

step leaving V.
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In this case, vertex V; is called a crossing of P and ). This definition differs slightly from
the one used in [3], where the term crossing refers to the first vertex V; of the sequence.
Of course, the number of crossings of P and () does not depend on this convention, but
defining the crossing to be V; will be more convenient in the proofs in Section 4. Figure 2

shows some examples of crossings.
»—I ---e

1
¢ *--- b)---¢ ¢---
1
1
]

FIGURE 2. Two examples of crossings, circled in black, and a pair of paths
that do not cross (right).

N

Let x(P, Q) denote the number of crossings of P and @Q; see Figure 3 for an example.

¢ By

@---»

Ajo—o—e—b

&
> ---o---
O

FIGURE 3. A pair of paths with x(P, Q) = 3, des(P) + des(Q)) = 6, and
maj(P) + maj(Q) = 45.

For Ay, Ay, By, By € Z?, v > 0, and {o, e} = {1,2}, let
,PET*)BO,AQ*)B. = {(P7Q) P e PA1—>Boa Q € PA2—>Bo7X(P7 Q) > T}'

To enumerate such pairs of paths with respect to the sum of their numbers of descents
(the total descent number) and the sum of their major indices (the total major index), we
define the polynomials

>r es s mai mai
HE g, 48,1 0) = > peles(P)-+es(@) mai(P)+mai(Q)

>
(PuQ)EPZ;—}BO,AQAB.

Note that the polynomials for pairs of paths that cross each other exactly r times are given

by the difference HEI—)BO,AQ%B. (ta C]) - 1%17’:1807142_}]8. (ta Q)'
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To state our formulas, let us first define the following polynomial in ¢ and ¢ that depends
on the points Ay = (z1,y1), A2 = (22,y2), By = (u1,v1), Ba = (ug,v2), and a parameter
k € Z:

frA1,40.8,.8.(t, Q)

_ k(k+aa—w1) n _n(n+k) |U2 — T1 V2 — W n_n(n—k) |1 — T2 V1 — Y2
s (e [+0] ] ) (geen [0 8]

n>0 n>0

We use the notation A; < As to mean that x; < x9 and y; > 5. The theorem below
refines [3, Thm. 2.4].

Theorem 2.2. Let Ay = (x1,11), As = (22,y2), By = (u1,v1) and By = (us,vs) be points
in Z? such that Ay < Ay and By < By. Suppose additionally that

1+ Y1 = T2 + Yo (2.15)
Then, for all m >0,
>2m >2m
HZ1—)521,A2—>B1 (tu Q) = 1A, 4By Ay By (ta q) = f2m,A1,A2,BQ,B1 (tv Q), (2'16>
HEET)E?,AQHBQ (t, CI) = Ef;ngll,AQHBQ (t7 q) = f2m+1,A1,A2,Bz,B1 (t7 Q)- (217>

Let now A = (z,y) and B = (u,v) be points in Z*. Then, for all r > 0,

H%;Bl,A%BQ (t7 q) - f’f’,A,A,BQ,Bl (ty Q), (2]_8)

H3! g aysn(t, @) = framns(t,q), (2.19)
fo,a,4.8,8(t,q) ifr =0,

H3'\p asp(tq) = (2.20)

2ijl(_1)j71fr+j,A,A,B,B(t, q) ifr>1

Let us now detail the proofs of these results.
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3. PROOFS FOR PATHS CROSSING A LINE

In this section we prove Theorem 2.1. Before diving into the details, we remark that it
would be possible to give an alternative proof by induction on the length (number of steps)
of the path, by first separating each of the nine cases of the theorem into two subcases,
according to whether the last step of the path is a U or a D. For example, if 0 < ¢ < a—b,
the refinement to be proved by induction would state that the generating function for
paths in ga%;"f that end with a D, where r = 2m or r = 2m + 1, equals

ot ) = S gngmmEd [ a ] [b - 11
q q

"0 n—m n-—+m

and so the generating function for those that end with a U equals

G t.0) = GE3! (tag) = X g [n fm] [n . 1] |
nz q q
Then, to prove each one of these formulas, we would remove the last step of the path, and
deduce them from the formulas for shorter paths that hold by the induction hypothesis.
This often requires additional subcases; for example, for the above paths ending in U, the
cases { +1 <a—band ¢+ 1=a—bwould be considered separately.

Instead of such a tedious induction proof, we have chosen to present a proof that relies
on certain two-rowed arrays that have been used by Krattenthaler and Mohanty [15]. One
advantage of our proof is that it is bijective. Additionally, the methodology of two-rowed
arrays that we introduce here will later allow us to prove Theorem 2.2 for pairs of paths,
where a potential proof by induction is much less clear.

3.1. Two-rowed arrays. Let z,y,u,v,k € Z and n,j > 0 throughout the section. We
use the notation

(z,ul; ={(c1,...,¢j)rx < <ca<---<c¢j <u},
[y,v); ={(d1,...,d;) 1y <dy <dy <--- <dj <v},
(x,v); ={(c1,...,¢j))rx <1 <ca<---<c¢j <v},
[y, ul; ={(dy,...,d;) 1y <dy <dy <---<d; <u}.

We consider pairs of such sequences arranged in a particular way, which we call two-rowed
arrays, following [11-13,15]. We denote by {(I’u]"+’“}, or {@’“]} » for short, the set of

[yfu)nfk [y,v)
arrays of the form

T << e < < Cprr S U

y<di <dsg < <dp_p<vw ’
with the convention that this set is empty unless |k| < n. The two rows are interlaced
from the left, starting with the leftmost element in the bottom row. Elements in this set
are denoted by §, where ¢ = (c1, ..., cpqr) € (T, ulnyr and d = (dy, ..., dn—t) € [y, V)n—rk-

Similarly, we denote by {([521)} » the set of arrays of the form

T < < g < < Cpgk <V
y§d1<d2<---<dn_k§u '
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| ([;:g)] }nio’

yv)} , encode lattice paths in P ). This is because
such paths are uniquely determined by the coordinates of their valleys. There exists a path
in Py y)—(u,v) Whose valleys are at coordinates (ci,d1), (c2,ds), ..., (ca,dy) if and only if

The reason two-rowed arrays are useful for our problem is that elements of {

which we denote simply by {%

r<c<c<-<c<u and y<di<dy<---<d,<w,

that is, ¢ = (c1,...,¢,) € (z,ul, and d = (dy,...,d,) € [y,v),. Thus, this encoding is a
bijection

{P € 'P(m’y)ﬁ(u,v) :des(P) = n} — {%Z:;L)}}n (3.1)
It has the property that, if P is encoded by §, then
maj(P) =Y (¢;+di —x —y) = |lc|| +||d]| = n(z + y), (3.2)
i=1

where ||c|| denotes the sum of the entries of c. Next we enumerate two-rowed arrays with
respect to this statistic.

Lemma 3.1. (i) We have

S glel = gUs) e lu i x] : S gl =gl [v h y] ,
q q

ce(x,ul; defy); 7
Z qllcll = q(fgl)ﬂ'x [21 — :U — 1] ’ Z q”d” _ q(a‘;l)ﬂ(y,l) [u — y + 1] ‘
ce(x,v); J q delyul; J .
(ii) We have
leldl—n(a+y) _ n?+k(kra—y+) (U —Z| [0 =y
C (;} q q _n+k‘]qln—k]q’ (3.3)
de{[y:’v)}nik
el Idlonety) _ ko) [V =2 — 1] Ju—y+1
C (EZU) q q _n—l—k][n—kz - (3.4)
ae{it

Proof. We prove the first identity in part (i), since the other three are analogous. Writing
¢, =c¢; —i—ux for 1 <i <y, the left-hand side is equal to

i+1 . / /

citote; (U5 )iz eyt

> gt = gU3) > VR
r<cr<ee << <u Ogc’lgcégmgc;gu—x—j

This sum counts partitions with at most j parts with largest part at most u — x — 7, which
is a well-known interpretation of the g-binomial coefficients (see e.g. [1, Thm. 3.1]).
Part (ii) follows easily from part (i) using the simplification

<n+/2€+1>+<n—l2€+1>—i—(TL—i—k)x—l—(n—k)(y—l)—n(x+y) k(b oy 1)

in the exponent of q. 0

To see how Lemma 3.1 will be applied, let us first use it to give a proof of Lemma 1.1.
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Proof of Lemma 1.1. The two statements are clearly equivalent, so we prove the second
one. Using the encoding (3.1), together with Equations (3.2) and (3.3) for k = 0, we get

d P) m n H [+l —n(z+y) _ nn? U= V=Y
Z pdes aj(P Zt Z c Y Zt [ ]q[ i ]q‘

PEP (4 ) (uw n>0 o n>0
),
OJ
3.2. Crossings in single two-rowed arrays. To encode paths in G, as two-rowed
arrays, we first turn the U and D steps into N and E steps, respectively. Additionally,
to study crossings of the line y = ¢ in the original path, we move the starting point to
(¢,0), so that these crossings become crossings of the diagonal y = z for the resulting path.
Denoting by PEL g the set of paths in P4, that cross the diagonal at least r times, this
transformation is a bijection
>rl >r
Gav' = Ployspita) (35)
See Figure 4 for an example. In analogy to the definitions for paths in G, crossing a line
y = £, we define upward (resp. downward) crossings of paths in P4,z to be vertices in
the diagonal y = x that are preceded and followed by an N (resp. by an F).

B
8** ’—- L
4y
5 - -
4 (6,5) . 1<2<@<4<6<7 c {(177}}
0<0<1<4<®<8 0,8)f 4

AL 9 3 4 6 7

FIGURE 4. The path in 73(21?’0) _y(1,8) Obtained by applying the transforma-
tion (3.5) to the path in Figure 1, and the corresponding two-rowed array
given by the encoding (3.1), where the crossings have been circled.

Next we show how these crossings of the diagonal can be read from the encoding (3.1)
of the path as a two-rowed array. Indeed, suppose that P € P(; y)—(uw) is encoded by

q € {E;g)]}n, and let ¢o := x, dy := vy, Chy1 := u, dp1 := v by convention. An upward
crossing of P occurs when, for some 0 < i < n, the vertex (¢;,d;) —which is a valley or
the first vertex of the path— lies below the diagonal and the vertex (¢;, d;y1) —which is
a peak or the last vertex of the path— lies above the diagonal. This happens precisely
when d; < ¢; < d;yq for some 0 < ¢ < n. Similarly, a downward crossing occurs when, for
some 1 <i < n+ 1, the vertex (¢;_1,d;) —which is a peak or the starting point of the
path— lies above the diagonal and the vertex (¢;, d;) —which is a valley or the last vertex
of the path— lies below the diagonal. This happens precisely when ¢;_; < d; < ¢; for some

1<i<n+1.
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This description allows us to extend the notion of crossings to two-rowed arrays €

{g;”)}} " with k € Z, whose rows may have different lengths. Using the convention ¢q := =,

do =Y, Cnyks1 = U, dy_p41 = v, say that § has an upward crossing at ¢; if 0 <7 < n—|k|
and

d; < ¢ < di+1, (36)
and that it has a downward crossing at d; if 1 <i <n — |k| + 1 and

Ci—1 < dl < G;.

For two-rowed arrays of the form § € {([ZZ]) } " the definition of upward and downward
) n

crossings is the same, now using the convention ¢ := x, dy := ¥y, Chipr1 =V, dp_g11 = U.

Figure 5 shows two examples, where the crossings have been circled. As usual, the term

crossings refers to both upward and downward crossings.

0<1<@<5<7<7 {(0,7]} 0<3<@D<6 c {(076>}
2<2<3<5 25 541 0<D<2<BH<T7<8 371

(5,5)

(0,0)4-
FIGURE 5. Two two-rowed arrays § with their crossings circled, and the
corresponding paths T'( ). Note that for the array on the right, c3 = 6 is
not a crossing because it violates the condition i < n — |k|.

In both of the above cases, let T'(5) € Play)—+(en— s 1idn_in1) € the path whose valleys
are at coordinates (¢;,d;) for 1 < i < n — |k| (with the caveat that, in the special case
when § € {([jz])}n and d,, = u, the vertex (c,,d,) is not actually a valley of this path).
Then the upward and downward crossings of the two-rowed array § can be identified with
the upward and downward crossings of T'(J); see the examples in Figure 5. Note that
T'(§) is essentially the path corresponding to the two-rowed array obtained by truncating
the longer row of § so that both rows have equal length. To be precise, this path depends
not only on § but also on the endpoints z,y, u, v,

Throughout the paper, the rth crossing of a two-rowed array refers to the rth crossing
from the left, in the order in which the entries are placed, namely y, x, dy, ¢1, ds, co, ... We
note that this convention is different from the one used in [3]|, where path crossings were
numbered from the right. The unusual convention in [3] was needed because the path
bijections in that paper, in order to track the major index, changed the portion of the
paths to the left of a crossing. On the other hand, the notation in this paper becomes
slightly simpler by defining bijections for two-rowed arrays (in Sections 3.3 and 4.3) that

change the portion of the arrays to the right of a crossing instead.
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For nonnegative r, the superscript >7 on a set of two-rowed arrays denotes the subset
of those that have at least r crossings. When r > 1, a symbol 1 (resp. |) next to this
superscript denotes the subset where the rth crossing is an upward (resp. downward)

ing. T 1 {Wl}er ists of t d i {@vul}zr here the rth
CrOSSlng. or examp e, [y,v) ke Cconsists o WO-TOWE arrays 11N [yw) ke where ernr

crossing is an upward crossing. In the case r = 0, we simply define

{2 = (e = {e ), =o)L 3.7
by convention.

The encoding (3.1) restricts to a bijection

>r X o (zu) >r
{P €PL) s t des(P) =n} = {70}, (3.8)
Composing this with the bijection (3.5) and using Equation (3.2), it follows that
Gt =S 1 S gleltldlinG) (3.9)

sy

where (z,y) = (¢,0) and (u,v) = (b+ ¢, a).

>r
To prove Theorem 2.1, we will construct bijections between {%Z;L)]}_ and sets of the

form {(”C’“]} or {(“)} for some k € 7Z, which will depend on the relations between x
[v:0) S etk ly:ul sk

and y and between u and v, and then apply Lemma 3.1.

r >r
Lemma 3.2. Let v > 1, and let § be a two-rowed array in either {%;;L)}} L Or {([gz])}_ik

If v >y or x =y = dy, then the rth crossing of  is an upward crossing if r is odd, and a
downward crossing if r is even.
If v <y orx =y < dy, then the rth crossing of § is a downward crossing if v is odd, and
an upward crossing if r is even.

Proof. As noted above, upward and downward crossings of § are the same as those of
the path T'(3) € Play)—(enupsdnpiin)- LT >y (resp. < y), this path starts below
(resp. above) the diagonal, which forces the first crossing to be upward (resp. downward),
with successive crossings alternating between upward and downward. If x =y, then T'(3)
starts with an F if y = d;, and with an N if y < dy, from which the same conclusions
follow. ([l

The next lemma shows that the relationships between x and y and between u and v
often force the number of crossings of a two-rowed array to have a given parity. We use
the notation n F s to mean n £ (—s).
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Lemma 3.3. Let s,m > 0.
(a) If x >y and u < v, then

) S ) S () IR () (3.10)
>2m+2 o)) >2m+2 po)) Z2ml o)) 22mt1
{([zzzl)}nst i - {([y:u])}n$s - - {([y:u])}nips o = {([y:u])}n$s i . (311)
(b) If £ > y and u > v, then
(b = ™ = o = ey (3.12)

(z,
[y,
i i R ] St (3.13)

(¢) If x <y and u < v, then

(o =y o =y = ey (3.14)

o = = e = G (3.15)
(d) If v <y and u > v, then

G =y = G = (3.16)

G =G = = (3.17)

(e) If x >y and uw = v, then (3.10)—~(3.12) hold for s > 1, and (3.13) holds for s > 0.

(f) If <y and u = v, then (3.14)—(3.16) hold for s > 1, and (3.17) holds for s > 0.

(g) Statements (a), (b), (e) also hold if we replace x > y with x = y and restrict to
two-rowed arrays § with y = d.

Proof. In each equation, the outer equalities follow from Lemma 3.2 (using the conven-
tion (3.7) as needed), and the left-hand side is trivially contained in the right-hand side. To
prove the reverse containment, we will show that the parity of the number of crossings of
the relevant two-rowed arrays is determined by the relation between x and y and between
u and v in each case.

. c - _ . . (z,u] ((E,'U)
Recall that if | is a two-rowed array in either {[W)}nik or {[W]}nik, for some k € Z,

then T'(3) is a path from (2,y) to (ch—jg/+1, dn—jkj+1) Which has the same upward and
downward crossings as §. The parity of the number of crossings is determined by what
side of the diagonal the endpoints of the path are on. If # > y, T'(J) starts below the
diagonal; if x < y, it starts above the diagonal; and if z = y = d;, it starts with an F
leaving the diagonal, so it behaves as in the x > y case.

Suppose first that § {%;:f)]} e where s > 0 and v < v. Then the last vertex of T'(J) is

(Cn—st1,v), which lies above the diagonal, since ¢, 41 < u <wv. Thus, if 2 > y, then T'(3)
starts below the diagonal and ends above the diagonal, so it must have an odd number of
crossings, proving Equation (3.10). If x = y = d;, the same conclusion holds. On the other
hand, if <y, then T'(j) starts and ends above the diagonal, so it must have an even
number of crossings, proving Equation (3.14). Modifying the hypotheses so that s > 1 and
u > v, the last vertex of T'(J) still lies above the diagonal, since ¢,—s11 < ¢hos2 <u <0,
so Equations (3.10) and (3.14) also hold in this case.



14 S. Elizalde

If § € {([zz})}ng, where s > 0 and v < v, then the last vertex of T(3) is (v, dp—st1),

which lies below the diagonal, since d,—s41 < v < v. Thus, T(]) must have an even
number of crossings if x > y or x = y = d;, proving Equation (3.11), and an odd number
of crossings if x < y, proving Equation (3.15). These two equations still hold with the
modified hypotheses s > 1 and u < v, since d,,_s11 < d,,_s12 < u < v in this case, so the
last vertex of T'(§) still lies below the diagonal.

If § € {%Z;L)]}n%, where s > 0 and u > v, then the last vertex of T'(§) is (u, dn—s41),

which lies below the diagonal, since d,,_sy1 < v < u. This vertex also lies below the diagonal
when s > 1 and u > v, since d,,_s41 < dy_s12 < v < u. This proves Equations (3.12)
and (3.16).

If § € {([ZZ])}MES, where s > 0 and u > v, then the last vertex of T(§) is (cp—s41,u),

which lies above the diagonal, since ¢,_s11 < v < u. This vertex also lies above the
diagonal when s > 1 and u > v, since ¢,_s11 < ¢p_s12 < v < u. Finally, when s = 0 and
u = v, the path T'(J) ends on the diagonal (at (v,u)), but its last step is an E step, since
¢n—s < v. This proves Equations (3.13) and (3.17) for all s > 0 and u > v. O

3.3. The bijections «a, and .. We are almost ready to define the key bijections «,
and (,. These are reminiscent of the bijections o, and 7, defined in [3] for paths. An
important difference, however, is that the image by 3, of a two-rowed array that encodes
a path does not encode a path in general, so one cannot view (3. as a map on paths.

C _ . . (m,u] (ac,v) .
Let | be a two-rowed array in either {[yw)}nik or {[W] }nik. We say that a crossing of

§ at ¢ (resp. d;) is properif ¢; ¢ {u,v} (vesp. d; ¢ {u,v}).

For r > 1, the map a, applies to two-rowed arrays | whose rth crossing is a proper
upward crossing, and it swaps the parts of the top and the bottom rows of the array to
the right of this crossing. Schematically, if the rth crossing is at ¢;, we have

The properness of the crossing guarantees that ¢; 1 exists and that ¢; < ¢; ;1. Additionally,
we have ¢; < d;y1 and d; < ¢;y1, so the rows of a,.(§) are increasing. The two-rowed array
ar(§) has a crossing at ¢;, since d; < ¢; < ¢j41, and this crossing is still proper. This is
in fact the rth crossing of a.,(§), because the portion of the arrays to the left of ¢; is not
affected by «,.. It follows that «,. is an involution.

Similarly, the map /3, applies to two-rowed arrays j whose rth crossing is a proper
downward crossing, and it also swaps the top and the bottom rows of the array to the
right of this crossing. Schematically, if the rth crossing is at d;, we have

B x

Again, the rth crossing of 3,(g) is still at d; and is a proper crossing, and the map 3, is
an involution.
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Lemma 3.4. Let x,y,u,v,k € Z, n > 0 and r > 1, satisfying that, if u > v, then k <0,
and if u < v, then k > 1. The map «, restricts to a bijection

{0 o )™

and the map B, restricts to a bijection

(z,u] 2rd Br (z,v) 2rd
{ [y,v) }nj:(k—l) { [y,u] }nzpk’
Both «, and B, preserve the sum of the entries of the arrays.

Proof. The conditions on k, which depend on the relationship between u and v, guarantee
that the rth crossing of a two-rowed array in any of the four sets above is always proper, and

so the maps a, and f3, are defined. Indeed, an improper upward crossing of § € {%Z;‘)]} i

at ¢; could only occur if u = ¢; < diyy <vand k < 0. Arrays § € {([;:Z]) } . cannot have

improper upward crossings, since ¢; = v is incompatible with ¢ < n — |k|. An improper
(z,u]

[yﬂ’)}n:l:(k—l)
k—12>0. And an improper downward crossing of § € {([“;Z])}n . at d; could only occur if
u=d; <c¢ <vandk <0. i

Having already seen that a, and (5, are involutions, it remains to describe their images.

downward crossing of fl € { at d; could only occur if v = d; < ¢; < u and

Given € € {(Lu]}er whose rth crossing is at ¢;, if we write € as
d S Uyo) S pan & i d

T <0< <@< Cit1 < <Cn+k< u
v
Y<di<dyg< - <di<di+1<di+2< cee << v

then a,.(3) is the two-rowed array

T << <@<di+1 <dijpo <+ <dp_p< v

v
Y<di<do< -+ <d; <Ciy1 < <Cn+k< U
Y
. . () >rt
which has an upward crossing at ¢; and thus belongs to { ’ } .
[vul ) gk
.. ) c (z,u) | 2T . . . .. c
Similarly, given | € {[y»v)}ni(kq) whose rth crossing is at d;, if we write J as
T <O << s CC1 <G <Cip1 < - e e <Cp4k—1< U
v
Y<di<dy< --- <@)<dii1< - <dp_pp1< v

then f3,(g) is the two-rowed array

T <O <Cy< e <Ci71<bdi+1< s g1 < v
v
Yy<di<dy< --- <@<ci<ciyi< - <Cntk-1< U

)
2rl

which has a downward crossing at d; and thus belongs to {([551)} o

It is clear by construction that both «, and [, preserve the sum of the entries of the
arrays. [
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3.4. Proof of Theorem 2.1. For a,b,r > 0 and ¢ € Z, we interpret elements of ga%g’f
as paths in Péfy)ﬁ(uvv), where (z,y) = (¢,0) and (u,v) = (b+ ¢, a), using the transforma-
tion (3.5). For any n > 0, the subset of paths having n descents is in bijection with the

set {g:}}jr, using the encoding (3.8).

The proof is divided into nine cases according to whether the paths start below (0 < ¢,
equivalently = > y), on (0 = ¢, equivalently x = y), or above (0 > /¢, equivalently = < y)
the line being crossed, and whether they end below (¢ > a — b, equivalently u > v), on
(¢ = a — b, equivalently u = v), or above (¢ < a — b, equivalently u < v) this line. In
each case, we determine fo;e(t, q) by first using Equation (3.9) to rewrite it in terms
of two-rowed arrays, then repeatedly applying the maps from Lemma 3.4 to construct

>
EZ:)]}J and certain sets of two-rowed arrays with no requirement on
) n

the number of crossings, and finally using Lemma 3.1. The cases are labeled as in [3] for
consistency, but we will prove them in a slightly different order.

bijections between {

Case I: 0 < ¢ < a— b, equivalently x > y and u < v. By Equation (3.10) with s =0,

lyv) o) Jn

and so Giimﬂ’e(t,q) = igm’f(t,q). Using Lemmas 3.3(a) and 3.4, noting that the
condition £ > 1 in the latter holds at each step, we construct a composition of bijections
Q10 300 Q10 Bop:

{(m,u}}zm _ {(m}}zm JEELN {(m)}zm _ {(x,v>}22m—” a2m1 {(w]}zm—” _ {(w]}ﬂm—%

[y,v) n [y:'U) n [y,u] nFl [y,u] nFl [y,v) ntl [%U) -
Pam2 Lo [ 21t (z,u] >0 _ f (=
I {[ym}nim - {[ym}nim = {[y,v)}nim‘ (3.18)

See Figure 6 for an example. Since these bijections preserve the sum of the entries of the
two-rowed arrays, Equation (3.3) gives

Z qHC||+HdH—n(x+y) — Z qHC||+||dH—n(x+y)
o)) 22" c _f(zu]
(C:le{Ey,'u)}}n de{[y,v)}nim
_ n2+m(m+z—y+1) Uu—x v=Y _ n2+m(m+£+1) a b
q ln—l—m]qln—m]q q [n—m]qln—i—mq' (3.19)

Using Equation (3.9), this proves Equation (2.1).

aMz2 _ ramz B 1)\ 22 yasn =t a1 a2 orag
{[0,8)}4 = {[o,8>}4 — {[0,71}@1 = {[o,ﬂ}m — {[o,8>}4i1 = {[0,8)}4&1
1<2<@<4<b<7 1<2<@<4<8 1<2<@<4<5<6<7
0<0<1<4<®<8 0<50<1<4<®<6<T 0<0<1<4<8

FIGURE 6. An example of the bijection (3.18), where (z,y) = (1,0), (u,v) =
(7,8), m=1and n =4.
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Case II: 0 > ¢ > a — b, equivalently x < y and v > v. Similarly to Case I, the
equality GZ2" (¢ ) = G>2m€(t q) follows now from Equation (3.16) with s = 0. Again
Lemmas 3.3(d) and 3.4, noting that the condition £ < 0 holds at each step, allow us to
build a sequence of bijections 51 0 ap 0 -+ 0 [9,,_1 0 Qop:

o2m {(r,v)}22mT _ {(Iﬂ))}ZQm—li Bom—1 {xu]} >2m—1] {[j’u)]}zzm_%

[yul lyulJ [y,v) n¥l
B - SR U I (| W )

Then, by Equation (3.3),

l

Z chllJeran(ery) — Z qHC||+||dH*n(x+y)
c [ (z,u] 22m c_[(zu]
de{[ym}n de{[y,w}nm
— qnzfm(fm+xfy+l) u—x v—Yy — qn2+m(m7571) a b : (32())
n—mqn—i—mq n+mqn—mq

proving Equation (2.2).

Case III: 0 > ¢ < a — b, equivalently z < y and u < v. The equality G>2m+”(z€, q) =

G;gmﬂg(zﬁ,q) follows now from Equation (3.14) with s = 0. Lemmas 3.3(c) and 3.4
produce a sequence of bijections 51 o g 0 --- 0 fopaq:

{fpan = = {fmay =
}

S ) S ] S S ) S ]
pany B e = B = (e

By Equation (3.4),
Z qHC||+HdH—n(33+y) — Z q||CH+Hd||—n($+y)
c [ (z,u] 22m+1 c_[(zv)
de{[y,’l))}n de{ [yvu] }n:F(m+1>

2—(m+1)(—m+z—y) lv — &= 1] lu —y+ 1]

—4 n—m-—1 n+m-+1
q q

_ qn2+(m+1)(m—€) la —f—-1 ] l b+ l+1 ] . (3.21)

n—m-—1 n+m-+1
q q

proving Equation (2.3).
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Case IV: 0 < £ > a—b, equivalently x > y and u > v. Here Giimw’e(t, q) = Giimﬂ’é(t7 q)
because of Equation (3.12) with s = 0. Lemmas 3.3(b) and 3.4 give a sequence of bijections
10300 Qgmi1:

{%;’;L)}}&mﬂ {%;,;}}22m+1¢

a2m 41 (.Z’,’U) 22m+11‘ o (CC7’U) 22m¢ 62 (CC,U] 22m¢ . (z,u] 22m71T
= {[y,u] }n o {[y,u} n — {[y,v)}nm o {[yvv)}nqil
a2m—1 . aq (z,v) 21t _ J(zw) 204 _ J(zw)
— — { [y,u] }n:l:m o { [y’u} }nj:m - { [yvu] }n:l:m
Thus, using Equation (3.4), we get Equation (2.4):
Z q||C||+||d||*n(w+y) — Z qIICHH\dIIfn(a:er)
c | (z,u] 22m+l c_[(zv)
de{[y,v)}n de{ [y,u] }nim
:qn2+m(m+z_y+1) v—x—1| lu—y+1 :qn2+m(m+g+1) a—0—1| |[b+0+1
n+m n—m | n+m n—m |
(3.22)

Case VII: 0 < ¢ = a — b, equivalently z > y and v = v. In this case, the parity of the
total number of crossings is not forced by the endpoints, so we consider the cases r = 2m
and r = 2m + 1 separately. The case r = 2m is proved like Case I, constructing a sequence
of bijections oy 0 B3 0 -+ 0 (g1 © Pam:

(] V22 [ (] 22 @} 2T f@u) 20 _ [l
{[yv’u)}n o {[yﬂ})}n — {[yfv)}n:l:m T {[y»v)}nj:m - {[yvv)}n:tﬂ’b7 <323)
where we use Lemma 3.2 for the left equality, and Lemmas 3.3(e) and 3.4 to compose the
bijections. Equation (2.9) now follows using Equation (3.19) again.

The case r = 2m + 1 is proved like Case IV, constructing a sequence of bijections
10300yt

(z,u] 22m+1 _ S (=] 22m+11 (z,v) 217 _ J(zw) =04 _ J(zw)
{[y,v)}n = {[y,v)}n — {[y,u]}nim = {[ym}nim = {[y,m}nim' (3.24)
Now we use Equation (3.22) and the fact that ¢ = a — b to prove Equation (2.10).

Case VIII: 0 > ¢ = a — b, equivalently x < y and v = v. This case is analogous to
Case VII. When r = 2m, we use the same sequence bijections as in Case I1,

. NI (2]
Proazo o fum-10amm: {[y,w}n — {[y,w}n;m’ (3.25)
using Lemma 3.3(f). Equation (2.11) now follows from Equation (3.20).
When r = 2m + 1, we use the same sequence of bijections as in Case III,
. [ =2 (20)
Proazo---ofumr: {[yav)}n — {[y»u}}n:p(mﬂ)' (3.26)

Equation (2.12) follows from Equation (3.21) after the substitution £ = a — b.
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Case V: 0 =/ < a — b, equivalently x = y and u < v. We will reduce this case to
Case VIII by applying an involution v on two-rowed arrays that changes the sign of each
entry, reverses each row (so that the negated entries increase from left to right), and swaps
the top and the bottom rows. The map v restricts to bijections

(z,u] v (—v,—y] (z,v) v [—u,—y]
{[Z/ﬂ})}nik — {[—ua—x)}n;k’ {[y,U]}nik — {(—u—x)}nm (3.27)
for any k € Z. Additionally, in the case k = 0, it restricts to a bijection
(zu\ 27, v (—v,—y \ =7
{[y,v)}n — {[fu,fx)}n ; (3.28)

since it preserves the number of crossings; specifically, upward crossings turn into downward
crossings, and vice versa. Indeed, the two-rowed array

T << < s <cp<u
y<d <dy <--- < d, <w
is mapped by v to
- < —d, < —dpq < - < —d; < —Y
—u < —¢, < —Cpep < s < =0 < —XI '

Thus, the first array has an upward crossing at ¢; if and only if the second one has a
downward crossing at —c;, since condition (3.6) is equivalent to —d;; < —¢; < —d;, and
similarly for the other type of crossing. In terms of the corresponding lattice paths given
by the encoding (3.8), the involution v translates to a reflection along the line x +y = 0.

The conditions z = y and u < v are equivalent to —v < —u and —y = —z, so we can
apply the bijections from Case VIII to the set on the right-hand side of (3.28). When
r = 2m, Equation (3.25) gives a bijection

- [ (o 122 (—v,—y]
61 © Qg O © ﬁ2m—1 O Qg - {[,%,m)} — {[7“”727)}71:':771‘
Conjugating by v, we get a bijection

voBioago---0 g, 100,00V {%gj:)]}:zm — {%Zg)]}nim

that preserves the sum of the entries. Using Equation (3.19) with ¢ = 0, we deduce
Equation (2.5).
When r = 2m + 1, Equation (3.26) gives a bijection

>
4] }72m+1

owsa o (S = {01

n [—u,—y] }n¥(m+1)’

and conjugating by v we get

voflioay0---0 g, 10V {gj:ﬁ}jzm — {([Z:z])}ni(m+1)'

Swapping the top and bottom rows and using Equation (3.21) with ¢ = 0, we deduce
Equation (2.6) .
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Case VI: 0 =/{ > a — b, equivalently z = y and u > v. By applying the map v, this case
reduces to Case VII, since the conditions x = y and u > v are equivalent to —v > —u and
—y = —x. When r = 2m, conjugating the bijection (3.23) with v gives a bijection

Voa;0fBy0-:-0Qy, 10mol: {ng)]}?m - {g:f)}}nq:m

Using Equation (3.20) with ¢ = 0, we deduce Equation (2.7).
When r = 2m + 1, conjugating the bijection (3.24) with v gives a bijection

Vo 0By0 0 Qami1 OV : {%;:)]}?mﬂ — {([iz])}nij

Swapping the top and bottom rows and using Equation (3.22) with ¢ = 0, we deduce
Equation (2.8).

Case IX: 0 =/ =a — b, equivalently x = y and u = v. We consider two cases according
to the first step of the path. Via the bijection (3.8), paths in the left-hand side starting

>r
with an N are encoded by two-rowed arrays § € {%;3)]}_ with y < dy; equivalently, by

>r
q € {[y(iﬂ)}_ . Note that replacing the lower bound y with y 4+ 1 does not affect the
number of crossings of the array, since § cannot have a crossing at ¢y in either case. Since
xr < y+1, the conditions in Case VIII hold with y+ 1 playing the role of y. Equation (3.25)
gives a bijection
. () 122 (]
Proazo:---ofam_10azm '{w+¢m)} — {w+1m>}n¢n;

n

Then, using Equation (3.3), it follows that

Z qHCII+IIdH—n(x+y) =q" Z qHCII+IIdH—n(x+y+1)
] |22 c (z,u)
§€{Q+Lb}n de{w+Lw}n¢m
_ n n*—m(-m+z—y) u—= v—y—1 _ nPntm? a a—1
749 [n—m] [n+m ¢ n—m| [n+m| (3.29)
q q q q
Similarly, Equation (3.26) gives a bijection
e . (zu] 22m+1 (z,v)
Broa o0 Bomit : {[y+1ﬂ))}n — {[y+1vu]}n¥(m+1)7
and Equation (3.4) implies that
Z gleltldli=nz+y) — gn Z gllclitliali—nz+y+1)
c (z,u] 22m+1 c (zv)
de{[y+lvv)}n de{[y—‘rl’u}}nI(erl)
— qnqn2—(m+1)(—m—1+m—y) v—x—1 u—-y
n—m—1 . n+m+1 .

1 [n—m—l]q[n—km%—l]q' (3.30)
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On the other hand, paths in the left-hand side of (3.8) starting with an F are encoded
>r >r

by two-rowed arrays § € {%;:f)]}_ with y = d;. Let us use the notation {&Z:ﬂ:}_ for such

arrays, where the double bracket indicates that the first element in the bottom row is

forced to equal its lower bound. By Lemma 3.3(g), we can use the same bijections as in

Case VII, noting that the condition y = d; is preserved when applying the maps from

Lemma 3.4. For r = 2m, we get a bijection

Q1 O ﬁQ O+ 0Qgn—10° 62m : {@([Z:Z%}:zm — {[([z:z;}n:tm’

and Equation (3.3) implies that

Z q||0||+||dH—n(fc+y) _ Z q||0||+||d|\—n(m+y)
o) 22" c [ (zu]
(cie{&y,v;}n de{[y7v)}nim
— Z qHCIIJerH*n(Hy) —q" Z qIICHH\dII*n(HyH)
c (zvu} (¢ (:E,u]
de{[ym}nim de{[yﬂ,v)}nim
— qn2+m(m+x—y+1) U= v=Yy . qnqn2+m(m+x—y) u—x v—Y— 1
n—i—mqn—m n—l—mq n—m
— n2+m(m+1) [ a ] a _.n n2+4+m?2 a a—1
q n+m [n—m] 149 [n—km} [n—m
L lq q q q
— qn2+m(m+1) [ a ] a _n—m a—1
n+m n—m n—m
L lq q
— qn2+m(m+1) [ a ] a — 1 (3 31)
n+m| |In—m-—1| ° )
L lq q
Similarly, for r = 2m + 1, we get a bijection (see the example in Figure 7):
T,u 22m+1 T,V
103500 Qo {hﬁj}n — {hﬁﬁ}nin{ (3.32)

(0’7} 23_ (077] 237\04 (077) 23T_ (077) EZ\LQ (077] ZQJ(_ (077} ZlTa (077) le_ (077)

{[[0»7)}3 _{[[077)}3 4{[[077]}3 _{[[077]}3 4{[[077)}3;1_{[[077)}311 [[0»7]}311_{[[077}}3i1
0<Q<3<6<7 0<@<3<b<7 0<@<3<7 0 <@<3<5<6<7
0=0<3<6<T7 0=0<3<6<7 0=0<3<G<6<T7 0=0<3<7

FIGURE 7. An example of the bijection (3.32), where (z,y) = (0,0), (u,v) =
(7,7), m=1and n = 3.
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Then, Equation (3.4) implies that

Z q||C||+||d||—n(ﬂf+y) — Z q||CH+Hd||—n(I+y)
(z,u] 22m+1 c (z,v)
ge{[[y,v)}n de{[[%u]}nim
— Z ch||+||dan(x+y) —q" Z q||CH+Hd||*n(l‘+y+1)
c (1‘71)) (¢ (CE,U)
de{[ym}nim de{[yﬂ,u]}nim

n2+m(m+z— v—x—1 u—y+1 n_ n?+m(m+z— -’U—il?—l u—=

n—+m n—m n-+m qn—mq

n24m(m a—1 _a—l—l n n24m2 a—1 a
q

n—+m n—m n—+m n—m

— n24+m(m+1) [ a—1 1 [ a
“ _n+m_q_n_m_1L- (3.3)

Adding Equations (3.29) and (3.31) to account for all paths with at least 2m crossings,
we get

Z gllel+lidli=n(z+y)

seflo)™

_ P +m(mt1) [ n-m a a—1 a a—1
q (q [n—m]qlnjtm]qu[n—l—mtln—m—lq

R I

— 1—q° nt+mj |n—m

which proves Equation (2.13).
Similarly, adding Equations (3.30) and (3.33) to account for all paths with at least

2m + 1 crossings, we get

) glelrlidii=n(z+y) — q"2+m(m+1)ﬂ a a
(zu] ) 22T 1—q° n+m+1qn_m_1q,
de{[yfw}n

which proves Equation (2.14).



Counting lattice paths by crossings and major index 23

4. PROOFS FOR PATHS CROSSING EACH OTHER

In this section we prove Theorem 2.2. Using the bijection (3.1), we will encode pairs
of lattice paths as pairs of two-rowed arrays, describe crossings in this setting, and then
define certain bijections on pairs of arrays.

4.1. Pairs of two-rowed arrays. Throughout the section, let £ € Z and n > 0, let
{O,.} = {]_,2}, and let A1 = (l’l,yl), A2 = (l’g,yg), Bl = (ul,vl)7 and B2 = (Q,LQ,UQ) be
four pairs of integers. We consider certain sets of pairs of two-rowed arrays, for which we
introduce the notation

{{re

Elements of such sets are denoted by placing two two-rowed arrays side by side, namely
¢, where § € {[(‘“’%]"1 } and § € {[(m’“‘]*@ }, with n; +ny = n. When k£ = 0, the

djf’ d Y1,00)ny +k Y2,V0 )y —k
subscript £ will often be omitted.

Applying the encoding (3.1) to each component of a pair of paths, we get a bijection
(J} 7“'}
rael) (4.2)

See Figure 8 for an example. Suppose that condition (2.15) holds, and let z = zy + y; =

et U {ansi sl (4.1)

ni+no=n

{(P,Q) € Pa,—B, X Payp, : des(P) + des(Q) =n} — {(961,%]

[y1,v0)

Ty + 1. If (P, Q) is encoded by §|§, then
ni n2

maj(P)+maj(Q) = Y _(citdi—w1—y)+)_(ej+fj—w2—y2) = [[c|[+[[d]+ e[+ £] —nz.
i=1 j=1

(4.3)

Next we adapt Lemma 3.1 to enumerate the sets (4.1) with respect to this statistic.

0<3<®<10 2<@<4<T7T<®<8
2<2<@<T 0<2<H<@E<T7<8

(0,10] (278]
e{mm mah

|
T

3 4 6 7 8 10

FIGURE 8. The encoding (4.2) applied to the pair of paths from Figure 3,
and the resulting pair of two-rowed arrays, where the crossings have been
circled.
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Lemma 4.1. Suppose that z = x1 + 1y = x93 + yo. We have

Z g Z gleliFlidli+lel+[]—n=

n>0 cle [(z1,uo]|(z2,ue]
d fe{[yh'uo) [y2vv°)}n,k
_ h(ktaa—a1) g gm(m+k) [Yo = T1) Vo = Y1) )
! (mzzzo ! l m L{[nl—i_k q

5 vt [ 2] [ ]
n2>0 "2 q n2_k q

= fk,A1,A2,BO,B. (tv Q)'

Proof. Using (4.1), the left-hand side expression can be factored as

Z i Z glel+lidli—naz Z 2 Z glleliFlidli=n2z 1 (4.4)
n1>0 CE{ (21,t0]n, } n2>0 ce{[(:cg,u.]n2 }

d [y17UO)7L1+k d y27vl)n27k
For fixed ny, Lemma 3.1(i) gives

Z qHC||+HdH—n12 — ( Z q||c||> ( Z qd) q—n1(x1+y1)
} CE( }"1 ny+k

c { (®1,u0]ny T1,Uo defyr,vo)
(S
d = L[y1,v0)ng+k

_ n1(n1+k)+(§)+ky1 Uo — X1 Vo — Y1 45
4 ny ny + k q’ ( ) )

where we used the simplification

ny+1 ny+k+1 k
( 12 >+< ! 9 )+n1:1:1—|—(n1+k)(y1—1)—nl(xl—l—yl):nl(n1+k)+<2>—|—ky1

Similarly,

) gleltidli=nzz . na(na=k)+(*5") ~kuz l“ - 5’32] [“ - yz] . (46)
c (T2,Ue]ny i ny =k q
de{[yz,v.)nﬂ}

Substituting (4.5) and (4.6) into (4.4) and using that (g) + (k;1> + k(yy — y2) =

k(k + x9 — 1), we obtain the stated identity. O
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4.2. Crossings in pairs of two-rowed arrays. Let vertex V; be a crossing of two paths
P and @, as defined in Section 2.2. We say that V; is an upward (resp. downward) crossing
of (P,Q) if the step of P leaving V; is an N (resp. E); equivalently, if the step of @
leaving V; is an E (resp. N).

Crossings of a pair of paths can be read from their encoding (4.2) as a pair of two-
¢, where § € {(“’“"]"1} and

rowed arrays. Indeed, suppose that (P, Q) is encoded by §

[yly’Uo)nl
s € {([522:.')]:22}, and let co 1= x1, do 1= Y1, Coyt1 = Uo, dpyt1 = Vo, €0 := T, fo := Yo,
€nyt1 ‘= Ue, [nyt1 := Ve by convention. For simplicity, let us assume that A; < A,

or Ay = Ay. Then (P,Q) has an upward crossing at (¢;, f;), where 0 < ¢ < n; and
1 <7 < ny—+1,if all of the following hold:
(IT) €j—1 <¢g < €; and d; < fj < di+1,
(ii") (ej-1, fi—1,€j-2, fj—2,- - -, €0, fo) <ar (Ciydi, cic1,di1, ..., co,dp) and
(discim1,dio1,Cimay ooy co,do) <are (fjh€j-1, fim1,€j-2,-- -, €0, fo),
where <, is defined recursively by (ai,as,as,...) <ayg (b1,bo,bs,...) if either a; < by,
or a; = by and (ba,b3,...) <ax (a2,a3,...). Indeed, condition (i') states that (c;, f;)
belongs to both P and @), and that P (resp. @) leaves this vertex with an N (resp. F).
Condition (ii') states that, if V; is the first vertex of the maximal sequence of consecutive
common vertices ending at (¢;, f;), then P (resp. Q) arrives at V; with an N (resp. E).
Similarly, (P, Q) has a downward crossing at (e;, d;), where 1 <i <m;+1land0 < j < ny,
if
(iY) ¢io1 < e; < ¢ and f; < d; < fi4,
(it*) (i1, diz1,Cima,di, ..., co,do) <are (€5, fj,€j—1, fi—1.- -, €0, fo) and
(firej—1, fi—1,€j-2, .-, o, do) <ai (dis Ci1,di—1,Cimay - - -, €0, fo)-
For example, the pair of paths in Figure 8 has a downward crossing at (ey,ds) = (3,4).
Condition (i*) states that 3 < 3 < 6 and 2 < 4 < 5, and condition (ii*) states that
(3,2,0,2) <ar (3,2,2,0) and (2,2,0) <uq (4,3,2,0,2).

Next we generalize the definition of upward and downward crossings to pairs of two-
S5 € s fzuel},  with k € Z. Suppose that § € {1 } and

rowed arrays
Y5 a [1,v0) | [y2,00) [91,00)my 14

‘; S {in?)ﬂ:i}; where ny + ny = n, and use the convention ¢y := 1, dy 1= Y1, Cpy 41 1= Uo,

Apy ki1 1= Vo, €0 := Ta, fo := Y2, €npi1 ‘= Ue, fry_ki1 := Ue. Let my = min(ny,ny + k)
and my = min(ng, ny — k). Then 3’? has an upward crossing at (¢;, f;) if 0 < i < m; and
1 < j < my+ 1, and conditions (i') and (ii") hold. Similarly, it has a downward crossing
at (ej,d;) if 1 <i<my+1and0 < j<my, and conditions (i*) and (ii*) hold.

It is convenient to think of crossings of a pair of two-rowed arrays as crossings of the
pair of paths obtained by truncating the arrays, similarly to what we did in Section 3.2
for single arrays. Let T'({) be the path in P, 1) (cm,11.dm, 1) having valleys at positions
(ciyd;) for 1 < <my, and let T(%) be the path in Pz, yo)s(epy11./my 1) having valleys at

positions (e;, f;) for 1 < j < mjy. Then the upward and downward crossings of {|§ can be
identified with the upward and downward crossings of the pair of paths (T(3),T(F)). See

Figure 9 for an example. In particular, upward crossings are always at vertices of the form
(¢i, fj), and downward crossings are at vertices of the form (e;, d;), for some 1, j.
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0<3 1<@<4<4 c {(0,3] (1,4}}
1<@<5 1 0<2<4 L3104 5,1
Po-e--e(4,4)
:
(2,2)
—r—%—(3.2)
0.4 4
(10)
FIGURE 9. A pair of two-rowed arrays §|¢ with its crossing circled, and the
corresponding pair of paths (T'(5),7'(%))-

It is clear from this description that there is a natural ordering of the crossings by
increasing z-coordinate, or equivalently, by increasing y-coordinate. As in the case of
single arrays, the rth crossing of a pair of two-rowed arrays will always refer to the rth
crossing in this ordering.

>r
For r > 0, denote by {(‘“’“C’] (:”2’"’]}7 the subset of {(’”1’%] (w2,ue]

[y1,00) | [y2,ve) Sy [y1,v0) | [y2,ve)
of arrays that have at least r crossings. The encoding (4.2) restricts to a bijection

{(Pir : des(P) + des(Q) = n} — {(rruel] ezl =
A1 —Bo,As—B, - d€S es n [y1.v0)

[y2,ve)
Using Equation (4.3), it follows that, if z = 21 + y; = 22 + y9, then

} i consisting of pairs
n,

n

H3 gy (tg) =D 1" 3 glel+ldl+lell+[£]-nz (4.7)
n20 cle {(xl,uo} (zg,u.]}zT
dif~ Lly1,v0) | [y2ve) S,
>r
To prove Theorem 2.2, we will construct bijections between {([le ’;‘O")] ([;3225.’)]}_ and sets of
the form {([;1:22)] ([522:11)]}nk for some k € Z, and then apply Lemma 4.1.

C

Lemma 4.2. Let r > 1. If Ay < Ay, then the rth crossing of a pair of arrays j
{(th'O]

[y1,v0)
Proof. Interpreting crossings of 3‘? as crossings of the pair of paths (T'(5),7'(§)), which

start at A; and As, respectively, the fact that A; < Ay implies that downward and upward
crossings must alternate, with the first crossing being downward. 0

e

¢ €

2r L . L .
([522;")}} L isa downward crossing if v is odd, and an upward crossing if r is even.
Ve n,

For r > 1, a symbol 1 (resp. |) next to the superscript >r denotes the subset of pairs of
arrays where the rth crossing is an upward (resp. downward) crossing. For r = 0, in the
case A; < A,, we simplify define

{([;’l,uo)] (xz,uc}}ZOT _ {(:c1,uo] (IQ,U.]}ZN _ {(xl,uo}
1,00

(z2,ue] V=0 _ [ (21,u0]
[y27’U0) n,k [yl,Uo) [yQ»UO) n,k [y1,vo) } _{
by convention.

[y27v.) n7k‘ [ylvvo)

(IQ fu"}
[yg,’u.)}mk (48)
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! = A = = B, = (o) () 207

n the case Ay = Ay = (z,y) and By = By = (u,v), we define {[W) [W)}nk
>0 ,

(resp. {%;:)} %;:)]}f:) to be the set of pairs §|f € {g:)] %;:)]} ) such that € # © and

the leftmost entry in the usual zig-zag order where § and §{ differ is in the top row and

satisfies ¢; < e; (resp. ¢; > ¢;), or it is in the bottom row and satisfies d; > f; (resp. d; < f;).
Equivalently, 3“; is in the first (resp. second) set if the first step where the paths T'(3)
and T'(7) disagree is an N (resp. E) step of T'(3) and an E (resp. V) step of T'(%). See
the examples in Figure 10.

In analogy to Lemma 3.3 for single arrays, the next lemma shows how the relative
locations of the two initial points and of the two final points often force the number of

crossings of a pair of two-rowed arrays to have a given parity.

Lemma 4.3. Let m > 0.
(a) If Ay < Ay, By < By, and s > 0, then

(z1,u2]| (z2,u1] >2m+1 _ S (z1,u2]| (z2,u1] >2m+1} _ S (z1,u2]| (z2,u1] >2mf _ S (z1,u2]| (z2,u1] >2m
el fmdd " = {7 = Ll G} = A ety
(4.9)
(@10] | (@2,u2] | 7272 [ (@rn]| (@22 | 7272 (@] (@2 |22 (@] (220] | 220
1k S (w1 o S s i | R o o
(4.10)
(b) If Ay < Ay and By = By, then (4.9) and (4.10) hold for s > 1.
(c¢) If Ay = Ay = (x,y), By = By = (u,v), and s > 1, then
(z,u]| (z,u] >2m+1] (]| (2] >2mt (2] | (0] >2m+21 [ (@] (@] >om-1]
h%w[%m}ms _'h%W[%W}ms and {WW)waﬁrs “{mm mw}m_s
(4.11)

Proof. In each of Equations (4.9) and (4.10) for A; < A, the two outer equalities follow
from Lemma 4.2 (and convention (4.8) in the case m = 0), and the left-hand side is
trivially contained in the right-hand side. To prove the reverse containment, we will show
that the parity of the number of crossings is forced in each case.

Let us first prove Equation (4.9) with the hypotheses of part (a). Let

[¢]

d

e (x1,u2)
fe{imm

((EQ,’lLl] c (5171,%2]11 e (127“41}77,
[y27v1)}n73’ so that d € {[yly'UZ)nl-ts} and f € {[yz,m)ngis}

for some nj,ny summing to n. Crossings of 3“; are crossings of the pair of paths
(T(3):T(3)) € Paypy X Paysp;, where By = (ug, dy, 1) and B} = (€, s11,1). Since
dp,+1 < v9 and e,, 11 < ug, the condition By < B implies that B{ < B). Thus, since
Ay < Ay, the number of crossings of ;“; must be odd, proving Equation (4.9) in this case.
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With the hypotheses of part (b), letting By = By = (u,v) and s > 1, the same argument
yields endpoints B) = (u,d,,+1) and B} = (€p,—s41,v) with d,, 11 < dy, 1511 = v and
ny—s+1 < u. Let T'(3) be the path obtained by removing the run of E steps at the end of

T'(%), which does not affect any crossings since B is strictly below these steps. Crossings
of fi“; are now crossings of (T(g),f(‘;)) € Pa, By X Pa,py, where By = (en, s, v). Since
€ny—s < €ny—s+1 < u, we have BY < Bj, implying again that the number of crossings of
Cc
d

e
f

With the hypotheses of part (c¢), the same argument gives a pair

is odd, which proves Equation (4.9) also in this case.

(T(5),7(5)) € Passpy X Passsr,

s e {fu =

that the 2mth crossing of (T'(3), T (%)) is an upward crossing; for m = 0, this means that

the first step where these paths disagree is an IV step of T'(j) and an E step of T( )

The fact that B} < B} forces these paths to cross, with the 2m + 1st crossing being a

downward crossing, which proves the first equality in (4.11).
The proof of Equation (4.10) is similar. Let §|F € {(x““]

[y1,v1)

where BY < Bj as before. Suppose that §

. For m > 1, this means
n,s

(z2,u2] c
[927v2)}n,—s7 so that § €

{ (@1,u1]ny } and § € { (@2,u2]n, } for some ny, ny. Crossings of c‘e are crossings of
[ylvvl)nl—s f [y27’02)n2+s d|f

(T(3),T(%)) € Payn; X Paypy, where B} = (¢n,—s11,v1) and B = (uz, fuy41)-

Since ¢, 511 < up and fy,,+1 < v9, the condition By < Bs implies that B < Bj. Thus,
if the hypothesis of part (a) hold, the number of crossings of ;’? must be even, proving
Equation (4.10) in this case.

Letting now B; = By = (u,v) and s > 1, we get endpoints B} = (¢,,_s+1,v) and
Bl = (u, fny11) with ¢, 511 < w and f,,+1 < v. Removing the run of E steps at the end
of T'(§), which does not affect any crossings, we obtain a pair

(T($),T(2)) € Paypy X Paypy, Where BY = (cay—s,0).

Now ¢, —s < Cpy—s+1 < u, and so By < B), implying again that the number of crossings
of §|§ is even. This proves Equation (4.10) with the hypotheses of part (b).

Finally, with the hypotheses of part (c), we obtain a pair

(f(;),T(‘fe)) € Pa, sy X Pa,py, where B! < Bs,.

If 8|5 € {(x’“} (x’“]}ZQnHu the 2m + 1st crossing of (T'(%),T(2)) is a downward crossin
djf )l o) s 7 &) a’lrt e g,

so the paths must cross again, and the 2m + 2nd crossing must be an upward crossing.
This proves the second equality in (4.11). O
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4.3. The bijections ~, and §,. The bijections ~, and J, play a similar role for pairs of
two-rowed arrays as the bijections «, and 3, played for single arrays. They are reminiscent
of the bijection 6, defined in [3] for pairs of paths; however, 7, and ¢, do not restrict to
bijections for pairs of paths, since they change the relative lengths of the rows of the
arrays.

cle (z1,uo]| (2,ue]
For d|f € {[’yl,%) [y2,ve)

crossing at (e;, d;)) is proper if ¢; # u, and f; # v, (resp. e; # ue and d; # v,), that is,
neither entry equals the upper bound for its row.
For r > 1, the map ~, applies to pairs of two-rowed arrays z“; whose rth crossing is a

} , we say that an upward crossing at (¢;, f;) (resp. a downward

proper upward crossing, say at (¢;, f;), and it swaps the entries to the right of ¢; in each
row of the first array with the entries to the right of f; in each row of the second array.
Schematically, we have:

2
‘?/1

- al

The fact that (¢;, f;) is a proper crossing of 3‘? guarantees that ¢;1; and f;4; exist, and
that ¢; < ¢;31 and f; < fj41. Condition (i) in the characterization of upward crossings
implies that ¢; < e;, d; < fj+1, ej—1 < ¢ip1 and f; < d;41, and so the rows of the arrays in
’Yr(;
because e;_; < ¢; < ¢ip1 and d; < f; < fj41, and condition (iiT) holds because the relevant
entries are not affected by 7,. This crossing is clearly proper, and it is the rth crossing of
7-(§|7) because the entries to the left of ¢; and f;, and thus the first r — 1 crossings of the
pair of arrays, are not affected by ~,. It follows that ~, is an involution.

¢) are increasing. The pair ,(§|7) still has a crossing at (¢;, f;): condition (i) holds

Similarly, the map J,. applies to pairs of two-rowed arrays 3“; whose rth crossing is a
proper downward crossing, say at (e;, d;), and it again swaps the entries to the right of d,
in the first array with the entries to the right of e; in the second array. Schematically, we
have:

’;[;1 ’$2
’y1 ’yz

’1;1 ’x2
’?Jl ’?JQ

The same argument shows that the rows of the arrays in 5T(§“;) are increasing, that

5.(¢

d
is an involution. In fact, if we denote by ¢ the involution that swaps the two two-rowed

arrays in a pair, that is,

¢) still has a proper crossing at (e;,d;), which is its rth crossing, and that the map 9,

<(alt) = ¥as (4.12)

then the maps 7, and ¢, are related by 6, = ¢ o, og.



30 S. Elizalde

If Ay = Ay = (z,y) and B; = By = (u,v), we can extend the definitions of +, and 4, to

>0
: € {([;:f)] %;:)]};; If the leftmost entry where § and §

differ is ¢; < e;, then the vertex (c;, f;) satisfies condition (i') from the characterization of
upward crossings, since e;_; < ¢; < ¢; and d; = f; < d; 41, even if it fails condition (ii) since
(di7 Ci—1, di—l; ..., Co, do) = (fz, €i—1, fi—la ..., €0, fo) If C; 7é u and fz 7é v, wWe define Yo by
swapping the entries to the right of ¢; in each row of § with the entries to the right of f;
in each row of ¢, just as in the usual definition of v, if (¢;, f;) had been the rth crossing.

If the leftmost entry where § and { differ is d; > f;, now it is the vertex (c;_1, f;) that
satisfies condition (il), since ;1 = ¢;_1 < ¢; and d;_y < f; < d;. If ¢;_1 # v and f; # v,
we define o by swapping the entries to the right of ¢;_; in each row of § with the entries
to the right of f; in each row of {, just as in the definition of , if (c;_1, f;) had been the
rth crossing. See the example in Figure 10.

The bijection dy can be defined analogously, or as dp = ¢ 09 o ¢, but it will not be
needed in the proofs.

the case r = 0 as follows. Let ;

0<2<4<4 ‘ 0<2<4 {(074]‘(074]}20Tﬁ 0<2<4 ‘ 0<2<4<4 {(0,4]’(0,4]}20T
0<1<3 0<1<2<3 03)03)f3-1  0<1<3 0<1<2<3 03)]0,3) S 30
I;——'(473) (4,3)
#--=(4,2) -
(0,0} (0,0)

FI1GURE 10. An example of the bijection vy. For each pair of two-rowed

c

arrays §|¢, the leftmost entry where they differ is dy = 3 > 2 = f5, so

(c1, f2) = (2,2) satisfies condition (i). The corresponding vertex in the pair
of paths (T'(5),T(;)) has been marked with a dotted circle.

Lemma 4.4. Fixn >0, k € Z and r > 1. Suppose that either By < By and k > 0, or
that By = By. The map 7, restricts to a bijection

{(SU:[,'LLQ] (xg,ul]}zrT Yr {(xl,uﬂ (fit:z,uﬂ}zrT (4.13)
[y1,v2) | [y2,v1) J [y1,00) | [y2,02) Sy —k—1 '
The map 6, restricts to a bijection
{(:L‘l,ul] ({L‘Q,UQ]}ZT‘L 57~} {(:Jc1,u2] (ﬂc’g,uﬂ}zr¢ (4.14)
[y1,01) | [y2,02) J ke ly1,v2) | [y2:v1) S g1’ '

Both v, and 6, preserve the sum of the entries of the pair of arrays.
Additionally, if Ay = Ay and By = By, then the above statements also hold for r = 0.
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Proof. Suppose first that » > 1. Let us first check that pairs of arrays in the four sets

above cannot have improper crossings, and so the maps 7, and ¢, are defined. For

cle (21,u0]| (x2,u]
d|f € {[yl,%) [y2,ve)

must have either ¢; = ., in which case u, = ¢; < e; < ue and h > 0, or f; = v,, in which

} . where h € Z, to have an improper upward crossing at (c;, f;), we
n,

case vy = f; < diy1 < Vo and h > 0. Similarly, for 3 '; to have an improper downward
crossing at (ej,d;), we must have either e; = u,, in which case us = €; < ¢; < u, and
h <0, or d; = v,, in which case v, = d; < fj41 < v, and h < 0.
If §|3 is in the left-hand side of (4.13) (resp. (4.14)) and has an improper upward
(resp. downward) crossing, the previous paragraph forces uy < u; or vy < vy, contradicting
the hypothesis that By < By or By = B,. If 3"; is in the right-hand side instead, the
forced inequalities u; < us or v; < vy hold when By < Bs, but the requirement on h states
that £+ 1 <0, contradicting the hypothesis that £ > 0 in this case.

Having already seen that v, and ¢, are involutions preserving the first r crossings and

preserving the sum of the entries, it remains to describe their images when restricted to

the above sets. Let 3"; be in one of the sets in (4.13), so that one has

((; c {[(m,uo]nl } and ? c {[(mg,u.}ng }

Y1,Y0)nq +h Y2,V )ng—h

for some nq, ny summing to n, and h € Z. If the rth crossing of S“fe is an upward crossing
at (Ci, fj>7 then

e (71, Ue]ng+i—j+1 (2,u0]ny —itj—1 (z1,ue]| (z2,u0]
f) = {[y1,vo)n2—h+i—j} X {[y27'(10)n1+h—i+j} < {[ylav.) [y2ﬂ/o)}n,—h—1'

When h € {k,—k — 1}, then —h — 1 equals the other element in the set, so this argument
works in both directions.
Similarly, if 3‘? is in one of the sets in (4.14) and its rth crossing is a downward crossing

at (ej,di), then

e (x17u.]n2+i—j—1} {(wQ,uo]nl—i+j+1} C {($1,'U/.]
f) < {[yl,vo)thJrij X [Y2,90)ny+h—its; ) = Uly1,ve)
When h € {—k,k+ 1}, then —h + 1 equals the other element in the set.

Finally, in the case that A; = Ay and By = By, a similar argument shows that the maps
Yo and Jy are defined and they are bijections between the stated sets. 0

C

(g

(3727uo]}
[y2,00) S o, —hy1’

o (§

d

4.4. Proof of Theorem 2.2. The proof is divided into four cases according to which
endpoints of the paths coincide. In each case, we determine Hy Bo.Ay—B. (1, q) by first
using Equation (4.7) to write it as a sum over pairs of two-rowed arrays. Then we repeatedly

(21,u0) | (x2,us] | ="
[ylﬂjo) [y27U')}n and
certain sets of pairs of two-rowed arrays with no requirement on the number of crossings,

and finally we use Lemma 4.1 to obtain the desired expressions. Again, the cases are
labeled as in [3] for consistency.

apply the maps from Lemma 4.4 to construct bijections between {
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Case 1: endpoints A; < As and By < By. If P € Py, p, and @ € Pa,,p,, the
relative position of the endpoints forces x (P, Q) to be odd, which proves the first equality
in Equation (2.16). Using Lemmas 4.3 and 4.4, we construct a sequence of bijections

510’720"'0(5277@71 O Yom:

{('Ilqu} (I2,U1}}22m — {(xl,m]

(z2,u1] 22mT (z1,u1]
[y1,v2) | [y2,v1) [y1,v2) , 1} #{ o

(z2,u2] EQmT_ (w1,u1]
[y2,01) S 0 [y1,v1) } _{

($27u2]}22m*1¢
[y2,v2) J oy —1 [y1,01)

ly2,v2)

n n,—1

62m—1 {(xhuﬂ

(@2, ] V22N f (@1u0]
[y1,v2) ) 1} { s
]

_ ($2,U1]}22m72/]\
[y2,v1) [y1,v2)

[y2,v1) f 2

n,2
(@2, V20T f (@1,u2)] (w2,

[y277}1)}n,2m o {[ywz) [yz,vl)}ngm’ (4.15)
where the last equality comes from (4.8). See Figure 11 for an example. Since these
bijections preserve the sum of the entries of the arrays, Equation (4.7) and Lemma 4.1 give

>2m n —nz
HZl—}BQ,AQ—)Bl <t7 q) = Z t Z q||c||+||d||+HeH+||f|| = f2m,A17A2,Bz,B1 (ta Q)7

n>0 cle {(9617“2} (9327“1}}
d{f = ly1,02)| [y201) S 2m

Y2m-2 o1 {($1,u2]

BLESN : ) (w2,u1]}21¢ _ {(zl,uz}
Y1,02

[v2,v1) J o 2m [y1,v2)

proving Equation (2.16).

(0,10]] (2,811 22 _ f(0,10]] (2,81 22" Yo 0,8)] (2,101 22T _ f(0,8]| (2,10 =1+
{ [277) [0»8)}6 - {[277) [0’8)}6,0 — {[2’8) [077) }6,—1 - {[278) [077) }6,—1
0<3<@®ZI0] 2<@<4<T7T<®<L8 0<3<®<7<8<S8 2<@<4<10
2<2<@<T 0<2<H5<E<T<S 2<2<@<T7<8 0<2<5<B<7
&1 0,10 2,8\ =M _ [(0,10]] (2,8]
- {&n [o,8>}6,z = {5 [0,8)}6,2
0<3<4<10 2<@<6<T<RLS

2<2<P<hH<6<T 1 0<2<T7<S8

FIGURE 11. An example of the bijection (4.15), where m =1 and n = 6.

Similarly, if P € Pa, ., and Q € Pa,_p,, then (P, ) must be even, which proves
the first equality in Equation (2.17). In this case, we construct a sequence of bijections

510720"'052m+11

{(961,u1] (x27“2]}22m+1 — {(9317141] (9027U2]}22m+u 6m—+>1 {(m,uﬂ (:tz,uﬂ}ZQm-i_u _ {(m,uﬂ (:vz,uﬂ}zmnT

[y1,v1) | [y2v2) o [y1,v1) | [y2,v2) S 0 [y1,v2) | [y2,v1) Sy 1 [y1,v2) | [y2,v1) Sy 1
Y2 (z1,u1]| (z2,u2] 22mf _ S (z1,u1]| (z2,u2] 22m—1])
— {[yl,vl) [yz,vz)}n,_Q o {[yl»vl) [yz,v2)}n7_2
Sam=1 01 f(@rue| (2 VN f (1) | (w2,]
— — {[yhvz) [y2,v1)}n,2m+1 - {[th) [yzﬁvl)}n,zmﬂ'

Equation (4.7) and Lemma 4.1 now give
>2m+1 n c e —nz
EEQHELAT%B2@7Q)::§:t 3 glelHhaliHliel+el=nz — ¢ @\ 4 AsBs.B, (E, Q)

n>0 c ee{(:rl,'ug} (xg,ul}}
[y2,v1) n,2m+1

d| £~ [y1,v2)
proving Equation (2.17).
We now handle Case 3, followed by Cases 2 and 4.
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Case 3: endpoints A; < As and B. If P € Py, g and Q € Py, 5, the parity of x(P,Q)
is no longer forced by the endpoints, so we consider two cases. When r = 2m for some
m > 1, the rth crossing is an upward crossing by Lemma 4.2, and Lemmas 4.3 and 4.4
give a sequence of bijections d; 0 y5 0 -+ 0 o1 © Youu:

(z1,u]| (w2,u] 22m _ J(z1,u]] (z2,u] 22mt 4, (z1,u]| (z2,u] 22mf _ J(z1,4]| (z2,u] >2m—1]
{[yl,v) [yz,v)}n o {[yl,v) [yQ:U)}n,O — {[y1,v) [9271))}”,_1 o {[yl,v) [y2ﬂi)}n,—1
dam—1 [ (z1,u]| (z2,u] >2m—1] [ (z1.4]| (z2.4] >2m—2%
=5 [ygm)}n,g ={fm [yz,m}n,g
Yem=2 6 [(eu]| (@2 \ 2N [ (@2} 2T f (@ )| (z20u]
— - {[yl’v) [y2’v)}n,2m o {[yl’v) [yzw)}mgm - {[ym;) [927”)}71,27%’ (4'16>

using again (4.8). Equation (4.7) and Lemma 4.1 give
H3"p apon(ta) = D t" > gl =z — f 4y a0.8.8(Eq),

n>0 cle [(z1,u]|(z2,u]
d fe{[yhv) [y27v)}n,2m

proving Equation (2.19) for even 7.

When r = 2m+1 for some m > 0, the rth crossing is a downward crossing by Lemma 4.2,
and we get a sequence of bijections d; 0 Y50+ 0 dgpiq:

(z1,u]| (z2,u] 22m+1 _ S (z1u]| (z2,u] 22m+1) §opiq (z1,u]| (z2,u] 22m+1 _ S (z1,u]] (z2,u] 22m?
{[yl’v) [y27v)}n - {[yl’v) [y27v)}n70 — {[yl’v) [y27”)}n,1 o {[ylvy) [y2fv)}n,1
Y2 (z1,u]| (z2,u] 22mf _ S (z1,u]] (z2,u] 22m—14
# {[yl’v) [y27v)}n7—2 - {[ylvv) [nyU)}n,—Q
Som-1 61 (e (@2, \ 2N (21| (z2,u]
— — {[yhv) [y27v)}n72m+1 o {[yl,v) [y2vv)}n,2m+1’

(4.17)

from where
Somt1l _ n llell+ldll+[lel+[fl|-nz _
HAl*)BlyAQ*)B2 (ta Q) - Z 13 Z q - f2m+17A17A2vaB(t’ q)’
n>0 c ee{($1,u ($27"]}
f [y1,9)] [y2,v) n,2m+1

d
proving Equation (2.19) for odd 7.

Case 2: endpoints A and By < Bs. We will reduce this case to Case 3 by applying the
involution v, defined above Equation (3.27), componentwise to each of the two-rowed
arrays in a pair. With some abuse of notation, we also denote this map on pairs of
two-rowed arrays by v. It restricts to a bijection

(Z‘,Ul] (3;7’“‘2] ¢ v N (_'Ulv_y] (_U27_y]
{[y,Ul) [yv")?)}n,k: {[_ulv_x) [_u27_x)}n,fk
for any k € Z. In the case k = 0, translating v into a map on pairs of paths via the

encoding (4.2) yields the involution that reflects each path along the line x + y = 0. In
particular, it preserves the number of crossings, so it restricts to a bijection

{%xvul)] (xﬂ@]}zr PN {(*vh*y] (*vzﬁy]}zr
Y,

[y)UQ) n [_uh_x) [_u2’_w)
The hypothesis (u1,v1) < (ug, v9) implies that the initial points of the reflected paths
satisfy (—vy, —uy) < (—vq, —uz), whereas the final point is the same for both paths, namely
(—y, —x). This allows us to apply Case 3.

n
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When r = 2m, Equation (4.16) gives a bijection

(—v2,~v] }ZQm N { (=v1,—9]

[—u2,—x) f [—u1,—x)

(—v1,~y]
[7’“19755)

(—=v2,—y]

[7“2’7x)}n,2m'
Conjugating by v and composing with the map ¢ from Equation (4.12) yields a bijection
(z,u2] 22m (z,u2]| (z,u1]

[y»UZ)}n — {[yﬂ}?) [y,Ul)}an

that preserves the sum of the entries. Similarly, when » = 2m + 1, conjugating the
bijection (4.17) with v and composing with ¢ produces a bijection

(z,uz) ) Z2mHL (x,uz]
[ym;)} - { [y,v;)

510’720"'062m—10’72m:{

(xvul]
[y,v1)

goyo51072o---052m_1onmoy:{

(mvul}
[y;v1) }n,Qm—i—l '

§OVO(510720...O52m+10V:{(z,uﬂ

[y’vl) n

In both cases, using Equation (4.7) and Lemma 4.1, we get

H%;Bl,A—)BQ (t,q) = Z t" Z qHCH+HdH+Hell+llf||*m = fraan..n (tq),

n>0 cle [(zu1]l|(z,uz]
d|f {[yyvl) [ym)}n,r

proving Equation (2.18).
Case 4: endpoints A and B. The map ¢ from Equation (4.12) restricts to a bijection

1 AR R (s )

for any r > 0 and k € Z. For r > 1, we also have
(z,u]| (z,u] 2r _ S (zu]| (z,u] 2rf (z,u]
1 i (e v SRR e
and so Equation (4.7) gives

HE pap(tg) =23 " T el lel+f]—n (4.18)

n=>0 cle [(zu]](xu] zrt
d fe{[ym [ym}n

—9 Z n Z ch||+||dH+He||+||f||fnz. (4.19)

n>0 >rl
- € (z,u] (:E,’U,}
fe{ [y,v) [ym}

)

(Lu}}ETi

yv) S,

c
d

n

Our next goal is to prove that

HELB,A%B(@ q) + H§L+Bl,A—>B(t> q) = 2frr1,44.8,8(t,q) (4.20)

for all r > 1.

For arrays with at least » = 2m crossings, Lemmas 4.3 and 4.4 give bijections d; o y5 o
“++ 0 02m -1 © Yo

(Bl = e 2 = ol
m— za]| (zu] 22M1 2| (zu] | 222
e = e
m— 2| (2] | 2 x| (zu] 1 2
e e = G (4.21)
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Similarly, for arrays with at least » = 2m + 1 crossings, we get bijections d; oy 0---0
02m—1 © Yam © O2m1:

(@ | (@] | 72 S2mia [ (@] | (2]} 22T [ (@] (o] | 72
{[yvv) [yyv)}n {[y,v) v, U)}nl o {[y,v) [y )}
V2 (z,u] | (z,u] 22mf _ S (z]| (z,u] 22m I
— {[yvv) [y,v)}n,—2 - {[yvv) [y,v)}n,—2
d2m—1 . 51 (z,u]| (z,u] 2l _ S (zu]| (z,u] 20t
e RRRR R (5| 1] SNt [ym}n,gmﬂ' (4.22)
In both cases, we can compose these bijections with ¢ o ~:
(z,u]| (z,u] 20T (z,u]| (z,u] 20t S (z,u]| (z,u] 20{
{[yw) [yﬂv)}nr — {[y,v) [yyv)}n,frq — {[yvv) [yw)}n,rﬂ' (4.23)
Composing (4.21) with (4.23), where r = 2m, and using Equation (4.18), we get
Hjin}g p(tq) =2 Z m Z gllclitliali+lel+ ]l —nz
n>0 >0l
= cle [(zu]|(z,u
d fe{[y,w [y,v>}n,2m+1
for m > 1. Similarly, the bijection (4.22) and Equation (4.19), where r = 2m + 1, give
HZEZ%—GX—)B (t,q) =2 Z 4 Z glet+lali+lel+fl—nz
n>0 >0t
= cle [(zu]|(z,u]
d fe{[m [y,v>}n,2m+1
Adding the last two equations, using the fact that
(z,u]| (z,u] 207 (z,u]| (z,u] 20} _ S (zu]| (zu]
{i [ym}n,k gl =l [ym}n,k

for all k£ # 0, and applying Lemma 4.1, we obtain a proof of Equation (4.20) for r = 2m.

On the other hand, composing (4.22) (with m — 1 playing the role of m) with (4.23)
(with » = 2m — 1) and using Equation (4.19), we get

HZE:% le—>B t,q) =2 Z g Z q||0||+||d||+||eH+HfH*nz
n>0 >0
cle [(zu]|(z,u
arefion [y,m}n,gm
for m > 1. Similarly, the bijection (4.21) and Equation (4.18), where r = 2m, give
sz:% st g) =2 Z m Z q||C||+||d||+HeH+I|f||—nZ.
n>0 207
= cle [(zu]|(z,u]
e [ym}n,m

Adding the last two equations and applying Lemma 4.1, we obtain a proof of Equation (4.20)
for r =2m — 1.

Solving Equation (4.20) for H7", B.A-p(t,q) and iterating, we obtain

H3 g asp(t.q) =2 (frivanss(t.q) — frizanss(t, Q) + frsaass(tq) — )

which proves Equation (2.20) for » > 1. The case r = 0 follows immediately from
Equation (4.7) and Lemma 4.1.

Acknowledgments. The author is grateful to Christian Krattenthaler for posing the
question of whether the results from [3] could be refined by the number of descents.
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