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PROJECTIVE REPRESENTATIONS OF GENERALIZED SYMMETRIC
GROUPS

ALUN O MORRIS AND HUW I JONES

1. Introduction

The representation theory of generalized symmetric groups has been of interest over a
long period dating back to the classical work of W. Specht [28],[29] and M.Osima [22] —
an exposition of this work and other references may be found in [12]. Furthermore, the
projective representations of these groups have been considered by a number of authors,
much of the this work was not published or was published in journals not readily accessible
in the western world. The first comprehensive work on the projective representations of
the generalized symmetric groups was due to E. W. Read [24] which was followed later
by an improvement in the work of M. Saeed-ul-Islam, see, for example, [26]. Of equal
interest has been the representation theory of the hyperoctahedral groups, which are a
special case of the generalized symmetric groups. The projective representations of these
groups was considered by M. Munir in his thesis [20] which elaborated on the earlier
work of E. W. Read and M. Saeed-ul-Islam and also by J. Stembridge [31] who gave an
independent development which was more complete and satisfactory in many respects.
This approach later influenced that used by H. I. Jones in his thesis [13] where the use of
Clifford algebras was emphasized.

More recently, the generalized symmetric groups have become far more predominant in
the context of complex reflection groups and the corresponding cyclotomic Hecke algebras
where they and their subgroups form the infinite family G(m,p,n), see for example [3],[4]
and [5]. In view of this interest, it was thought worthwhile to present this work which
is based on the earlier work of H. I. Jones which has not been published. As this article
is also meant to be partially expository, a great deal of the background material is also
presented.

There are eight non-equivalent 2-cocycles for the generalized symmetric group
G(m,1,n), which will be denoted by B!™ in this paper. Thus, in addition to the or-
dinary irreducible representations, there are seven other classes of projective representa-
tions to be considered. However, the position is not too complicated in that all of the
non-equivalent irreducible projective representations can be expressed in terms of certain
"building blocks’. These are the ordinary and spin representations of the symmetric group
Sy, that is, the generalized symmetric group G(1,1,n), which are well known and date
back to the early work of F.G. Frobenius and A. Young (see [12]) and I. Schur [30] re-
spectively. Also, required are basic spin representations P, () and R of B)" for certain
2-cocycles. All of these can be constructed in a uniform way using Clifford algebras and
the basic spin representations of the orthogonal groups. Thus, we will present all of the
required information for constructing these building blocks.

The paper is organised as follows. In Section 2 we present all of the background informa-
tion and notation required later, there are short subsections on partitions, the projective
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representations of groups, the method of J. R. Stembridge on Clifford theory (A. H. Clif-
ford) for Z2-quotients [31] and Clifford algebras (W. K. Clifford) and their representations.
Section 3 contains all of the information required about the generalized symmetric groups
B"; a presentation, classes of conjugate elements and its linear characters are given. In
Section 4, the main aim is to construct the three classes of basic spin representations P, ()
and R of B]" mentioned above and some additional information required later — these
are mainly based on the authors earlier work, [17], [18], [19]. For the sake of complete-
ness we also include a brief description of the elegant construction of the irreducible spin
representations of the symmetric groups given by M. L. Nazarov [21]. The final section
then contains the construction of the irreducible projective representations for the eight
2-cocycles. In this section, we follow J. R. Stembridge’s work in the special case B2. Our
results are not as complete as his and an indication of proof only is given in some cases.
A detailed description, including the construction of the irreducible representations for
three closely connected subgroups will appear later.

2. Background and Notation

2.1. Partitions. The notation follows [14]. Let A = (A1, Ag,..., \x) be a partition of n,
then [(\) = k is the length of A\ and |A\| = n is the weight of \. The conjugate of X is
denoted by A'. A partition A is called an even(odd) partition if the number of even parts
in A is even(odd). A partition is sometimes written as A = (112%2...n%), 0 < a; <n
indicating that a; parts of A are equal to i, 1 <i <mn, |\| =>_"  ia; and I(A) =" | a;.

Let P(n) denote the set of all partitions of n, then DP(n) = {A € P(n) | A\ >
Ay > -+ > ) > 0} is the set of all partitions of n into distinct parts, DPT(n) =
{N € DP(n) | I[N = l()) iseven}, DP~(n) = {A € DP(n) | |\ — I(\) is odd},
OP(n) = {\ = (1M3%...)} is the set of all partitions of n into odd parts, EP(n) =
{\ = (2924 .. )} is the set of all partitions of n into even parts and SCP(n) = {\ €
P(n) | A = X} is the set of self-conjugate partitions of n.

An m-partition of n is a partition comprising of m partitions (Aq); A2);-. -5 A@m))
such that Ay € P(n;) , 1 < i < m and ) ", n, = n. The partition Ay is writ-
ten as (N1, N2, ..., Aix,), where ki = I(Ag)) for 1 < i < m. The conjugate of
(A1); A@); - -3 A@my) Is the m-partition ()\(1), X o X( ) An m-partition is said to be
even(odd) if the total number of even parts of (A1) A@);-- -3 A@m)) is even(odd). An
m-partition is sometimes written in the form

((1a112o<12 ) (1a212a22 . '>; o (10<m120ém2 . >>’

LA A2 -3 Aam)) = L(Aq)) F1U(A@) + - -+ 1(Apn) is the length of (A1); A2 s Am))
and\(A(l);)\(g);...;A(m))]—|( )|+ (A 4+ +[(Agm)| is the weight of (/\() )\(2);...,
)\(m)). We note that l()\(l); )\(2); R )\(m)) =37 12J 15 -

m)

A @)

2.2. Projective representations. We present some basic background material on the
projective representations of groups which is required later.

Let G be a group with identity 1 of order |G|, C the field of complex numbers, C* =
C\ {0} and GL(n,C) the group of invertible n x n matrices over C.

A projective representation of degree n of G is a map P : G — GL(n,C) such
that for g,h € G

P(g)P(h) = a(g, h)P(gh)
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and P(1) = I,,, where I, is the identity nxn matrix and a(g, h) € C*. Since multiplication
in G and GL(n,C) is associative, it follows that

(2.1) alg, h)a(gh, k) = a(g, hk)a(h, k)

for all g,h,k € G. A map a : G x G — C* which satisfies (2.1) is called a 2-
cocycle(factor set) of G in C and we shall say that P is a projective representation
with 2-cocycle a.

Projective representations P and () of degree n with 2-cocycles v and [ respectively

are said to be projectively equivalent if there exists a map p : G — C* and a matrix
S € GL(n,C) such that

Qg) = ulg)S~'P(g)S
for all g € G. If P and @) are projectively equivalent, it follows that

p(g)p(h)

(2.2) By, h) 1 (gh) a(g,h)
for all g, h € G. The corresponding 2-cocycles  and « are then said to be equivalent.

Let H?*(G,C*) denote the set of equivalence classes of 2-cocycles; then H?*(G,C*) is
an abelian group which is called the Schur multiplier of G. The Schur multiplier gives
a measure of the number of different classes of projectively inequivalent representations
which a group G possesses. If G is a finite group, then H*(G,C*) is a finite abelian group.

All projective representations of G may be obtained from ordinary representations of
a larger group; thus the problem of determining all the projective representations of a
group G is essentially reduced to that of determining ordinary representations of a larger
finite group.

A central extension (H, ¢) of a group G is a group H together with a homomorphism
¢ H — G such that ker¢ C Z(H), where Z(H) is the centre of H, that is,

1= kerg — H-S G — {1}

is exact. Let A = ker¢, and let {7v(g) | g € G} be a set of coset representatives of A in
H which are in 1 — 1 correspondence with the elements of G; thus

H =] Av(g).
geG

Then, for all g,h € G, let a(g, h) be the unique element in A such that
v(9)v(h) = alg, h)(gh).

The associative law in H and G implies that
(2.3) a(g, h)a(gh, k) = a(g, hk)a(h, k)
for all g, h,k € G. Now, let v be a linear character of the abelian group A and put

a(g, h) = ~(a(g,h))

for all g,h € G, then (2.3) implies that « is a 2-cocycle of G.

Now, let T" be an ordinary irreducible representation of H of degree n put P(g) =
T(v(g)) for all g € G, then P is a projective representation of G with 2-cocycle ar. A
projective representation P of (G arising from an irreducible ordinary representation 7" of
H in this way is said to be linearized by the ordinary representation 7.
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If G is a finite group, then there exists a central extension H of G with kernel H?*(G, C*)
which linearizes every projective representation of GG. Such a group H is called a repre-
sentation group of G; this implies that every finite group has at least one representation
group. Thus, the problem of determining all the irreducible projective representations of
G for all possible 2-cocycles is reduced to determining all the ordinary irreducible repre-
sentations of a representation group H.

In practice, we shall see that it will be sufficient to determine a complete set of irre-
ducible projective representations of a group G for a fixed 2-cocycle a whose values are
roots of unity. In that case, we can calculate in terms of a subgroup of the representation
group of G which will be called a a-covering group of G.

Let « be a 2-cocycle such that {a} has order n and let w be a primitive n-th root of
unity, then a(g, h) = w9 for some 0 < 7(g,h) < n. Suppose that {v(g) | g € G} is
a set of distinct symbols in one-one correspondence with the elements of G. Let G(a) =
{(a?,v(g)) | 0 < j < n,g € G}, then it is easily verified that G(a) is a group with
composition defined by

(o, v(9))(a*, v(h)) = (a1 v (gh))

forall g,h € G,0 < j,k < n.

If now P is a projective representation of G of degree n with 2-cocycle «, then define

T:G(a) — GL(n,C) by

T(a’,v(g)) = wP(g),
then T is an ordinary representation of G/(«w). That is, P has been lifted to an ordinary
representation of G(a). Such a group G(«) is called an a-covering group of the group
G.

In the case of the generalized symmetric group, the 2-cocycles are of order two, thus we
shall then refer to the G(«) as double covers. As we are basically working with ordinary
representations of the G(«a), we can apply all the usual results from representation theory.
However, we shall be interested in the non-ordinary projective representations, namely
the ones in which the central element —1 € G(«) is represented faithfully, we refer to
these as spin representations of G with 2-cocycle a.

If C denotes a class of conjugate elements in G, let C(«) € G(«) denote the inverse
image in G(«). If any g € C(a) is conjugate to —g, then C(«) is a class of conjugate
elements in G(a), otherwise C(«) splits into two classes. The spin character will only
be non-zero on the splitting classes; thus it will be necessary to determine the splitting
classes for each 2-cocycle.

2.3. Clifford theory for Z3-quotients. Let G be a group with a subgroup H of index
2 and let i be a linear character of G defined by

1 ifgeH

U { ~1 ifg ¢ H.
If T' is an irreducible representation of G with character y, then n®T is also an irreducible
representation of G, if these representations are equivalent, then we say that T is self-
associate, but if not, they are said to be n-associate, and are denoted by 7'y and T_,

their characters are denoted by x; and x_; clearly x_(g9) =n(g)x+(g) forall g € G. f T
is self-associate, then the unique(up to sign) matrix S such that

T(g)S =n(9)ST(9g)
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for all g € G, is called the n-associator of T. If T is self-associate, then T'|y decomposes
into two inequivalent irreducible representations of H of equal degree, say T} and T3 with
characters y; and x» respectively, then the difference character A"y, is defined by

A"(g) = trST(g) = x1(9) — x2(9)

for all ¢ € H. Knowledge of the difference character then gives the corresponding char-
acters of H,

1
§(X + A7y).

All the above results are classic [12] and date back to A. H. Clifford. Recently, J. R.
Stembridge [31] has extended this detailed analysis to the case where G/H = Zy X Zo; we
briefly recall his results. Let L = {1,n,0,n0} be the four corresponding linear characters
of G. If T is an irreducible representation of G, then v ® T for all v € L is also an
irreducible representation of GG. As before, the question is whether these are equivalent
ornot. Let Ly = {v € Llv®T ~ T}. Then, the following proposition gives the behavior
of T' on restriction to H.

Proposition 2.1. Let T be an irreducible representation of degree d of G.

(i) If Ly = {1}, then Ty is an irreducible representation of degree d of H.

(i1) If Ly = {1,v}, where v € L, v # 1, then Ty is the direct sum of two inequivalent
irreducible representation of degree d/2 of H.

(i1i) If Ly = L, and R, S are the n, o-associators of T' respectively, then

(a) if RS = SR, then Ty is the direct sum of four inequivalent irreducible representation
of degree d/4 of H,

(b) if RS = —SR, then Ty is the direct sum of two copies of one irreducible represen-
tation of degree d/2 of H.

As in the above, knowledge of the difference characters enables one to write out the
irreducible representations of H, the only additional case which needs to be considered is
(iii)(b); in that case, the four irreducible characters are

1
(X E AT E AT E A,
where an even number of the — signs occur.
2.4. Clifford algebras and their representations. Let C'(n) be the Clifford algebra

generated by 1,eq,...,e, subject to the relations

6?:1, €€k = —E€Ley, 1§]7k§n7 ]#k

If Pin(n) is defined to be the set of invertible elements s of C'(n) such that (sa(s'))” = 1,
where « is the natural Zy-grading on C'(n) and * is the transpose, then we have the short
exact sequence

(2.4) 1 — Zy — Pin(n) 2% On) — 1 ,

where p,, is defined by p,(s)e; = a(s)e;s™!, for all s € Pin(n), 1 <j<n.
In fact, the Schur multiplier of O(n) is given by

(2.5) H*(0,,,C*) = Z.



6 ALUN O MORRIS AND HUW I JONES

Furthermore, if Spin(n) = p,*(SO(n)), then we also have the classical double covering of
the special orthogonal (rotation) group SO(n)

(2.6) 1 — Zy — Spin(n) &% SO(n) — 1

Clearly, Spin(n) is of index 2 in Pin(n); let n denote the corresponding linear character
of Pin(n).
We now construct the so-called basic spin representation of Clifford algebras. Let

(50 = () o= ) k(5 )

P=K'=E, J*?=E, JI=—1] =iK,

then

Kl=—-IK=1iJ, KJ=—-JK =1.

Then, if n = 2p is even, we define an isomorphism P, : C,, — C(2*) by

(2.7) Pu(eaj1) = My 1 :=K®Vg[g EekE)
' Pn(e2j> = sz = K®(j_1) QR J X E®(H—j)

for 1 <j<pandifn=2u+11is odd, we define an isomorphism P, ; : C,, — C(2") by

Pn, €; = Pn €;
2 Ll = oSk

for 1 <7 < 2u. Furthermore, for 1 < 57 < n, put
Pn,— (ej) = _Pnﬁ-(ej)
Then we note that
(2.9) M? =1, MM, =—MyM; for 1 <j k<n.

Then, if n is even, P, is the unique irreducible complex representation of degree 2/2 of
C,, and if n is odd, P, + and P, _ are the two inequivalent irreducible complex represen-
tations of degree 2?2 of C,, which are clearly n-associate representations. From now on,
we denote these by P, PL. We shall refer to these as the basic spin representations of
the Clifford algebra. It is easily checked that an n—associator of P is K®*. In [18], it was
proved that the basic spin representation of a Clifford algebra C(n) is irreducible when
restricted to the orthogonal group, or to be more precise, to its double cover Pin(n).
This restricted representation is called the basic spin representation of the orthogonal
group.

We now define a twisted outer product of spin representations. Let m and n be positive
integers such that m +n = [. We show how to construct irreducible spin representations
of Pin(m,n) by taking a product of an irreducible spin representation of Pin(m) with an
irreducible spin representation of Pin(n).

Let P, and P, be irreducible spin representations of Pin(m) and Pin(n) respectively of
degrees d; and d, respectively. Then the twisted product P,®P, is a spin representation
of the twisted product Pin(m,n) = Pin(m)®Pin(n) (see [18]) defined as follows; there
are 3 cases to be considered.
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Case 1: If P, and P, are n-associate spin representations of Pin(m) and Pin(n) respec-
tively, then put

(PL@P)(1,0) = E® P(1)® Py(0) if 7 € Spin(m),o € Spin(n),
(PI®P)(1,1) = [® Pi(1)® 1, if 7€ Pin(m) \ Spin(m),
(PI®P)(1,0) = J® I, @ Py(o) if o € Pin(n)\ Spin(n);

the relation I.J = —JI ensures that P,®P, is a spin representation of Pin(m)®Pin(n) of
degree 2d,dy. Furthermore, P,® P, is self-associate, since tr(I) = tr(J) = 0 and so P& P,
and  ® (P,®P;) have equal characters.

Case 2: If P, is a self-associate spin representation of Pin(m) with n-associator S; and
P, is an n-associate spin representation of Pin(n), then

_ [ Pi(o)Sy if o € Spin(m)
SiPi(o) = { —Pi(0)S, if o0 € Pin(m) \ Spin(m).

Now, define

(PL®Py)+(1,0) = Pi(7)® Pys(0) if 7 € Spin(m), o € Spin(n),
(PL®Py)1(1,1) = Pi(1)® 1y, if 7€ Pin(m)\ Spin(m),
(PI®P)+(1,0) = S ® Pyi(0) if o € Pin(n)\ Spin(n).

Then (P,®P,)+ are n-associate irreducible spin representations of Pin(m)®@Pin(n) of
degree d;d>.
Case 3: If P, and P, are both self-associate representations, then define (P1®P2)i as
in Case 2, but replacing P by P, then (P,®P;), and (P ®P,)_ are equivalent irre-
ducible spin representations of Pin(m)®Pin(n), thus (PL®P,), is a self-associate spin
representation of degree d;ds in this case.

If we let xp,, xp, and xp,¢p, denote the characters of P, P, and (P,®P,) respectively,
and Ap,Ap, and Apsp, denote the difference characters if Py, P, or P,®P, are self-
associate, then as a consequence of the above we have the following proposition.

Proposition 2.2. If P, and P, are spin representations of Pin(m) and Pin(n) respec-
tively and
(i) if Py and P, are n-associate representations then

(7 0) = 2xp, (T)xp,(0) if T € Spin(m),o € Spin(n)
Xpop\T0) =9 otherwise.

(i) if one of Py or Py is self-associate, then

Xp, (T)xp,(0) if T € Spin(m),oc € Spin(n)
Xom(m0) =4 Ap(T)xr(0) if T € Pin(m)\ Spin(m),o € Pin(n) \ Spin(n)
0 otherwise.

The above can be generalized, that is, we can define the twisted product P,®--- QP
where ® is an associative 'multiplication’.

Let mq,...,m; be positive integers such that m; +---+m; = [l and for 1 < j < ¢,
let P; be an irreducible spin representation of Pin(m;) of degree d;. For simplicity, we
assume that P;, 1 <j <r <t, are self-associate representations and that the remaining
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s =t — r representations P; are n-associate representations. Let £5;, 1 < j <r, be the
n-associators of the representations P;, then

_ § SiPj(o;) if o € Spin(m;)
(2.10) Files) = { —S;Pj(o;) if oj & Spin(m;).
Let 0; also denote the element 1®---®@1®0;®1®---®1 in Pin(m;)® - - - @Pin(m,), with
o; in the j-th position, where o; € Pin(m;), 1< j <t. If o; € Spin(m;), 1 <j <t, put

(2.11) P(O'j) = Lyle2) @ lgy @ - Q@ Iy, ® Pj(O’j) Qlg Q- ® Iy,
and if o; & Spin(m;), put
Ly\s/2) ®Sl®"'®sj_1®Pj(0—j)®[d-+l®"'®Idt if1<j5<r,

J

(212) P(O‘j): Mjfr‘®51®"'®sr®[dr+1®"'®[dj,1pj(0—j)®jdj+1®"'®[dt
ifr4+1<j<r+s=t.

The relations (2.3) ensure that P is a spin representation of
Pin(my,...,m;) = Pin(m))® - - @Pin(m,).

The degree of P is 215/2d; - - - d,.
The character of this representation was also calculated in [18] to give the following
proposition.

Proposition 2.3. Let ¢ be the character of P and (;, 1 < j <t, be the characters of P;.
(1) If o; € Spin(m;), 1 <j <t, then

Cloy---0y) = QLS/%Q(gl) - Gy(oy).

(1t) If s is odd and A; is the difference character of the self-associate representations
P;, 1<j<r, andif o; € Spin(m;), 1 <j<ro; & Spin(m;), r+1<j<t, then

(o1 00) = £(20) 1 As(01) - Ar(07) G (0741 -+ (o).
(#i) In all other cases
C(O—l...a—t) =0

The above proposition can be applied in particular to the special case where the P;
are the basic spin representations of Pin(m;). Then, the assumption that the first r of
the representations are self-associate is equivalent to assuming that the m; are even for
1 <7 < r and that the m; are odd for r+1 < ¢ < t. The degree of the representation P will
therefore be 2ls/219m1/2 .. 9(mrp1=1)/2 . 9(m:i=1)/2 — 9ls/219(1=5)/2 — 2lI/2]  Furthermore,
the explicit formulae of Proposition 2.3 could be used to give more explicit values for the
characters in terms of the eigenvalues of the elements oy, ..., 0;. This will not be done at
this point, it is postponed for consideration later when these results are applied to certain
reflection groups.

3. THE GENERALIZED SYMMETRIC GROUP Z xS,

3.1. Presentation. If Z,, is the cyclic group of order m and S, is the symmetric group of
order n!, the generalized symmetric group is the wreath product Z,, ! .S, or the semi-direct
product Z" x S,. This group is of order m"n!; in the sequel, it is denoted by B™ (when
m = 1, we have the symmetric group S,, or the Weyl group of type A,,_1 and when m = 2,
we have the hyperoctahedral group or the Weyl group of type B,,).



PROJECTIVE REPRESENTATIONS OF GENERALIZED SYMMETRIC GROUPS 9

If S, is considered as a permutation group acting on the set {1,2,...,n}, then S, is
generated by s;, 1 <7 <n — 1 with relations

§2=1,(si8i41)° = 1, 1§z’§n—2,(sisj)2:1,]z'—j|22, 1<i,j<n—1,

1
where s; is the transposition (7,7 4+ 1),1 <i < n — 1 The group B! can be considered as
the group generated by s;, 1 <7 <n—1, w;, 1 <j <n with relations

2 m . 3 - . . - . ..
s; = Lw" =1; (sisit1)” =1, 1 <i<n—2, s;w; = w18, Siwj = w;s;,J #i,1+1

(sis;)° =1,1i—j| >2,1<4,j <n—1, ww; =wjw,i#j, 2<i<n—1.
Comparing this with the presentation of S,, , we see the natural embedding of S,, in
B™; also w; may be regarded as the mapping which takes ¢ onto (i, with {1,2,...,i —

n

1,i+1,...,n} fixed, where ( is a primitive m-th root of unity. It can be verified that
W; = Sj_18j_2 -+ S1W181 - -+ Sj—28;—1 for 1 < j < n. That is, B)" is the permutation group
acting on the set {1,2,...,n}, but also with the ’sign’ changes w; which are written as

= (4)

3.2. Classes of conjugate elements. The classes of conjugate elements of S,, are pa-
rameterized by the partitions (1"12"2...n"") of n, where n; >0, 1 <i < n.

The classes of B are defined similarly in terms of m-partitions (see, for example, [12]).
The elements of B permute the set {1,2,...,n} and multiply each of the elements of
this set by a power of (. Thus the elements of B)" are of the form

_ 1 2 . n
Tr = Cklbl <k2b2 . Cknbn ?
where {b1, b, ...,b,} is a permutation of the set {1,2,....,n}and 1 < k; <m, 1 <i < n.
Any element of B]" can be uniquely expressed as a product of disjoint cycles z = H;Zl 0;.

where
0. = bi1 bi? T bili
PN by Rty My )

l;
where ' I; = n; put f(6;) = > i ki
Then the classes of conjugate elements of B)" correspond to the m-partitions of n

a119ai12 Aln . 10219022 az2n . . 1Am19am2 a
(1o2mz | pin, 19212022 - pl2n. . 14m1Qa4m2 | pfmn)

where Y " | a;; = n; 1 < j < m, where a,, denotes the number of cycles §; in the above
decomposition of o of length ¢ such that f(6;) =p —1 (mod m). The order of this class
is

(3.1)

m"n!

[1,.q @pq!(gm)ees
We have, by definition, the short exact sequence

(3.2) 1 — 2z — Br

where v, is defined by v,,(s;) = s, v, (w;) = 1 for all 1 < i < n, where Z = Z,, Q. . .QZ,
(n copies), where the i-th copy of Z,, should be regarded as the cyclic group generated
by w;. In the case where m is even, there is a corresponding short exact sequence

(3.3) 1—>ZZ1 —>B7Tl>BZ—>1

oS, — 1,

)

/2
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where 7, is defined by 7,(s;) = s;, To(w;) = w; for all 1 < j < n, where now the i-th
copy of Z, /> should be regarded as the cyclic group generated by w?.
Under the homomorphism wv,, the class

(11111 2a12 naln. 1a21 21122 naQn.
Ce ) ce

. 10m19am2 a
DLy 1emiame | pamn)

of B™ fuses to the class (12i=1912X:i%1 02 | pdizi%in) of S, and under the homomorphism
T,, this class fuses to the class

(122%11(1 et QZ%dld a2 . 'nz?fdld am; 1 :Zjén it ZEZﬂn i . .nz%én am)
of B2,

These two isomorphisms will allow us to use known results about the spin representa-
tions of the symmetric group S, and the hyperoctahedral group B? to determine the spin
representations of B)".

The group B]" has a total of 2m linear characters defined by

op(s)) =1,1<i<n—1 op(w;))=¢*1<j<n
(3.4) n(si))=—-1,1<i<n—-1 nw)=11<j<n

where 1 < k < m — 1, together with the identity character. In the special case k = m/2,
we write € for €,,/2 and o for 0,,/2. The values of these characters for an element in the
class (A1); A2);-- -5 A@m)) are as follows

DA AD; - Amy) = (—1)==100),
O'()\(l); /\(2); R /\(m)) = (—l)n_zgli even lo‘(i))7
€O A1 Am) = (—1)"E i [00),

Then, we prove the following lemma which describes the kernels of some of the charac-
ters. The descriptions are given in terms of the classes of conjugate elements of B".

Lemma 3.1. (i) ker n={x € (Aa); A\2)i-- -1 Am) | (A@)i A@)i- -5 Am)) is even},

(it) ker o ={x € (A\1)i A\@)i -3 Am) | Dimaicven 2ojer ij 15 €vEn },

(iii) ker € = no = {x € (Au;A@;--3Am) | (Aay; A@)i-- 1 Awm)) s even and
2212 i even Z?:l Qi is even y or (/\(1)7 )\(2)’ SRR )\(m)) is odd and 2112 1 even Z;‘L:I Qi is
odd }.

Proof. (i) Since n(w;) = 1 for 1 < j < n and n(s;) = —1 for 1 < j < n, then for
x € ker n, the total number of the generators s; in any expression for x must be even,
that is, the number of even cycles in this expression must be even, thus [Aq); A2); .- -5 Am)]
is even.

(ii) Since o(w;) = —1for 1 < j <n and o(s;) = 1for 1 < j < n, then for z € ker o,
the total number of the generators w; in any expression for x must be even. In an
expression r = H:T:l 0; of x as a product of cycles, the cycles 6; for which f(6; is even
(odd) give rise to an even (odd) number of w;. Thus, for o(x) = 1, we require an even
number of cycles 0; with f(6;) odd. This can only occur if 3", >°" | aj; is even.

(iii) Since e(w;) = —1for 1 < j < n and €(s;) = —1 for 1 < j < n, then for x € ker o,
the total number of the generators w; and s; in any expression for x must be even. Then,
for similar reasons to those in the proof of (i) and (ii), there are two possible cases. Thus,



PROJECTIVE REPRESENTATIONS OF GENERALIZED SYMMETRIC GROUPS 11

either both (A1y; A@);- -5 Amny) and D075 . oen Z?Zl a;; are even or both are odd which
results in the required conclusion.

If we now let M = ker n(\ker o (\ker €, then M = {x € (Aa1); A2)i-- -1 Amm)) | (A); A2y
-3 Amy) s even and DT, o >0 a;; is even }. Then, the following lemma can be
proved.

Lemma 3.2. If m is even, the following is a short exact sequence

1l — M — B — ZoxZy — 1.
Proof. Define ¢ : B]" — Zy X Zy by
¢(I) = (17 _1)k1<_17 1)k27

where k; and ks are the number of the s; and w; respectively in any expression for x in
terms of the generators of B)". Then ¢ is well-defined. Clearly, the map ¢ is surjective
and it only remains to determine kera.

For x € ker¢, then it is necessary for both k; and k; to be even. It now suffices to
check against the calculation of all the kernels in Lemma 3.1 to verify that ker¢ is indeed
the subgroup M.

4. A COVERING GROUP B OF B” AND ITS BASIC SPIN REPRESENTATIONS

The Schur multiplier of B! was obtained in [§]

Zs = {7} if m is odd, n > 4,
Zig X Ly X Lo = { (v, A\, )} if m is even, n > 4,

(41) H*(B™CY) =X ZyxZy={(\p)} if m is even, n = 3,
Lo = {u} if m is even, n = 2,
{1} otherwise,

where v = A = pu = +1.

This means that if m is even B™ has eight 2-cocycles {(v,\, p)|y? = \* = p? = 1}
and two 2-cocycles if m is odd, {(7)|y* = 1}. A corresponding representation group is
denoted by BZ“ which has a presentation

Bl = <t,1<i<n-1l,u,1<j<n|t=Lul'=1
(titi+1)3 =1,1<4<n—2, tiw; = ugty, tiuy = Muty, j # 4,1+ 1
(4.2) (tit;) =1, i—j| >2,1<4,j<n-—1,

wiw; = pujug, i # J, 2 <i<n-—1),

where
,}/2 — A(Q’m) — M(Zm) — 1

and v, A, u commute with each other and with the ¢;, u;.

For simplicity, from now on, we will fix a 2-cocycle [y, A\, u] € (v, \, p), with 7?2 =
AZm) = (2m) = 1 and with the convention that A = g = 1 if m is odd; v = 1 if m is
evenand n =3;vy=A=1if miseven and n =2; and y = X =y = 1if n = 1. Thus,
the 2-cocycles will be denoted by [+1, £1, +1]; we note that only the 2-cocycles [£1, 1, 1]
appear in the case m odd (and in particular for the group S,,).

The splitting classes for spin representations of B" for all 2-cocycles were first given by
Read [23] (who in [24] was the first to determine all the irreducible spin representations
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of B for all 2-cocycles). Later, Stembridge [31] did the same for the hyperoctahedral
groups, the special case m = 2. He showed that the splitting classes are given as in
Table 1. This table is broken into four columns according to the four possible values of
n and o. The entry indicates the splitting classes of B, corresponding to the 2-cocycle.
For example, for the 2-cocycle [1,—1,—1], the splitting classes (A, u) of B, for which
n = —1,0 = —1 are of the form (DOP; DEP), that is, A has distinct odd parts and p

has distinct even parts.

2-cocycle n=1L,o=1|n=-1lc=1|n=1Loc=-1|n=-1,0=-1
(1, —1,1] (P; P) (EP;0) (DOP; DOP) (0; EP)
[-1,1,1] | (oP;0P) | (DP;DP) (OP;OP) (DP; DP)
[-1,-1,1] (OP;0OP) (DEP;0) (DP;DP) (0; DEP)
[1,1,-1] (OP;0) 0 (0; DP) (0; DP)
[1,-1,-1] (OP;0) (0; DP) (B;0P) (DOP; DEP)
-1,1,-1] (OP; EP) 0 (0; DOP) (0; P)
[-1,-1,-1] (OP; EP) (0; P) (0; P) (OP; EP)
TABLE 1. Splitting classes for B2

We now obtain splitting classes for the group B, for all the 2-cocycles. Indeed, the
table in the case m even can be obtained directly from Table 1 using the homomorphism
B™ ™ B2 given in (3.3). Alternatively, these results can be proved directly without
invoking those obtained by Stembridge. Reinterpreting the results of Read [23] in our
notation, shows that our results are consistent with those obtained very much earlier by

him. We again note that only the second row of Table 2 is relevant in the case m odd.

2-cocycle n=1,0=1 n=-1lo=1 n=1,0=-1 n=-1lo0=-1
[1,-1,1] (P;...; P) (EP;0;...; EP;0) (DOP;...; DOP) (0; EP;...;0; EP)
[-1,1,1] (OP;...;0OP) (DP;...;DP) (OP;...;0OP) (DP;...;DP)
~1,-1,1] (OP;...;OP) (DEP;0;...; DEP;0) (DP;...; DP) (0; DEP;...;0; DEP)
(1,1, 1] (OP;0;...;0P;0) 0 (0; DP;...;0; DP) (0; DP;...;0; DP)
[1,-1,-1] (OP;0;...;0P;0) (0; DP;...;0; DP) (0;0P;...;0;0P) (DOP; DEP;...; DOP; DEP)
[-1,1,—-1] | (OP;EP;...;OP; EP) 0 (0; DOP;...;0; DOP) (0; P;...;0; P)
[-1,-1,-1] | (OP;EP;...;OP;EP) (0; P;...;0; P) (0; P;...;0; P) (OP;EP;...;OP;EP)

TABLE 2. Splitting classes for B)"

For example, for the 2-cocycle [—1,1,1], the splitting classes of B™ (or of B™) in
the notation of this paper are classes of the m-partition form (OP,OP,...,OP) and
(DP,DP,...,DP).

4.1. Basic spin representations of generalized symmetric groups. Let W(®) be
the irreducible finite reflection group of rank [ with root system ® and simple system
IT = {a,...,au} and let 7; = 7,, be the reflection corresponding to a; € II. Then the
group W(®) is generated by the simple reflections 7;, 1 < j <[ subject to the relations

7=11<5<1, (mm)™ =1,1<jk<1j#k,

where mj;, are positive integers such that my; = mjy.
If the group W (®) of rank [ is embedded in the orthogonal group O(n); say ¢ : W(®) —
O(n) is an embedding of W (®) into an orthogonal group O(n), for some n, then let
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My(®) = p,}(W(®)). Then we have the following (see [2] and [18] for the details including
notation)

1 — 7Zy — Pin(n) 2% 0On) — 1
(4.3) Lp
1 — Zy — My(®) 2% W(@) — 1.
It is clear that the lower sequence in (4.3) is also an exact sequence, but to show that

My (®) is a covering group of W (®), it is necessary to show that My(®) is a stem extension
of W(®), that is, to verify that

Zo C Z(My(®)) N (My(®)).

This will ensure that the basic spin representation of O(n) will still be a non-trivial
spin representation, that is, not projectively equivalent to an ordinary representation, on
restriction to the subgroup W(®). Furthermore, it was shown in [18], that if n = [ the
basic spin representations P, P. remain irreducible on restriction to the finite irreducible
reflection groups W(®), where rank(®) = [.

This is now used to construct a number of basic spin representations of B)" for certain
2-cocycles. We first consider the natural embedding n : W(®) < O(l), where rank® = .
In this case, put

M(®) = ¢, (W(2)).
Then, a presentation of M (®) is obtained. We have that
pilaj)=m1;, 1<j<L
and if we let r; = o /|| «; ||, 1 < j <[, then we also have
p(ry)=1=m1, 1<j<1

If, in addition, z € Pin(l), is such that p;(z) = I;, then z € Z,, that is, z? = 1. Then, we
have that the group M (®) is generated by r;,1 < j <, z subject to the relations

(ryre)™ = 2" 1< Gk <1, 22 =lery =12, 1< <1

We apply these results in particular to the reflection groups of type A,,_; (the symmetric
group S,), B,, (the hyperoctahedral group B?) and I5(2) (the dihedral group of order 4).
Type A,,_;. In order to apply the above, we use an embedding of the root system A,
in R"~! where the simple system is given by

{Ozj:\/j—lej_l—\/j"‘l@j, lgjgn_l}y

(rather than the usual one) then

1 , : '
P(sj):\/_27(\/]_1Mj—l_ JHIM), 1<j<n-—1

is the irreducible basic spin representation of .S, if n is odd and P are the two associate
basic spin representation of W(A,_;) if n is even. In the above, the generators 7; have
been replaced by the corresponding ones in this setting. In fact, we obtain the presentation

Ay = (i, 1<i<n—1,z|t2=1, 22=1, (tit;1)’=1,1<i<n-2,
(tit;) =z, tiz=2t;, li—j| >2,1<i,j<n—1)
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and thus, this representation, as was shown in [18] is the irreducible basic spin repre-
sentation of S, for the 2-cocycle [-1,1,1]. Furthermore, the value of its character was
determined as given in the following proposition.

Proposition 4.1. Let ¢, (1) be the character of the basic spin representation P, (Py).
(i) If x € (p),p € OP(n),then

b(z) = 213ae-1),
(i) If x € (n), then
Yy(x) = j:i%(”_Q)\/n_/Q if n is even.
(iii)

Y(x) =0 otherwise.

These representations can in turn be lifted to give an irreducible basic spin represen-
tation of B again denoted by P which corresponds to the 2-cocycle [—1, 1, 1] using the
homomorphism v,, defined in (3.2). This results in the following proposition.

Proposition 4.2. Let ¢, (v1) be the character of the basic spin representation P, (Py).
(i) If x € Ay A@)i -5 Am)s Aay € (OP([A@l), 1 < i <m, then

() = 915 (A1) A@)5-Am)) =D
(i) If v € (0;...;0;n;0;...;0), then

Yi(x) = iz /nJ2 if nis even,
where n can be in any one of m possible positions.

Y(xz)= 0 otherwise.

It was I. Schur [30] who first showed that the irreducible representations for this 2-
cocycle correspond to partitions A € DP(n). These were constructed in a remarkable
way by M. L. Nazarov [21] which is a generalization of the above construction which
corresponds to the partition (n). We briefly recall his results.

Let A € DP(n), the shifted diagram for \ is

Dy=1{(,j)€Z?|1<i<I\);i<j<\+i—1}

This is represented graphically where a point (7, j) € Z? is represented by the unit square
in the plane R? with centre (4, j), the coordinates 7 and j increasing from top to bottom
and from left to right respectively. A shifted tableau of shape A is a bijection A : D, —
{1,2,...,n}; a bijection is represented as a filling of the squares of D, with the numbers
1,2,...,n, each of these numbers being used once only. A shifted tableau A is standard
if the numbers increase down its columns and across its rows. Now, let S, denote the set
of all standard shifted tableaux of shape \. Let A € S, and let k € {1,2,...,n} be fixed.
Let k and k+1 have the coordinates (i, 7) and (¢, j') in A. Puta = j—i+1, b =7 —i'+1.
Consider A and spA, then s A € Sy, or A € Sy. Assume a < b, otherwise work with
spA, even if spA € S). Put

2b(b — 1)

M) = -1
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v = (=1 f(a,b), y = (=1 f(ba), z = Yoo and u = /(1 — 2?). Let

A=(" 7 p=|( Y ~ andC = (" "
z oy )’ z - u —x )
Let h be the number of rows in A occupied by 1,2,...,k 4+ 1.Then, if A, A’ € S,, put

XP(sp) = { ACMini+ BOMyy, ifl<a<b
=T C® My_pn ifl=a<b
and if A" € S,, replace the matrices A, B and C by the element which appears in the

(2,2)-position. This is repeated for all the tableaux A € Sy and we obtain the following
proposition.

Proposition 4.3. The XV, X\ € DP*(n), xMoxe DP~(n) form a complete set
of irreducible spin representations of S, of degree 2Ln7£(A)JgA, where gy is the number of

shifted standard tableaux of shape ).

We note that the n-associator of X is id ® K®*, where u = [n/2].
Type B,. In order to apply the above, we use an embedding of the root system B,, in
R™ where the simple system is given by
{Oéj =ej1—€, 1 <jg<n—1, n = €n},
then

Qls;) = %(Mj_l M), 1< <n—1, Qw) = M,

is the irreducible basic spin representation of W(B,) if n is even and Q4 are the two
associate basic spin representation of W (B,) if n is odd. Here, we have replaced the
notation P (Py) by @ (Q) for obvious reasons.
In this case, we obtain the presentation
1<i<n—2, tiw; =uity, tiuy = Mty j #i,0+ 1, (tt)° =7,
i—g]>2,1<i,j<n-—1, uu; = puju;,i#j, 2<i<n-—1),
where 2 = A\2™ = ;™) = 1 and v, \, u commute with each other and with the #;, u;
(note that w,_; = t,_jun_it1tn—i, 1 < i < n —1) for the covering group of B,. From
this we deduce that this representation is the irreducible basic spin representation for the

2-cocycle [—1,—1, —1]. Furthermore, the value of its character can be determined [18] as
given in the following proposition.

Proposition 4.4. Let x, (x+) be the character of the basic spin representation Q, (Q+).

(1) If = € (p; 0), (p;0) € (OP(|p]); EP(|gl)), then
(z) = { %%(l(‘p;@j) ifn Z'('S even
2z U= f n 4s odd
(ii) If x € (0; 0), 0 € P(n), then
x+(2) = +i2D23UD-D  if s odd,
(ii)

x(x) = 0 otherwise.
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In the same way as above, these representations and characters are now lifted to B)"
using the homomorphism 7,, defined in (3.3) to give the following proposition.

Proposition 4.5. Let x, (x+) be the character of the basic spin representation @, (Q+).
(i) If © € (p1; 015 - -5 Pmy2; Omy2), pi € OP;0; € EP, 1 <i<m/2, then

B 93 (CI eie))  if n is even
X($) - 2%(2:1/121(1’7&;91)—1) ’lf n is odd
(”) .[fl’ S (wagla'”a@agm/z)7 0 € P’ 1 S i S m/2’ then
Yilz) = 43 =193 (CT Uen-1) if m is odd,
x(z) = 0 otherwise.

In [19] it was shown how to determine an irreducible basic spin representation of B}
for the 2-cocycle [1, —1,1]. In fact, we use the embedding B} — O(2) given by

woni= (o | ) 1=ision @onw=( 7y 1),

Now, if we use the exact sequence

1 — Zy — Pin2) 2 02 — 1
Jras
B™ /M

we ultimately, by putting

R T N CE)

obtain an irreducible spin representation R of degree 2 of B]" corresponding to the 2-
cocycle [1,—1,1]. The o—,n— and e—associators of this representation are J, I and K
respectively.

The character of this representation is given by the following proposition.

Proposition 4.6. If ¢ denotes the character of R, then
2 ifxeM
@ = {57

0 otherwise.

We have now constructed irreducible basic spin representations P, ) and R of B]" cor-
responding to the 2-cocycles [—1,1,1],[—1,—1, —1] and [1, —1, 1] (respectively) of degrees
QL%("*UJ, 227 or 23(n=1) according as n is even or odd and 2 (respectively). These are
now shown to be absolutely fundamental in the construction of the irreducible projective
representations for the remaining 2-cocycles. But before proceeding to show how this is
done, following Stembridge [31], we apply Proposition 2.1 to obtain a general result which
proves to be extremely helpful in many of these cases.

The 2-cocycle of R is a = [1,—1,1], let P be any projective representation of B! with
2-cocycle (3, then R® P is a projective representation of B with 2-cocycle a3. Then we
have the following proposition.
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Proposition 4.7. Let P be an irreducible projective representation of degree d of B]"" with
2-cocycle (3.

(i) If Lp = {1}, then R ® P is an irreducible representation of degree 2d of B with
2-cocycle af3.

(i) If Lp = {1,v}, where v € L, then R ® P is the direct sum of two inequivalent
irreducible projective representation of degree d of B]' with 2-cocycle af3.

(15i) If Lp = L, and U,V are the n, o-associators of P respectively, then

(a) if UV = =VU, then RQP is the direct sum of four inequivalent irreducible projective
representation of degree d/2 of Bl with 2-cocycle af3.

(b) if UV = VU, then R® P is the direct sum of two equivalent irreducible projective
representation of degree d of B, with 2-cocycle af3.

5. Irreducible spin representations of generalized symmetric groups.

5.1. The 2-cocycle [1,1,1] — ordinary representations. We first review the con-
struction of the irreducible ordinary representations of the generalized symmetric groups,
these are the ones corresponding to the 2-cocycle [1, 1, 1], see [12], but also for a treatment
which is more in line with our requirements, see the work of M. Saeed-ul Islam [27]. As
this work is not easily available a review of his presentation is given below. Furthermore,
H. Can [6] has given a description of the construction of the corresponding Specht mod-
ules and also in [7], he gives a description of these in the context of complex reflection
groups. For recent work on the calculation of the characters from a combinatorial point
of view, see [1].

Let X denote the irreducible representation of S, corresponding to the partition X of
n, let x denote the corresponding irreducible character. The irreducible representations
of By are indexed by m-partitions (A(1); A(2);- . .; Aam)) of n, the corresponding represen-
tations and characters will be denoted by XPwr@i-Am! and yPaoRr@i-Aml respectively.

If we let po = 0 and p; = Z;zl kj, 1 <4 < m, then B is the generalized symmetric
group acting on the set of k; elements R ={pi1+1,....p}, 1 < i < m, where
>, ki =n. Thenlet B( o) = = B}l x---x By bethe Correspondlng generalized Young

subgroup. Recall that we have defined earlier the linear characters og, 1 <k<m-—1hby
or(s;)) =1, 1<i<n-—1; Uk(wj):Ck,l <j<n.

The representation XM is obtained by lifting XM from S, to B, we define
X 105500501 where X is in the (k 4 1)-th position, 1 < k < m — 1 to be oy @ X W00,
If |Ni| = ki 1 <i <m, define

XPoRA@i-dml = (xR0l @ xWrel o ... g x0bi-rmly 1 Bm
inducing from By =~ to By If we let
X(ktykm) = 1 Q01 @+ @ Oy,
then we have
XPwAa@ideml = (X (k1) @ XPa@ll g xRl @ g X P01y 1 gm.

We can now prove the following lemma and theorem.
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Lemma 5.1. X(,, .k, 1S a linear character of B%’m’km) such that
kah_”’kml(x) + X(,;hw,;m)(:v) for some x € kerv,, and for all g € B unless (k1,. .., kpn) =
(K1, k) in which case this holds for all g € Bi'"\BJ, | .

Proof. If (l%l, ey k) 7{(1{:1, ..., k), assume without loss of generality that ki >k
for some i, that is, P, C P;. If ¢ € B" is such that v,(g9)P;, = P;, if j € P\ P, then
ua(j) € B, U #dand weput @ = () ) )- ().

If v,(g)P; # P,, then there exists j € P, C P, such that v,(j) € P, 1 <1< m, | #i
and for this j, we define x as above.

In each case, X(lél,...,fcm)(x) = (*, but

X?kl,...,km)(x) = X(kl,.,.,km)(Un(g)xvn(g)il) = Cl7 l 7A i.

If (ky, ... kp) = (ki,... ky) and g € BY\B}, 1. then there exists at least one index
i, 1 <4 <m and an integer j € P; such that v,(j) € P, 1 <1 <m, [ # i. Once again
we define x € kerwv,, as above for this particular j. Clearly,

X?kl,...,km)(x) = Cl # ("= X(];17,,,,];m)(x)7
which completes the proof of the lemma.

Theorem 5.2. A complete set of inequivalent irreducible (ordinary) representations of
B is given by the XPwr@i-Aeml where (A1) A@); - - -5 A@my) 98 any m-partition of n.

Proof. Let (ki,...,ky) and (12:1, ..., k) be two arbitrary m-tuples of n and let
X Pyl X 10A@;-Olg. .. @ X0 Am] be two corresponding representations of B(’ZI o)

and B(Tgl ) with characters yPmA@»Amm! and X[;\(1>75‘<2)7---75‘<m)1 respectively as defined

above. We will prove that

A1)iA@)5- A (m A1)A@)5 A m _
(xPoR@i-Am] A Botesdml) g, =0

unless k; = l;:i, 1 <4 < m, in which case it is equal to 1.
By Frobenius’ reciprocity theorem and Mackey’s subgroup theorem, the above inner
product is equal to

A1) >A2) A (m X1 A2 A (.
(X[ (1) A @) A( )},(X[ (1)iA@)55( >]) i B&Lh--wkm))BZﬁl .

,,,,, m)

= SRl (Budedol | BT BR
yreyivm kl

,,,,, km)
= Y (PoreAm] | Hy, (Porr@-—Aalye | f1 oy,

where H, = By, | ﬂx_lBgl L (X[;\<1>v;\(2)~--»/~\(m>])f"’(a:_lgq;) —

(X[f\(l),f\@),--.,i(m)])(g) forall g € B(’gl ) and x ranges over the double coset representatives

of the generalized Young subgroups B(Zly---,km) and B?Igl,...,fem) in B)".

We now show that each term in the above summation is zero except in the case noted
above. If for some x,

> yPwderdel | H, = Z(X[iu)vi@w@(mﬂ)x | H,

T
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have an irreducible component in common, then so do

Z YRwA@Am] | ker v, = Z(X[Xu)vimw--vx(m)])w | kerv,,

T

since kerv, C H,. Then, using the alternative form for XPwA@»Am! given above,

we see that these respectively coincide with X, .. x,) | kerv, and X”Ck o) 1 kerw,.
Since both of these are irreducible, they are equal on ker v, and so, by Lemma 5. 1, we
have (k... kn) = (ki,...,ky) and z € Bl k.- Now, using this information, an
elementary inner product calculation shows that

(X[)\(l))\(g),...)\(m)]’ X[A(l)y)\@),...7)\(m)])B,(rzl AAAAA . — (X>\1 e >(>\m7 X)\l .. X)\m)s(kl """" )

which is non-zero only if these two characters are equal and we have the desired result.

5.2. The 2-cocycle [-1,1,1]. The approach in this section follows closely that of the
previous section and thus the proof is only outlined, but now the irreducible spin repre-
sentations of S, are used in place of the ordinary representations.

As constructed in Proposition 4.3, if A € DP(n)*, XV are the irreducible spin repre-
sentation of S,, and if A € DP(n)~, Xi’\> are the two n-associate irreducible spin repre-
sentations. The corresponding spin characters are denoted by yV, Xi\ ),

We show that the irreducible representations of B]* for the 2-cocycle [-1,1,1] are in-
dexed by m-partitions (A1y; A@2);- .5 Agm)) of n, where A € DP(JA)]), 1 < i < m, the
corresponding representations and Characters will be denoted by
X Omd@i-tom) ( Xi*<1>“<2>%-~*<m> Jand PmRA@i-Am) (y QORI G they are
n-associate) respectively.

The representatlon X A0:-0) s obtained by hftlng XN from S, to B™

n

we deﬁne

If ])\Z| =k 1 S 1 < m, define
XOwA@itm) = (XA x A0 ... @ xO0-Am)) 1 B
inducing from Bf, , , to B}, where ® is the twisted tensor product [18],[9]. Then we
have
X A@iA@iiAm) — (X(k1,-..,km) ® X(/\(1);@;~-~§®>®X<)\(2)§®;m§@)® .. ®X(A(m);®;--~§@>) 7 BZL.

There are similar statements for the n-associate representations and characters.

The representation X AwiA@iAm) can be written down explicitly using formulae (2.11)
and (2.12) by simply replacing the representation P; by the representation X (%0050},
Furthermore, using Proposition 2.3 we get a far more explicit formula for the character
yPrwr@i-Am) i fact this formula is obtained by a slight modification of the one in
Proposition 2.3 and will not thus be repeated.

Theorem 5.3. A complete set of inequivalent irreducible spin representations of B]* for
the 2-cocycle [—1,1,1] is given by the
X Awir@iiAm) ifn— l()\(l); )\(2); R )\(m)) 15 even
and
XPOR@A) G 0 Ny ) s odd,
where (A1); MA@y - -5 A@my) @5 an m-partition of n, with A\ € DP(|A\y]), 1 <i < m.
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The details of the proof will not be given in that it now follows very closely the structure
of the proof of Theorem 5.2 in the previous section. The only major difference will be in
the character calculations.

From now on in this paper we assume that m is even as the remaining
2-cocycles only exist in this case.

5.3. The 2-cocycle [-1,-1,-1]. Let ), Q+ be the basic spin representation of B]* for the
2-cocycle [-1,-1,-1] constructed in Section 4.1. Then, for the m-partition of n (Aqy; 0; As); 0;
-3 )\(m—l)v (b)a put

QX[)‘(l);@?)\(S)§®§~-~§>\(m—1);m —Q® X P)iliA@) 055X m—1)30] (n even)

and
QiX[)\u);@;A(s);@;~~~;>\(m—1)§m =Q.:Q® X P)iliAE) 055X (m—1)30] (n 0dd>‘

Then, we prove the following theorem.

Theorem 5.4. A complete set of inequivalent irreducible spin representations of B for
the 2-cocycle [—1,—1,—1] is given by the

QX P@iliA@biAim—1)) (n even) and Q4 X P0A@)lieiAim—1):0] (n odd),

where [Aqy; 0; As); 0; . .5 Am—1; 0] is an m-partition of n.

Proof. We shall give a proof in the case n even only, the odd case is dealt with similarly.

If we consider the representation X PwiliA@)i-Awm-1i0 for any element of cycle type
(P(IA®)1),0, P(|A3)]),0, ..., P(|Am=1)|),0) in B}, by dividing each partition into its odd
and even parts, we obtain classes of B] of type (OP(|p1]|), EP(|01]),...,OP(|pm/2l),
EP(|om2])), where |p;| + |oi| = |[A2i—ny|, 1 < i(odd) < m — 1. If ¢ is the character
of @, then by Proposition 4.4, we have that ((p1, 01, ..., Pm/2; Om/2) are nonzero on the
classes of type (OP(|p1]), EP(|01])---» OP(|pms2]), EP(|0m/2])), thus it follows that the
characters (CxP®i0A@@iAm-1#) are linearly independent.

Conversely, from Table 2 in Section 4 we see that the splitting classes of B]" for the
2-cocycle [—1,—1, —1] are of the form (OP,EP,...,OP,EP) and (P,0, P,0,...,P,0); it
can be shown that the latter only occurs for n odd. Thus, for the case n even, the above
characters span the space of spin characters. It only remains to show that these characters
are irreducible.

For, the case n even, using Proposition 4.4, we have that

| ’CX[/\(U;®;/\(3);0;...;)\<m71) 0] ’ ’2

1 Ay 0As) 1052 (1) 2
= Z ’CX[ (1)3¥%5A7(3) 353 (m—1)3 ](pl’ Ql) . 7pm/2’ Qm/2)‘
p;€EOP,0,€EP P1;015--5Pm /2,0m /2
1§i§m/2
1 l A A 2
= ) 2P AD (pr U g1) -+ XM (g2 U Omp2)]
piCOPo P PLOL P /2:0m )2
1§i§m/2
1 m/2 m/2
l(pi>0i A@2i— 2 _
- Y [ [[ e -
p;EOP,0,€EP P1,01 ’ pm/279'm/2 i=1 ’L(Odd)

1<i<m/2
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using the corresponding result, Theorem 9.2, in [31] and where z,, ,, is the order

of the centralizer of that class in B)".

seePm)2:0m /2

5.4. The 2-cocycle [1,-1,-1]. In this case, a similar process to that used in the previous
section is applied to the representations

A0 A(3):05 A (e —1)50) A0 A(3y305 5 A (e — 130
QX P0¥%Ae) m-0i0 = Q @ XP0BAe (m-1)i0),

A1)i05A (39505 A 1930 A)i05A 35055 A (m—1)30
QXim 3) (m—1) >:Q®X< (1):0:A@) (m—1) >’

QiX(Au);W;A(:a);@;---;)\(mq) i0) =QsQ X AiliAE) 05 A m—1)30)

or
O XAu)@/\(s)W A(m—1);0) — Q. ®XA(1)@A<3) 055X (m—1:0)

Y

where (Aay; 0; M) 05 .5 Agn—1); @) is an m-partition of n, with Ay € DP(|Ay)),
1 <i<m—1 as the case may be. These representations have 2-cocycle [1, —1, —1].
We prove the following theorem.

Theorem 5.5. A complete set of inequivalent irreducible spin representations of B)" for
the 2-cocycle [1,—1,—1] is given by the
(i) if n is even

QX PilA@ 05X 1)) oy L@ 05 X305 0; .5 Agm—1); 0) s even

and

)\(1) (Z) )\(3) (Z), ,)\(m 1) @

Ox! ifn = 1) 0 Aay; 0: -3 Aoy 0) s odd,

and

(ii) if n is odd
Q4 X P 0PA@) 5 Aam-1)0) gy LAy 0; A3y; 05 - .5 Am—1); 0) is even

and

QX VWA Am 0y 1N 1105 M) 05 A); 0) s odd,

where (Aay; 0; Ay; 05 .. .5 Am—1); 0) is an m-partition ofn with Ay € DP(|A\@p]), 1 <1<
m — 1.

The proof follows along the same lines as the one given in the previous section, we note
that the splitting classes in this case are

(OP;0;...;0P;0), (DOP; DEP;...; DOP; DEP),
(0;OP;...;0;OP) and (0; DP;...;0; DP),

the latter two again only occur in the case n odd. In the even case, we use the well
known one-one correspondence between the sets OP(n) and DP(n) (which is used in the
case of Schur’s theory for irreducible spin representations osf S,) and the clear one-one
correspondence between the sets DP(n) and DOP(k), DEP(n—k) (separate the odd and
even parts), for all values of k.
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5.5. The 2-cocycle [1,-1,1]. The following lemma is required.

Lemma 5.6. If XPwr@i-Awml is an ordinary representation of B with character

xPR@i-Aml corresponding to the m-partition (A1); A@);-- -5 Amy) of n, then
(4) nyPoRr@i Al = X[Aél);A’@);...;,\'(m)]’
(17) Ux[/\<1>;>\(2>;...;/\(m)] _ X[)\(%+1);-.-;/\<m>;)\(1);,,_;)\(%)]’
(131) 6x[x\<1);>\(2);-..;>\(m)] _ XP\E%H);”'”\/(m)9‘21)%---9\’(%)]’

where n,0,e = (o are linear characters of B)".

Proof Using the well-known fact [12] that ny™ = x| where y* is the character of
S, n—associate to ¥ and noting that

X[/\u);)\(z);m;)\(m)] — X[/\m;@;.‘.;@] ® (01 ® X[A@);@;m;@]) Q- ® (Omy ® X[/\(m);@;m;@])

then (i) follows. Furthermore, since by definition

2;05..; X055 [@;...;0;2;0;...;0]
)

o = gy @ PO

(ii) also follows. (iii) is now a direct consequence of (i) and (ii).
Recall that the subgroup M of B]" is defined by M = ker n(\ker o()ker €, thus we
have the following corollary.

Corollary 5.7.
A 1yir2)si A i) [AM1yiA(gy 5N ] A (m1)i5Am)sA @) -3 A (my ]
XowA@iAml _ o faPe el | 7
R A C LAY e
= Xum o
If we now define (PwPr@i-Aml = ¢ @ yPwr@i-Am] where ¢ is the character of the
irreducible basic spin representation R of B! for the 2-cocycle [1,—1,1], then it follows
from Proposition 4.5 that

PR Am)] = g[A21>;A£2)%~~-;X<m)] _ 5“(%“)i---;A<m>%A(1>%---%A(%>]

If we now put RXPwi@i-dml = R XPwir@i-Am! for each m-partition (A Ay
A(my) of n, then the RXPwir@iAmml are spin representations of B™ with 2-cocycle
[1,—1,1]. We use Proposition 4.7 to show that the irreducible spin representations of
B for this 2-cocycle appear as constituents of these.

(i) is a sum of two equivalent irreducible representations if A\ = A4y € SCP, 1 <
i <3 andn =0 (mod 4),

(i) is a sum of four inequivalent irreducible spin representations of equal degrees if
Ay = )‘(%—H') eSCP,1<i< % and n =2 (mod 4),

(iii) is a sum of two inequivalent representations of equal degrees if ;) € SCP, 1 <@ <
m or /\(i) = )‘(%—i—i) or )\(i) = /\/(%-H)’ 1< < % but not )\(i) = /\(%-i-i) e SCP,1<1< %

In all other cases, the four representations
RXPod@i-Am] RXNoNoiNm] RxPegnitemdmi-ag] RX @A A A

are equivalent irreducible spin representations of B)".
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5.6. The 2-cocycle [-1,-1,1]. The procedure in this case follows that of the previous
section, but now we consider the representations
RX()\(D,)\(Q),)\(M) R ® X 1) )\(2 )3 y)‘(m) (RXi/\(l);/\(Q);"';)‘(m)> — R ® XiA(l);/\(Q);"';)‘(m»)
if n — 1(A@); A@);- -3 Apn)) is odd (even), where (A(1); A(2);-..; Apm)) is an m-partition of
n, with Agy € DP(|A@|), 1 < < m. Then the RX Awi@mdem)  RXPOHA@ A 5o
spin representations of B with 2-cocycle [—1, —1,1].

In this case the following lemma is required.

Lemma 5.9. If yPwir@iidom) Xi_:\(l);A(Q);"';/\<m)> are the spin character of B™ then

!

N1)yiXzy 33 my)

:F )
T\

<)‘ (2)7 (23] m

. (A@)iA @) A m))
(Z) nX4 (1):7(2) (m) _

nyPmRr@ire) = Py ,
(1) oxPoRr@itm) =y AegrnimRai-teg)
UX$<1>;A<2)%~-;/\<m>> _ Xiﬁ(%m?-~~;*<m>iA<1>%~~-?A(%>>7
(#41) €X$<1>2A(2>;~~5A<m>> _ Xi:/(%m Xy Ay X(MQ,
€X</\(1);>\(2);---;>\(m)) _ X<>‘/(%+1>’ ) (1) X(m)>7

where (,0,e = (o are linear characters of B)".

Proof From [30] we have that e

= X;M, and noting that
X<)‘(1)§)‘(2);~~§/\(m)> — X</\(1);@;-.~;0> ® (0, ® X(x\(z);ﬂ;-..;@)) ® @ (Ot ® X</\(m>;®;~-;®>>

then (i) follows. Furthermore, (ii) follows using the same argument as in Lemma 5.6 (ii)
and (iii) is now a direct consequence of (i) and (ii).

Corollary 5.10.
AA@iAm) - AyiXyiAmy)  AcprniAmmydayisAcg))
+M =X X

FM - A+M

/ . Y Y . Y
A gy ieeiNam) Xy X))
M )

If we now define X @i-Am) = ¢ @ yAmA@iirAm) where € is the character of the
irreducible basic spin representation R of B]* for the 2-cocycle [1,—1, 1], then it follows
from Proposition 4.6 that

AWA@iAm)) M ayiNmy)  A@ A m) A iAz))
gi — 5? - gi

/ / !
§<’\(m+1>’ RACOHACIE A<m>>
=&x

Theorem 5.11. The representation RX AwA@i-Am) s

(i) is a sum of two irreducible equivalent representations if A\ = Aziiy, 1 <i < %
and [(A@y; A@); - -3 Aam)) 15 even

(ii) is a sum of four inequivalent irreducible representations of equal degrees if A\ =
A(%-I—i)a 1< < % and l()\(l); A@yi - )\(m)) 18 odd,

(1) is a sum of two inequivalent representations of equal degrees if

n =1 A@i- 5 Awm)

is even, but Ay # A4, for some 1 <1 < 7.
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]fn - l()\(l); /\(2); ce

i A(m)) 15 odd, the four representations
>\ ;A ;"';A m A ;>\ ;"';A m
RXi (1)iA@)55A( ))7RX%<E (1)iA@)55A( >>7

)5 A m) SAL) s A (R %H);-~~;>\(m>;)\(1);m;)\(%)>

A A

RX| ’ RxD
are equivalent irreducible spin representations of B)".
5.7. The 2-cocycle [-1,1,-1]. In this case, for the m-partition of n (A1y; 0; Asy; 05 .. .
Am—1); 0), if n is even, put

RQX[M);®;N3>;®;~-;>\(m71);®} —R® QXP\(U;@;A(:’,);®;--~;>\(m71);0]
and if n is odd, put

RQiX[’\“)?w”\<3>;0?“';)‘<m4);m —R® QiX[Au);G;A(a);@;-..wmq);@].

Then, these representations have factor set [—1, 1, —1] and we prove the following theorem.

Theorem 5.12. The representation RQXPm¥A@liidm—ni] g

(1) is a sum of two equivalent irreducible representations if Ay € SCP, 1 < i(odd) < m
and n is even

(ii) is a sum of two inequivalent representations of equal degrees if Ay € SCP, 1 <
i(odd) < m and n is odd or A\ & SCP, for some 1 <i(odd) < m and n is even.

If Aoy € SCP,1 <i(odd) < m and n is odd, the representations RQ . X Pyilid@)ilieidon-1)0]
RQiX[/\’<1>;0;/\{3);0;---;/\’(m_1);®]’ RQiX[&%);®;--~;/\<m_1);@;~~-;>\(1);®;-~;>\<%qw(@]’

RQiX[/\’(%L);@;...;A (Z);...;/\’(l);@;...;)\
B

/ ; ! ;0] . . . . .
(m=1) E-U" are equivalent irreducible spin representations of

For the proof of this theorem, the lemma below will be needed in a similar way to the

preceding sections; we denote the character of QX #A@ - Awm-1l 1y
CXP\(U;@;A(s);@;~~~;>\(m—1);@].

Lemma 5.13. If n is even, then
(2) n(CX[/\“);0;/\(3);0;"';/\("“1)@]):CX[/\I(”;0;)\,(3);0;'";)\2"“1>;@],
(i7) J(CX[A<1);®;>\(3>;@;...;A(m_l);w]):CXP\’(I);Q;A’(zg);@;u.;)\/(m_l);@]7
(117) e(CxP W@l Aam—101) = (P PA@) 05 m—1)30],
If n is odd, then

(1) n(CiX[Au);@3/\(3>?@%~~;A<m—1)5@]):CJFX[’\?Dﬂw(sﬁw;"';*ém—l);m,
A1)l s A = 1) 05203055 A cm 0] —
(ii) o (¢ X[Au);0;/\(3);(2);...;)\(,7171);@]): CiX[ A o (g ]me =0 (mod 4)
+ CiX[VJM(%H);~-~;/\(m_1);®;>\1;®;.~.;@;/\(%)1 ifm =2 (mod 4)
(RN | VI VL FReD Ve /] _
(iid) e(CoxPPA@BAem-1]) = X o Um =0 (mod 4)
Cox( PN Ny ONT X)) — 9 (mod 4)

where (,0,e = (o are linear characters of B,".

From this lemma, we obtain, as before in Section 5.5, the following corollary.

Corollary 5.14. If n is even, then
A1)i8A ()03 Am-1)0] _

X
If n is odd, then

A@)3052(3)305-- 3 A (rm—1)30]
CXar =(x

X1y i 03X 3305370, —130]

X

A1) A 50303 M iy — 130

M
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Qx 1) 05 A1) DAL 05 AWUmdnz—O (mod 4)
s X[@ A 25 iAo 1) 3005 B o ) ifm=2 (mod 4)
. X[ (m+1)’ e\ 1) 05 Al,@,...,A’(m_l);@]ifm =0 (mod 4)
Cox PR Ko BN OX ] e — o0 (1104 4)

+2)7 5N (m—1)
[)\ 1> @ )\ 3) 0, ,)\(m 1) @]
In turn, this leads to the corresponding results for the characters £Cx,,
and in turn to the proof of Theorem 5.12.

5.8. The 2-cocycle [1,1,-1]. In this case, let (Aq);0; A3);0;.. .5 Apn—1); ) be the m-
partition of n with Ay € DP(|Ag))), 1 <@ < m.
If n is even and n — [(A1); 0; A3 @ -3 Am—1); 0) is even, put

RQX >\(1)7V)7>\(3)7@,~~,>\(m—1);@> —R® QX<)‘(1)§®§)‘(3)§®§--~§>‘(m—l)§®>
and if n — I(Aqy; 05 Az); 0. A 1)'@) is odd, put
RQX )\(1) (Z) )\(3) @, ,A(m 1) R ® QX )\(1 @ /\(3 @, ..;)\(mfl);@'
and if n is odd and n — I(Aq); 0; A3); 0; . . . ; Agm—1); 0) is even, put
RQ. X<>‘(1)§w§>\(3)§®§~~~§)‘(m—1)5®> —R® Q:tX<>‘(l)?wSA(3)§0§~~~;)‘(m—1)5®>
and if n — I(Aqy; 05 Az); 0. . A 1)'@) is odd, put
RQ X)\@)@)\(;g)@, ,A(ml R@Q X
These representations have 2-cocycle [1, 1, —1].

Theorem 5.15. The representation RQX A®A@)ibiidm-1) g

A@)3052 3305 5A (m—1);0)

(i) is a sum of two equivalent irreducible representations if n—I(Aqy; 0; Ay 05 .5 Agm—1);
0) is even and n is even ,
(i) is a sum of two znequwalent representations of equal degrees if n—I(Ay; 0; X3); 0; . . . ;

Am—1);0) is even and n is odd or if n—1(Aa); 0; Az); 05 .3 Am—1); 0) s odd and n is even.
If n— L Ay; 05 Ay; 05 . o5 Am1y; 0) is odd and n is odd, the representations

(A 1);0;(3);0;.. ,)\m (Z) <>\m D5 A 1) 305X (1) 055 A 1)50)
RQ X (1):¥542(3) (m—1) and RQiXi( ) (m—1)> €)) (Z-1)

reducible spin representations of B)".

are equivalent 1r-

In this case, we merely state the corresponding lemma to Lemma 5.13.

Lemma 5.16. If n is even, then
M)A 3)305-5A (m—1:0) A@)i0iA @) 3055 (m—1)30)]

(&) n(Cxe 7 T = (X 7

(i4) J(CX(A(U;@;)\(s);@;-.~;/\(m—1);@>) §X</\(l> $0:03)505-- 5 A (m—1); @>
(iil) (CX A iiA )05 A m—1) @>) X<>\(1) 07 3)305- 5 A (m—1); @>
If n is odd, then

() n((ix<)‘(l);®§)‘(3);Q)?m;)‘(mfl) ;®>) — CJFX(A(U;0;>\(3>;0;m;>\(m71) ;‘2)>7

A 1 1)i05 X m—1)302130;5 A (m _1)30) _
(i1) o(CoxPPA@ B Am-1i0) = CHFXM(; o . .)\( 1).0_)\1.0. ~®~(A2 1)> ifm =0 (mod 4)
C:FX A A42) 503N (m = 1) AL - S A (L) me =9 (mod 4)
O 05X om 1) 0AL 05X 1:0) _
(iii) e(CaxPOPAE B Aam-1)0)) = CJFX T NN me 0 (mod 4)
Y A )5 X ) s0A1305- 507 (o ) ifm =2 (mod 4)
where (,0,e = (o are linear characters of B)".
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