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ABSTRACT. Foata and Han [Adv. in Appl. Math. 18 (1997), 489-509; Electron. J.
Combin. 4 (1997), Article #R9] proved some remarkable generating functions for statis-
tics on the hyperoctahedral group B,,. These generating functions can be specialized to
give a large number of generating functions for permutation statistics appearing in the
literature. In this paper, we give a new proof of Foata and Han’s result by defining a
homomorphism on the ring of symmetric functions and applying it to a simple symmet-
ric function identity. Our methods easily extend to derive several natural extensions of
Foata and Han’s generating functions. In particular, we show that there exists a natural
family of generating functions for permutation statistics over wreath products Cy .S, of
cyclic groups Cj with the symmetric group S,, which can be viewed as generalizations
of the Foata-Han generating functions. We also prove some new generating functions
for the Foata-Han statistics for tuples of permutations of B,, or Cj ! S,, whose common
descent set contain a final sequence of at least s or whose common descent set contain a
final sequence of exactly size s.

1. INTRODUCTION AND PRELIMINARIES

Let G be a finite group and .S,, the symmetric group on n letters. This work is the con-
tinuation of a series of papers that show how various generating functions for permutation
statistics on wreath products G .S, can be derived by applying appropriate homomor-
phisms on the ring of symmetric functions to simple symmetric function identities.

I Partially supported by NSF Grant DMS 0400507 and DMS 0502858.
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This idea was first used by Brenti [Bre93]. Beck and Remmel then gave combinatorial
proofs of Brenti’s results by exploiting combinatorial interpretations of the entries of the
transitions matrices between bases of symmetric functions [Bec93, BR95|. This combi-
natorial approach allowed for g-analogues of Brenti’s results as well as generalizations
of Brenti’s results for the hyperoctahedral group B,. Wagner extended these results to
study permutation statistics on groups of the form Cj ¢ .S,, where Cj, is the cyclic group of
order k [Wag00]. Since then, there has been a series of papers that have developed these
methods, see [LR06, MRa, MRO6]. A systematic treatment of these ideas is currently
being developed by the authors [MRb].

The goal of this paper is to show how such methods can be used to prove a remark-
able generating function for permutation statistics on the hyperoctahedral group B, first
proved by Foata and Han [FH97a, FHI7b]. Foata and Han’s generating function is sig-
nificant because it can be specialized to give a large number of generating function for
permutation statistics for S, and B,. Their paper includes a flow chart recording the
many different specializations.

Our proof has a number of important features.

e It can be easily extended to give an entire family of extensions of the Foata-Han
generating function to groups of the form Cy S, for k& > 2 (B, is isomorphic to
Cy1 Sy).

e [t allows us to define a new set of permutation statistics on B,, that have the same
distribution as the permutation statistics that appear in the Foata-Han result.

e It provides an archetypal example of a result found in the literature with the
property that the homomorphism required in our proof can be read directly from
the generating function itself. Then, once one has proved the given generating
function by our methods, it can immediately be generalized to give a number of
new results.

e [t exploits a symmetric function identity that involves a new class of symmetric
functions which have properties similar to the power symmetric functions. Special
cases of these symmetric functions have appeared in the work of Langley and
Remmel [LR06] and Mendes and Remmel [MRO6].

e Finally, as with many other cases of our method, once we have proved a given
result, we can modify the combinatorics involved in the proof to prove new results.
In this case, we will show that we can easily modify our proof to give generating
functions for tuples of permutations in C} ¢S, whose final common decreasing
sequence has size at least s or exactly s for any s > 2, relative to the statistics
involved in our generalization of the Foata-Han result. These results are completely
new even in the case where k = 2 and ()@ S,, = B,,.

The outline of this paper is as follows. In Section 2, we shall define the various permu-
tation statistics for B, that we shall use and state the Foata-Han result. In particular,
we shall state a variation of the Foata-Han result which uses a more natural version of
an inversion statistics than was originally used by Foata and Han. This result is new
and does not follow from the previous results of Foata and Han. In Section 3, we shall
define our new class of symmetric functions and prove a simple identity (5) involving our
new class of symmetric functions to which will apply various homomorphisms defined on
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the ring of symmetric functions to derive our results. In Section 4, we shall define the
homomorphism ¢ which can be applied to the symmetric function identity (5) to yield
both the Foata-Han generating function relative to their definition of inversions for signed
permutations and our new generating function relative to a more natural definition of in-
versions for signed permutations. We shall give a very careful proof that £ applied to (5)
yields both generating functions since if one understands the proof in this case, then one
can see that relatively simple variations of that proof will yield our family of extensions
of these results to Cj 1 S, for any k£ > 3 as well as the new generating functions for tuples
of permutations in Cj .S, whose final common decreasing sequence has size at least s
or exactly s for any s > 2. The proof that we present in section 4 could be simplified if
our goal was just to prove the results stated in section 2. However, the main goal of this
paper is to prove the generalizations and extensions of the results stated in section 2 to the
groups Cj 1.S,,. The reader will see that the proof presented in section 4 is a template for
the proofs of those generalizations and extensions. In Section 5, we extend our methods to
give some new families of generating functions for permutation statistics on Cj?S,,. Some
of the identities that we prove were first proved by Wagner [Wag] using the methods of
Foata and Han. Finally, in Section 6, we shall use the combinatorics developed in Section
5 to prove a new class of generating functions for tuples of permutations in C} ¢ S,, whose
final common decreasing segment has size at least s or exactly s for any s > 2.

2. PERMUTATION STATISTICS AND GENERATING FUNCTIONS FOR B,

Following Foata and Han, we shall think of an element of B,, as pair (o, €) where o € S,
and € € {x,y}". Then we define the following statistics on B,.
We call i a descent of (o, ¢€) if either
(i) (i) = e(i + 1) and o; > 0441,
(i) €(i) =z and (i + 1) = y, or
(iii) ¢ =n and €(n) = x.
Let Des(o,€) denote the set of descents (o, €) € B,,.
A pair (7, ) is a FH-inversion (respectively FH-coinversion) of (o, €) if
(i) i < j, (i) = €(j) and 0; > o; (respectively o; < 0;), or
(ii) €(i) =y and €(j) = z, and o; > 0.
We say that a pair (7, 7) is an inversion (respectively coinversion) of (o, €) if i < j and o; >
o, (respectively o; < o), i.e. we say that (7,7) is an inversion (respectively coinversion)
of (o,€) if it is an inversion (respectively coinversion) of . In [FH97a, FH97b], Foata
and Han used the term inversion and coinversion for what we are calling FH-inversion
and FH-coinversion respectively. They did not consider the usual notion of inversion and
coinversion as we have defined.
Next we consider the restriction of (o, €) to its « part o.|,, the restriction of (o, €) to its
y part oy, and their inverses ae_@ and a;;. These are best understood with an example.
Suppose

(0,6)=(627431589%zxyyyyazc).

We may think of (o, €) as an array:
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1234567289
c =6 27435189
€ = r T yYyyyyawaTx
Then o, and o, may be found by looking at the columns corresponding to the z’s and
y’s, respectively:

1 2789 and 345 6
Oge = 6 2 1 8 9 Ogy = 7 4 3 5°
We will let ¢(o,) be the length of o,. To find the inverses 0;; and O'E_‘;, we take

the arrays corresponding to o, and o, interchange the numbers in each column, then
reorder the columns so the numbers in the top row corresponding are increasing. In our
case, the process would result in the following arrays:

1 2689 1 345 7
ol = 721809 an o =546 3"

elx
For any sequence 7 = 7 -- -7, of distinct integers, we define the usual notions of de-
scents, rises, major index, comajor index, inversion and coinversions:

Des(t) ={i<n:7 > 7}, Rise(t) ={i<n:1 < T},
des(T) = |Des(7)], rise(t) = |Rise(T)],
maj(T) = Z i, comaj(T) = Z i,

i€Des(T) i€Rise(T)

inv(t) ={(i,j) 1 <i<j<n,7n>7}, coinv(t)=A{(i,j):1<i<j<n7 <7}

In addition, we define

M0(04e:00) = 1{(i.) : i) = y,e(j) = v, 0, > 0}
In our example, inv(oey,oq,) = 9. We can now give the following two statistics on
elements (o, ¢€) in B,,. Let

-1
€lx

-1

ay) T 0(0¢z, 0ey), and

)+ maj(c
-1

elx

imaj(o,€) = maj(c
icomaj(o,€) = comaj(o_ ) + comaj(a;;) + 1n0(0 s Oely)-

Our definitions of FH-inversion, FH-coinversions, inversions and coinversions for ele-
ments (o, ¢€) in B, satisfy the following relationships:

FHinv(o,€) = inv(0ey) + inv(oey) + inv(o, oey),
FHecoinv(o, €) = coinv(o,) + coinv(oey) + inv(0eg, o),
inv(o, €) = inv(o), and
coinv(o, €) = coinv(o)
We will write (6, 0@ ... 0®:¢) for the sequence of elements (c(V) ¢), (¢®¢), ...,

(0™ €) of B, (the second elements of all pairs are the same). Define

Comdes((o),€), (0, 6),..... (0¥, ¢)) = Comdes(a®,6,...,a"; ) = | Des(a®,
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and
comdes((cW€), (6@ €),..., (0P, €)) = comdes(cW,c® ... cW¥):¢)
= |Comdes(cW, 0@ .. o®:¢).
Suppose we are given two sequences of variables, Q = (Q1,...,Qr) andq = (¢1,- - ., q).

We will use the following notation:

L
zzl

(q> q)n - H(q;, qz)n, and
i=1

- (1) Q)
J(u, Q. q) = nzzo (Q. Q) (4, )

where (a,q)p = 1 and (a,q), = (1 —a)(1 —aq)---(1 — ag™') for n > 0. The usual
g-analogues of the factorial, binomial coefficients, and multinomial coefficients will be
used:

1— "
ly=a"+ b =
(¢: D
n ' fr— 1 2 v M — —_—,
[nlg! = [g[2]¢ - - - [nq 1—qr
|ji| — [n]q' — (Q> q)n and
kly Kl =kt (4 0)w(g; @nr’
{ n } _ [n]y! _ (¢, On
bl,...,bk q [bl]q'[bk]q' (Q7Q)b1"' Q7Q>bk
Y =30, .. . 28)and o = (W, ... ) are sequences of permutations in S,, and
e € {x,y}", we let
Qim)(Z;e) _ H Q;nv(Z ,€) and qim)(cr;e) _ Hq;nv(a ,e). (1)

i=1 1=1

We may replace the “inv” in (1) with any other permutation statistic like “imaj”, “ico-
maj”, “FHinv”, etc.

IfY = (X0, .. 25)and ¢ = (¢M,...,0®) are sequences in the symmetric group
Sy, and € is a word of length n in the letters {x,y}, we will denote

(=W, 5@ s 0



6 ANTHONY MENDES AND JEFFREY REMMEL

as (X, 0;€). The last definitions we will need to make before we can state the results of
Foata and Han are as follows. Let

W(l (X Yt Q q Z XZ Yé(e\y)tcomdes(ﬁ,o;e)QFHinv(E;e)qFHcoinv(cr;e)7

(X,05¢)
W(2 (X Yt Q q Z XZ Yﬁ(e\y)tcomdes(ﬁ,o;e)Qinv(z;e)qcoinv(o;e)’ and
(X,05¢)
W(3 (X Yt Q q Z XZ YZ(E\y)tcomdes(E,U;e)Qimaj(E;e)qicomaj(a;E)
(X,05¢)
where the sums run over all € € {z,y}" and all sequences (X1, ... %F) o0 50) ¢

SL+t Foata and Han proved the following theorem.
Theorem 1. Fori=1 and i =3,

S Wi (X, Y1, Q,q)u" _ (1-HJ((1-)Xu;Q,q)
= (Q Qa9 —t+J((1 - t)uX;Q,q)J((1 - )Yu; Q,q)’

An immediately corollary of this theorem is that
WTEl) (X7 Y? t’ Q? q) - WTEB) (X7 Y? t’ Q? q)'

Indeed, Foata and Han gave a bijection showing this fact by proving the following theorem.

Theorem 2. For all pairs of nonnegative integers L and (, let I'p, 1.0 be the set of all
(B,07¢) = (XD, 20 W 60 €) such that e € {x,y}" and ¥, o0) € S, for
all i and j. Then there is a bijection V,, : U'p, 1., — Up, 1o such that if ¥, ((2,0;¢)) =
(X', 0';€), then
U(e|lz) = £(']x),
comdes(X, 0;€) = comdes(X', 0'; €),
)= FHinv(X';€) and

icomaj(o,€) = FHcoinv(o'; €).

imaj(X, e

We shall see that the proof of Theorem 1 in section 4 can also be modified to give a
proof of the following theorem which is a new result.

Theorem 3.
W (X, Y, 1, Q,q)u" (1-=)J((1 -)Xu;Q,q)

3. SYMMETRIC FUNCTIONS

In this section, we shall give the necessary background on symmetric functions and the
combinatorics of the entries of the transition matrix that we need before we can give our
proofs of Theorems 1 and 3.

A symmetric polynomial p in the variables z1,...,zy is a polynomial over a field F' of
characteristic 0 with the property that

p(x1, .. xN) =D(Toys ooy Toy)
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FIGURE 1. A brick tabloid.

for all 0 = 0y ---on € Sy. Let AV be the ring of symmetric polynomials in z1,...,zx
and AY be the subset of A" containing the homogeneous elements of degree n. Using
the surjective ring homomorphism from AY*! to AY defined by taking zx,; = 0, let
A, =lim  AY for each n > 0. Define A = P > An to be the ring of symmetric functions
SN na

over F'. A symmetric function in the variables z1, s, ... may be thought of as a symmetric
polynomial in an infinite number of variables.

For instance, the elementary symmetric function e,, = e, (x1, xs,...) may be defined by

Ze"tn = (1 + $1t)(1 + ;L'2t) ..

n>0

Let A = (A\q,...,\¢) be an integer partition; that is, A is a finite sequence of weakly
increasing nonnegative integers. We will let £(\) denote the number of nonzero integers
in \. If the sum of these integers is n, we say that A\ is a partition of n and write
A F n. For any partition A = (A1,..., Ag), let ex = ey, -+ -ey,. It is well known that that
{ex : \is a partition} is a basis for A.

The homogeneous symmetric function h,, = h,(z1,x2,...) is defined such that

1
hnt" =
Z 1—5(71t 1—I2t

n>0
Therefore,
. -1
h,t" = o= ((1 = 2z1t)(1 — xqt) n (2
St = e - a0 = (Ter) @
n>0 n>0

The coefficient of the homogeneous symmetric functions when written in terms of the
elementary symmetric function basis is a sum of combinatorial objects. A rectangle of
height 1 and length n chopped into “bricks” of lengths found in the partition A is known
as a brick tabloid of shape (n) and type A. One brick tabloid of shape (9) and type
(1,1,2,5) is displayed in Figure 1.

Let B, ,, be the number of such objects. Through simple recursions stemming from (2),
Egecioglu and Remmel proved in [ER91] that

h, = Z(—l)n_g(A)B)\me)\. (3)

AFn

A large number of generating functions for various statistics are the result of applying an
appropriate homomorphism to (3), see [Men04]. However to prove Theorems 3 and 1 and
their extensions, we will need to have an increased amount of flexibility than is available
in the relationship between the homogeneous and elementary symmetric functions. To
this end, we define the following class of symmetric functions.
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Let v be a function which maps the set of nonnegative integers into the field F'. Re-
cursively define p,,, € A,, by setting po, = 1 and letting

Pny = (_1 n 1 6n + Z 6kpn—k,l/

for all n > 1. By multiplying series, this means that

(Z ent"> (an,, ) = Z (Z_:pn_kﬂ,(—l)kek) t" = Z(—l)"‘ly(n)ent",

n>0 n>1 n>1 n>1

where the last equality follows from the definition of p,, ,. Therefore,

> pat" = D ons1 (=1 w(n)ent”

p 7 - n n
or, equivalently,

w1t anl(_l)n(en —v(n)e,)t"
14 ;pn,yt = ano(—l)"ent" . (5)

When taking v(n) =1 for all n > 1, (5) becomes

Z >1(_1)n_16ntn 1
1+ it = = = =14+ h,t"
nz>:1 ano(—l)"ﬁ’nt" ano(_l) entn ;

which implies p, 1 = hy,.

Other special cases for v give well known generating functions. Taking v such that
v(n) =n for n > 1, p,, is the power symmetric function . a7. Let x(S) be equal to 1
if S is true and 0 if false for any statement S. By taking v(n) = (=1)*y(n > k + 1) for
some k > 1, p, (—1ykym>k+1) 18 the Schur function corresponding to the partition (1%, n).

This definition of p,, is desirable because of its expansion in terms of elementary
symmetric functions. The coefficient of ey in p,, has a nice combinatorial interpretation
similar to that of the homogeneous symmetric functions. Suppose T is a brick tabloid of
shape (n) and type A and that the final brick in 7" has length ¢. Define the weight of a
brick tabloid w,(T") to be v(¢) and let

wu(B)\,n) = Z wu(T> (6>

T is a brick tabloid
of shape (n) and type A

When v(n) =1 for n > 1, B,,, and w,(B,,) are the same. By the recursions found in
the definition of p,, ,, it may be shown that

Pny = Z(_l)n_Z()\)wy(B)\,n)e)\ (7)
AFn

in almost the exact same way that (3) was proved in [ER91]. A detailed proof may be
found in [Men04].
We are now ready to give our proof of Theorems 3 and 1.
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4. OUR PROOF OF THEOREMS 1 AND 3

In this section, we shall prove Theorem 1 in the case where ¢ = 1 and Theorem 3 by
applying a homomorphism ¢ defined on the ring of symmetric functions to the identity
((5)) for an appropriate weight function v. The case where i = 3 of Theorem 1 will
then follow by applying the bijection of Foata and Han described in Theorem 2. The
remarkable fact is that we can essentially read the required homomorphism ¢ and the
required function v directly from the right hand side of the statement of Theorem 3.
Rewrite this expression as

(1-1)J((1-1)Xu;Q,q)
L=t +(J((1 - )Xu;Q,q) (1 —1)Yu; Q,q) — 1)

L4, (=) X (1 — ¢)

. ql®)

(Q.Q)n(g9,9)n
1 Dy (1 — )15 X’“Q(Q)Y”*’“Q(ngk)
+Zn21(_ )run (1 —1) Zk:o (QQk(4.9)kt(Q.Q)n—r(0:9)n—k

This suggests that we should set

B R x+QG)yn-+q(":")
o) = (=02 (G @ (@ Qe ra s ®
and
_ipxnQl®
Een) — vin)E(en) = L IXTQ ©)

(Q. Q)n(a:a)n
Solving (9) for v(n), we see that

1 Ca-p'xmQl) - xnQle)
(e (5(6”) Qanaa.  @euaw. ) M

Therefore, to prove Theorem 1, we need only show that

v(n) =

WX, Y,1,Q,q)
) = (Q, Qe @)

or, equivalently, that

(Q, Q)n(a, @)nl(pny) = WV (X, Y,1,Q, q). (11)

Similarly, to prove Theorem 3, we need only show that

B WT(LZ) (X, }/, t, Q> q)
(o) = (Q, Q)n(q, q)n

or, equivalently, that

(Q, Q)n(4, )& (Pry) = WP (X,Y,t,Q,q). (12)
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We start by using (7) to express p,, in terms of the elementary symmetric functions.
We have

(Q7 Q)n(q7 q)ng(pn,u) = (Qv Q)n(qv q)n Z(_l)n_e(u)wl/(B/%")g(eM)

=S =0 N (QQ)ula, @ (be) [[ ). (13)
pkn T=(b1,....bx)EBp,n i=1
Focusing on the term (Q, Q).(q, q),v(bx) Hle &(ep,; ), we have for 7 < k,
k
. vl o
) Z (Q,Q);(a.0);(Q, Q)n—s (a, o,
B - Xny&q(%)q(?’)
“0-0 2 @ wan @ Qe
For i =k,
&(ew, )v(be) = &(e )L &(e,) — (1) ixnQ(¥) i (1 -t xnQls)
U ) U (Q Qe @y, (Q.Q)n.(a )y,

g (S xiQUlynog™)
~ & @ @)@, @@ @,
t(1 — 1)1 xoe (')
(Q7 Q)bk (q7 Q)bk
B - xmy Q3 Q)
—0 (Z @ Q. (aq) <Q,Q>sk<q,q>sk>

=by, 7 7#br

t(1— )1 xo Q%)
(Q7 Q)bk (q7 q)bk

The net effect of taking the weight &(ep, ) versus the weight v(by)E(ep,) is that the last
term summand for (e, ) is

(1— ) txeQ(t)
(Q> Q)bk (qa q)bk

while the last term in the summand for v(b;){(ep, ) has an extra factor of ¢,

t(1 — )t x Q%)
(Q7 Q)bk (q7 q)b;C
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Thus, (13) is equal to

Z(_l)"—f(u) Z Z (1— t)"—f(u)Xﬁ—i—w—i—rkYS1+---+Sk

pn T=(b1,..,bx)EBpu,m Ti+5i=b;
y (Q,Q)»
(Q.Q).(Q Q). (Q9.QQq)
« QE (D+E (%) (@ @n —

(q7 q)ﬁ (q7 q>81 T (qv q)rk (qv q)sk
DA D DD DEP S S
Ml_n T:(blv"'vbk)EBM,n Ti+5i:bi
l

= n S () +(5
XH{ } Q! H[ }
a1 1,81y, Tk, Sk Qa 1,815+ .,TE, Sk o

b=1

Fix a brick tabloid T' = (b1, ..., b;) € B, and fix a sequence ry, sq,. .., g, S; such that
forall i =1,...,k, r; +s; = b;. We wish to give a combinatorial interpretation to the
term

L
k
XT1+ +mY81+ +Sk || { n } Q i= 1((
a
1,81, Tk, Sk Qa

a=1

l
T

$)+(%)) n
. (14
H|j” Sl,...,’/’k,Sk:|qb ( )

b=1

Take the brick tabloid T" = (by,...,b) and divide each brick b; into two pieces, the first
of size r; and the second of size s;. Place X’s at the top of all the cells corresponding to
r1,...,7 and Y’s at the top of all the cells corresponding to si,...,s,. Further divide
the brick tabloid 7" into L + ¢ rows and consider the set of all fillings Fr 1 ¢y .s1....rp.s, OF
T with integers such that

(1) within each row j, each brick b; is filled with subsets R;;,5;; € {1,...,n} such
that |R; j| = ri, |S;;| = si, the numbers in R;; occupy the first r; cells of row j in
the brick b; in decreasing order, and the numbers in S; ; occupy the last s; cells of
row j in the brick b; in decreasing order, and

(2) for each row j, U (Ri; U Si;) = {1,...,n}.

If we read to numbers from left to right in the first L rows, we will obtain permutations
O .2 in S, If we read to numbers from left to right in the last ¢ rows, we will
obtain permutations ¢V, ...c® in S,. For example, if T = (4,5), 11 = 51 = 2, ry = 2
and s, = 3, and L = ¢ = 2, then and element of Fr 1, ¢, 5.5, 15 pictured in Figure 2

In the special case where the configuration I’ has only one permutation, i.e. when
either L = 1and ¢ =0 or L = 0 and ¢ = 1, we shall denote Fr 1 ¢y, 51, .m0, DY SIMply
FT,rl,sl,...,rk,sk~

Our goal is to interpret (14) as a weighted sum over all elements F' € Frp ¢y sy, rpsi-
Carlitz showed in [Car70] that the g-multinomial coefficient can be interpreted as

n .
_ inv(r
{ ] — E q (r)
T1,815 -5 Tk, Sk q

reR(171251372452...(2k—1)"k (2k)°k )
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T1=2 8122 T2=2 82:3

X X Y Y X X Y Y Y

2 1 8 3 9 5 7 6 4 >
7 2 ) 1 6 4 9 8 3 Yo
9 3 8 6 5 2 7 4 1 o1
8 4 6 3 9 7 ) 2 1 o1

FIGURE 2. An element of Fr 1 oy s1.rsi

where R(172%1374%2...(2k — 1)"™(2k)®) is the set of all possible rearrangements of
111991372452 . (2k — 1)"(2k)*. Similarly,

|: n :| _ E qcoinv(r)
1,81, Tk Sk q

reR(171251372452 -.(2k—1)"k (2k) k)

Given a rearrangement r € R(172%3"24°2...(2k — 1) (2k)"*), we can associate a
permutation o, by labeling the 1’s from right to left with 1,..., 7y, labeling the 2’s from
right to left with r1 +1,..., 7 + s1, etc. It is not difficult to see that inv(o,) = inv(r) +
Zle ((%5) + (%)) and that o, consists of a list of the positions of the 1’s in 7 in decreasing
order, followed by a list of positions of the 2’s in r in decreasing order, etc.

For instance, we consider the example where n =9, 0, =4, by =5, 11 =81 =2, ry = 2
and s, = 3. If the rearrangement r =134 214 3 4 2, then we would obtain

r =134 214 3 4 2

o, =26 9 418 5 7 3,

ol =519 47286 3.
Thus such a o, ! corresponds to a legitimate filling of one of the rows of a configuration
of F'in Frporsi,..m.sn- OilCe We can reverse the labeling process, it is easy to see the
map r — o, ! is bijection from R(172513724%2 . .. (2k — 1)"% (2k)**) onto Frpy s, rp.sp- OUT

labeling ensures that

inv(o,) = inv(r) + 3 (g) +§; (SQ) and

i=1 =
coinv(o,) = coinv(r).

Since inv(o,) = inv(o 1) and coinv(e,) = coinv(o ), it follows that

=i ()5 (3) { " — 3 g™ and (15)

r ]
1 817 i Tk;a Sk q Uej:T,rl,sl,m,rk,sk

n .
coinv(o)
= E q : 16
|:T17817"'7Tk78k:|q ( )

O'E-FT,T'l 18155 T s S

It follows from (15) and (16) that if we let € = a™y®' ---2"Fy® then we have the
following.
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Lemma 4.

L

12
i ((5)+(5) n
Tt Ty S1t s 12 2
X R kH Qa H 71,81, Tk, Sk W

a=1 |i ’ :| a =1
717517"'77k75kQ
; (1) (L). ; (1) ().
)ff(ék{?)]f@(E‘y) § va(E yerny 2 ,e)qcomv(a ooy O ,e).

F:(E(l)7"'72([/)70-(1)7"'70(2))EFT,L,Z,T'l,Sl,A.A,’Pk,Sk

By slightly modify our labeling, we can get an analogue of Lemma 4 where we replace
the statistics tnv and cotnv by F Hinv and F Hcoinv respectively. That is, it is also that
case that

n .
_ nv(r
{ ] — E q (r)
71,815+, Tk, Sk q

rER(151252 k5% (k+1)71 (k+2)72---(2k)")

As before, given a rearrangement r € R(1512%2 - k% (k + 1) (k + 2)™ - - - (2k)"™), we
associate a permutation o, by labeling the 1’s from right to left with 1,..., sy, labeling
the 2’s from right to left with s; + 1,..., s + s9, etc. As before, o, consists of a list of
the positions of the 1’s in r in decreasing order, followed by a list of positions of the 2’s
in 7 in decreasing order, etc.

For example, consider the case where n =9, by =4, by =5, ry =1, 81 =3, rp = 2
and s, = 3 and where the rearrangement is 7 =13 12 14 2 4 2. Since in the end we
want the positions corresponding to the r;’s weighted by X and the position of the s;’s
weighted by Y, we place the appropriate X and Y on top of the letters. Doing this, we
would obtain

Yy XYY Y XY XY
13 1 2 1 4 2 4

r = 2,
Y XYY Y XY XY
o, = 3 7 2 6 1 9 5 8 4,
and
Y Y Y Y Y Y X X X
ccl =5 3 1 9 7 4 2 8 6.

T

At this point o, does not correspond to a legitimate filling of a configuration of F €
Frr si...ris, Since it consists of decreasing sequences of lengths si,...,sk,71,..., 7,
respectively. However, we can easily obtain a legitimate filling of a configuration of
F € Fryis,..r.s, Dy simply bringing the decreasing sequence corresponding to r; in front
of the decreasing sequence corresponding to s, then bringing the decreasing sequence cor-
responding to 7, immediately in front of the decreasing sequence corresponding to ss, etc.
Let us call the result of this rearrangement o. In our example,

XYYY X XY YY
o = 2 5 3 1 8 6 9 7 4

s
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If we let € = yStt TSegmt 47 and ¢* = a"ySia™ys2 ... "k y%, then, since all the Y’s
precede all the X’s in 0,7, we have

i (;) + i (Z) +ino(r) = inv(o,) = inv(o )

- B = inv((0, ) ga) + (0, ")ely)

+ E xlei =y, 6 =z, (0,1); > (0,1);).
,J
But clearly

nv((0,)da) + (0, ) y) + Z xle =y, 6=, & (0,); > (0,1);)

= inv((07)era) + v (7)) + Y X(ef =y, =x, & (07)i > (07);),
1]
which in turn is equal to F'Hinv(c}). It follows that

quﬂ (’g’)+2?:1 (522) |: n _ Z qFHinv(o)_ (17)

Tla Sl) ey rk}a Sk):| q UE‘FT’T'I)Slv“'rrk)Sk

We also need to show that

n _ FHecoinv(o)
_ q . 18
|:T17817"'7Tk78k:|q Z ( )

UEFT,Tl 1815 ks Sk

In this case, we need a slightly different labeling. That is, it is the case that

|: n :| _ 2 qcoinv(r)
71,815+, Tk Sk q

rER(1T1272 - kTk (k+1)51 (k+2)52--(2k)°k)

As before, given a rearrangement r € R(1727 - - k™ (k + 1)* (k + 2)*2 - - - (2k)®*), we can
associate a permutation o, by labeling the 1’s from right to left with 1,... r{, labeling
the 2’s from right to left with vy + 1,...,71 + 7o, etc. As before o1 consists of a list of
the positions of the 1’s in 7 in decreasing order, followed by a list of positions of the 2’s
in 7 in decreasing order, etc.

For instance, let us return to our example where n =9, by =4, by =5, ry =1, s1 = 3,
ro = 2 and s, = 3. Consider the rearrangement » =13 4 2 3 4 3 4 2. Since in the end we
want the positions corresponding to the 7;’s weighted by X and the position of the s;’s
weighted by Y we shall again place the appropriate X and Y on top of the letters. Thus
we would obtain

XYY XYYYY X
2 3 4 2

4 3 4
Yy XY XY X X
9 3 5 8 4 7 2

and
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At this point o, does not correspond to a legitimate filling of a configuration of F €
Fri 51,5, Sice it consists of decreasing sequences of lengths r1, ..., 7y, s1,. .., s, respec-
tively. However, we can obtain a legitimate filling of a configuration of ' € Fy s, ri.sk
by placing the decreasing sequence corresponding to s; immediately after the decreasing
sequence corresponding to 7y, then placing the decreasing sequence corresponding to so
immediately after the decreasing sequence corresponding to 79, etc. Call the result of this
rearrangement o;*. In our example,
XY YY X XY YY

o) =1 7 5 2 9 4 8 6 3
If we let € = ¢yt Tregs1tF8k and € = g™ yS1p2y52 . .. "RySk it is easy to see that since
all the X’s precede all the Y’s in 0!, we have

coinv(r) = coinv(o,) = coinv(o, ")

= coinv((o, ). o) F coinv((o, ). 'ly)

+erz—y,6y—x( Di> (0.1);).

Clearly,

coinv((o, ")) + coinv((o, ) y,) + Z x(ei=y,e;=x,(0"); > (0,);)

= cotnv((0,")ewje) + NV ((07) exr)y) + Zx(ef* =y, & =x,(0,7)i > (077);),

which in turn is equal to F'Hcoinv(o?*). Thus, (18) is true.
Since (17) and (18) have been proved, if we let € = 2"y® - - - 2™y, then we have the
following.

Lemma 5.

L l
Xr1+~'+7“kysl+"'+sk H |i n :| Q i= 1( H |i :|
a1 1,81y, Tk, Sk Qua b1 1,81y, Tk, Sk @
_ xHlela)ytely)
% E QFHinv(Z(l),...,Z(L);e)qFHcoinv(U(l),...,U(e);e)

F:(E(l) 7"'72(L) 70(1) 7"'7U(Z))€fT,L,l,7‘1 13815 Tk Sk

We are in the position to give two different combinatorial interpretations for

(Q, @)n(q: @)n€(Pnv). Recall that we have already shown that (Q,Q)n(q, ¢)n€(pn,) is
equal to

Z(t — 1)n_z(”) Z Z X terEy stk

pkn T:(bl,---,bk)eBu,n rit+s;=b;
L ¢
X H Z(Szi) H [ n :| tX(Tk:bk).
b1 1,815+« Tk, Sk W

|: ’ :|
a1 1,815+ -+, Tk, Sk Qa
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T1=2 8122 T2=2 82:3
X X Y Y X X Y Y Y
2 1 8 3 9 5 7 6 4 Y1
7 2 5 1 6 4 9 8 3 P
9 3 8 6 5 2 7 4 1 o1
8 4 6 3 9 7 5 2 1 o1
t t -1 1 -1 t -1 t 1
FIGURE 3. A combinatorial object.
We can interpret this equation as follows. For each brick T'= (by,...,b) € B,, and for
each choice 71, s1, ..., 7%, S from the sum ZT,_+8_:b_, the term
L ¢
XT1+”'+7"kY51+'”+Sk H |i n :| m +Z s H |i :|
a1 1,81y« Tk, Sk Qa b—1 71,815+, Tk, Sk B
can be viewed either as the sum
XZ(e|m)yZ(e|y) Z Qinv(E(l),...,E(L);e)qcoinv(o(l),...,U(Z);e)
F:(Z(l)7"'7Z(L)70(1)7"'70-(Z))€]:T,L,e,7'1,51,.“,7'k,sk
or the sum
Xé(e\x)yﬁ(e\y) Z QFHinU(E(l),...,E(L);e)qFHcoinv(o(l),...,0(2);6)

F:(E(1)7___72(L) 70(1) 7---70'(2))E}-T,L,Zgrl,sl,A..,r'k,sk

where € = 2™yt - - - xRy,
Now, if 53 # 0, then we have a factor of (¢ — 1)"~“®_ For each

F=(E0,. . 50 0 50

N Fr 6 .51,.re.50 WE Create a new set of weighted objects by placing a t or a —1 in cell
of T which is not at the end of a brick and placing a 1 in each cell which at the end of
the brick.

For example, if we let 7' = (4,5) and 1 = 2, sy = 2, 719 = 2 and sy = 3, then we
would obtain configuration C' as pictured in Figure 3. We then let w(C') be the product
of the all the —1’s, t’s, X’s and Y’s appearing in the configuration. For the configuration
appearing Figure 3, w(C) = —t*X4Y5.

If s, = 0 so that rp, = b, we have a factor of t(t — 1)”_5(“). As before, for each
member F' = (S ... . SE) oW 5O) of the set Frppry.s1...r.0n, WE CTEAte a new set
of weighted objects by placing a t or a —1 in cell of T" which is not at the end of a brick
and placing a 1 in each cell which at the end of the brick which is not the final brick and
placing a t in the last cell of the final brick.

For example, if we let 7' = (4,5) and 1 = 2, sy = 2, 719 = 5 and sy = 0, then we
would obtain configuration C” as pictured in Figure 4. Let w(C") be the product of the
all the —1’s, t’s, X’s and Y’s appearing in the configuration. For the configuration below,
w(C') =t°XTY?2,
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T = 2 S1 = 2 To = )

X X Y Yy 1 X X X X X

2 1 8 3 9 7 6 5 4 | X
7 2 5 1 9 8 6 4 3 b))
9 3 8 6 7 5 4 2 1 o1
8 4 6 3 9 7 ) 2 1 o1
t t t 1 -1 t -1 t t

FIGURE 4. A configuration similar to Figure 3 but with a slightly different labeling.

Let Cr..0y51....r1.5, denote the set of all configurations C' as constructed from elements
F=3W .. 5B oW gO) of the set Fr 1 prisr...rs and let

Cn = U U U CT7L7577‘1751:---77‘I¢,3]€'

ukEn T:(blv---vbk)EBu,n ri+si=b;

Define two different weights on configurations C' € C,,. If C' € Cr 1y 1,005, 1S COD-
structed from F = (XW ... 2 oW 0@y e Fproooog let
Ul(C) _ w(C)QFHinv(E(l),...,E(L);e)qFHcoinv(o(l),...,o(e);e) and
UQ(C) _ w(c)Qinv(E(l),...,E(L);E)qcoinv(a(l),...,J(Z);E)
where € = 2™ y® - - - "Ry It follows that
(Q> Q)n(Q7 Q)ng(pn,u) - Z Ul(C) and (19)
ceCn
(Q Q)n(¢: D)né(nn) = Y Ua(C).
Cecy
It follows from (11) and (19) that to prove Theorem 1, we need to show that
> Ui(C) =WI(X,Y,1,Q,q) (20)
ceCn
Similarly, to prove Theorem 3, we need to show that
> Ua(C) = WP (X,Y,1,Q,q). (21)

ceCn

To prove both (20) and (21), we will define a sign-reversing weight-preserving involution
I on C,, so that the fixed points of I will give the desired right hand side of (20) or (21).
In fact, the same involution will work for both (20) or (21).

Suppose that C' is constructed from

F = (2(1), ceey Z(L), 0(1), R ,U(Z)) c fT,L,Z,rl,sl,...,rk,ska
then we say that a sequence of cells in ¢,c+1,...,c+ k in C forms a decreasing sequence
if the following three things happen:

(i) the labels at the top of the cells ¢,c+1,...,c+ k when read from left to right is
a word of the form X"Y" for some u,v > 0,
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T1=2 812282:1 T3=2 83:3
X X Y Y X X Y Y Y
2 1 8 3 9 5 7 6 4 >
7 2 5 1 6 4 9 8 3 PP
9 3 8 6 5 2 7 4 1 o1
8 4 6 3 9 7 ) 2 1 o1
t t 1 1 -1 t -1 t 1
FIGURE 5. The image of Figure 3 under I.
(ii) the entries in each of the rows corresponding to X1, ... BH) oW 5O are
decreasing in cells whose label is X, i.e., in cells ¢c,c+1,...,c+u— 1, and
(iii) the entries in each of the rows corresponding to XM ... ) oM 0@ are
decreasing in cells whose label is Y, i.e., in cells c+u,c+u+1,...,c+u+v—1.

By definition, the cells corresponding to each brick in a configuration C € C, form a
decreasing sequence.

We define the involution I as follows. Given C' € C,,, scan the cells of the C' from left
to right until either

e Case 1: there is a cell ¢ with a —1 in which case I(C') is the result of changing the
weight cell ¢ to 1 and breaking the brick b; which contains cell ¢ into two bricks &’
and b” where b ends at cell ¢, or

e Case 2: we find two consecutive bricks b; and b; ;1 such that cells corresponding to
b; and b;;1 form a decreasing sequence in which case I(C') is the result of replacing
bricks b; and b;;1 by a single brick b and changing the weight of the last cell of b;
from 1 to —1.

If neither Case 1 or Case 2 holds, then define I(C) = C.

For example, if we consider the configuration C' pictured in Figure 3, then we are Case
1 with cell ¢ equal to cell 3 so that I(C) = C” where C’ is pictured in Figure 5. However,
(" is in Case 2 because we can combine bricks b; and by so that I(C”) is equal to C.

The definition of I is designed so that the only change is the total number of bricks.
The underlying permutations (X, ..., ") oM #®)) remain unchanged. Moreover,
since we do not change any of the labels at the top of the column, it follows that if cell n
has an X at the top of the column, then the last brick of both C' and /(C') must contain
all X’s since the cells in each brick must form a decreasing sequence and hence the weight
of the final cell in both C' and I(C') is equal to t.

Our definitions ensure that if I(C') # C, then Uy (C) = =U,(1(C)), Uz(C) = =Uy(I1(C)),
and I(I(C)) = C. Let Fixy ={C € C, : I(C) = C}. Then I shows that

Y Ui(C)= > Ui(C), and

CeCn CeFix;

Z Ux(C) = Z Ux(C).

CeCn CeFix;
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Consider the fixed points of I. Suppose that C' € Fix; and C' is constructed from
an element F = (XM ... 5B oW 5O) of the set Frp s .- No cell of C
can have label —1 and the sequence of cells in any two consecutive bricks do not form a
decreasing sequence. This means that if b; and b;; are two consecutive bricks in C', s is
last cell in b;, s 4+ 1 is the first cell of b; 1, and € = 2™ y*' - - - 2"y then either

o ¢, =yand €41 =7,

o ¢, = r and ¢,.; = = and there is some 7 such that £ (s) < X (s + 1) or there is
some j such that ¢ (s) < 0@ (s+ 1), or

e ¢, =y and €, = y and there is some i such that X (s) < X (s + 1) or there is
some j such that cU)(s) < ¢ (s 4 1).

It follows that s is not a member of Comdes(XW, ..., 25 M ¢®)) and that the
weight of cell s is 1. If s = n, then s € Comdes(XW,. E(L),a 0 o)) if and only
if ¢, = x. Thus if ¢, = y, s is not an element of C’omdes(Z(l) ..,Z( oW, .. o)
and the weight of cell s is 1. If ¢, = z, s € Comdes(XV, ... BH) oW ,...,a“) and

that the weight of cell s is t. If s is not the last cell of a brick, then our definitions
ensure that s € Comdes(XW, ... . XH) oW ") and that the weight of cell s is .
Therefore w(C) = teomdes(E:oi€) Thus if C € Fixr; and C is constructed from a member
of fT,L,Z,rl,sl,...,rk,ska then

U, (C) — tcomdes(Z,o;e) QFHinv(E,cr;e)qFHcoinv(Z,o;e)’ and
U2 (C) _ tcomdes(Z,o;e) Qinv(z,U;E)qCOiTL’U(E7U;E) .
Finally, if we are given (X, 05 ¢) = (8, ..., 5" o), . 6" €), then we can construct
a configuration C' € Fix; such that
U’1 (C) — tcomdes(E,cr;e) QFHinv(E,cr;e)qFHcoinv(E,o;e) and

U2 (C) _ tcomdes(z,a;e) Qinv(z,age)qcoinv(x,g;g)

as follows. Let rows of C' correspond the sequence of permutations
(DIIIND 5 IO NN LS

and label the top of column ¢ with X if ¢, = x and with Y if ¢, = y. Next, let

E={1,....n—1} — Comdes(2V, ..., 2B sB 50
If £ =10, then C has a single brick of length n and if E = {i; < --- < ix}, then we have
bricks ending at iy,...,4,,n. Then we label each cell i with a t if i € Comdes(XW, ...,
YE oW 0®) and with a 1if i ¢ Comdes(XW, ..., 2B W 6O) and i # n.
We label the last cell with a 1 if the last cell has a Y at the top of the column and with ¢
is the last cell has an X at the top of the column. It is then easy to check that C' € Fiz;.
It follows that

Y Ui(C)= > Ui(C)=WP(XY.t,Q.q)  and

ceCn CeFixy

ST 0(0)= Y n(0) = WX, Y1, Q,q)

ceCn CeFixy
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as desired. This completes the proof of Theorems 1 and 3.
In the next section, we shall show how we can modify this proof to prove a whole family
of extensions of Theorem 1 and 3 to groups of the form Cy S,.

5. PERMUTATION STATISTICS AND GENERATING FUNCTIONS FOR C} 1S,

For the rest of the paper, assume k > 2. An element of Cy 1S, is a pair (o, €) where
o €S, and € € {xy,...,x;}". Define the following statistics on Cy 1 .S,. For 1 < d < k,
we call 7 a descent of type d of (o, €) if either
(i) €(i) = €(i + 1) and 0; > 0441,
(ii) €(i) = x5 and €(i + 1) = x; where s < t, or
(iii) i =n and €(n) € {x1,...,24}.
A pair (7, 7) is a FH-inversion (respectively FH-coinversion) of (o, €) if
(i) i < j, €(i) = €(j) and o; > o; (respectively o; < g;), or
(ii) €(i) = x; and €(j) = x5, where t > s and o; > 0.
A pair (i,7) is an inversion (respectively coinversion) of (o,¢) if ¢ < j and o; > o
(respectively o; < 0;), i.e. we say that (i,7) is an inversion (respectively coinversion) of
(0,¢€) if it is an inversion (respectively coinversion) of o.
Let Des?(o,¢) denote the set of all descents of type d for elements (o, ¢) € Cj 1 S,,.
The restriction of (o, €) to its ; part will be denoted o, for i = 1,..., k. The inverses
to these sequences will be denoted a;ji. These are found in the same manner as displayed
in the second 2. Let

inU(Oelzys - Oelay) = |{(2,7) 1 €(i) = 24, €(j) = x, t > 5,0, > 0}

This given, we define the following two statistics for elements (o, €) € Cy1.S,,.

k
imaj(o,€) = inv(Oezy, - - Oclay) + Z maj((c™") )
i=1

k
icomaj(a, 6) = W(Uda/‘p s 70'5\xk> + Z COmaj((U_l)e|xi>‘
1=1

Our definitions imply that

k
FHinv(o,€) = inv(0ez,, - - - Oelay) + Z inv(0ela, ),
i:l
FHecoinv(o, €) = inv(Ojzy , - - - Oefay,) + Z coinv(oey,),
inv(o, €) = inv(o), and clozz'lnv(a, €) = coinv(o).
We will write (¢, 0@ ... 5% ¢€) for the sequence of elements

(0-(1)7 6)7 (0-(2)7 6)7 A (O-(k)7 6)
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of C,1S,,. Foreach 1 <d <k, let

Comdes?((cW,€), (6@, €),..., (c™ €))
= Comdes’ (o™, 0®, ..., 0®; ) = (] Des(a), ¢)

and
COdeSd((U(l), 6)7 (0(2)7 6)7 ) (U(k)> E)) = Comdesd(g(l)’ 0(2)7 ) U(k); 6)
= |Comdes?(cM,c® ... o®:e)|.
We will employ the same convention as found in (1), namely, if & = (X1, .. %E) is

a sequence of permutations in Cy .S, then we let

¢

L
Qinv(E;e) _ H anv(Z(iLE) and qinv(g;e) _ H q;’nv(g(i) ,€)
=1

=1

where inv may be replaced with any other statistic. If ¥ = (XM, ... @) and ¢ =
(oW, ..., o) are lists of elements in S,,, we let (X, 0;¢) = (X1, ... . BE) oW 50 ¢),
Our C} 1 S, analogues of WM W® and WO are:

k
W7(Ll,d) (X, YV, t, Q> q) _ Z (H Xf(£9m)> tcomdesd(Z,o;e)QFHinU(E;e)qFHcoinv(o;e)’

(B0 \i=1

Ead

W7(L2,d) ()(7 Y; t, Q7 q) — Z (H Xf(ﬁ:h)) tcomdesd(Z,o;e) (Qinv(Z;e)qcoinv(o;e)7 and

(B,05¢) \i1=1

W(3d (X Yt Q q Z H ( f(€|mz ) tcomdesd(Z,o;e)Qimaj(Z;e)qicomaj(cr,e)

(X,03¢) 1=1

where the sums run over all € € {x1,...,2;}" and all (XM, ... S5 0 50) ¢
(Cy 1 Sp)EE. Our next theorem gives a family of generating functions which can be
viewed as natural analogues of Theorem 1 for Cy 1 S,.

Theorem 6. Fori=1,1=2andd=1,...,k,

> Wi (XYt Qe (1=HTIL, J(1 = )X Q. q)
~  (QQ)u(q,q)n —t+ 1, J((1 - )XuQ.q)

The fact that Wr(bl’d)(X, Y, t,Q,q) = Wr(bg’d)(X, Y,t,Q,q) can be proved using the same
bijection that Foata and Han used to prove Theorem 2, implying that Theorem 6 holds
when ¢ = 3 as well.

We will prove a more general theorem than Theorem 6 which may be specialized to
give Theorem 6 for either ¢ = 1 or ¢ = 2. Fix nonnegative integers Ly, Lo, L, (1, {5, and
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¢ such that Ly + Ly = L and ¢1 + {5 = {. Let

k Ly )
W,g4’d) (){17 o 7Xk7 t7 Q’ q) — Z (H Xf(ﬁ%)> tcomdesd(E,a;s) H QZFHmv(E(”,e)
i=1

(Zoe) \i=1
L ® ) 12 @ ‘ @
inv(X\Y e) F Hcoinv(a'? je) inv(o'*) )
> H anv qu coinv H qicomv
i=L1+1 i=1 =140,
where the sums run over all € € {x1,...,2;}" and all (X0, ... BB W 50) ¢

(Cy 1.S,)F*H. We shall prove the following result.
Theorem 7. Ford=1,...k,

WYL Q @ (1= I T = )X Qa

~  QQuaas 4], J((1-HXuQq)

Proof. Our idea is that for each d = 1,. .., k the identity in the statement of the theorem
should be the result of applying a homomorphism &, to the identity found in (5) for an
appropriate function v,. Indeed, there is a single homomorphism ¢ that works for all d.
However, the weighting function v; does vary as d varies.

As before, we can read what the required homomorphism ¢ and the required function
vy are from directly from the right hand side of statement of the Theorem 7. This is we
can rewrite (7) as follows:

n, n n d XZ%Q(GQZ>
L 22 (0" (1= 8)" 320 50,00 4tag=n Llim1 @000, e

fi
ngmn n— k 7X{iQ(2)

This suggests that for d =1, ..., k, we should set

k

e = (-t Y Ak

(1 B t)n Zaa;207111—|-~~~+ad=n H?:l XGLQ(;L)
(Q Q)a,(a, @)y ’

and

§(en) — va(n)é(en) =

so that v4(n) is equal to

(1 _ t)"_l Zaizoval'f‘""f‘ad:" Hg:l XZTLQ(%Z) —|—t(1 _ t)n_l ZaiZO,m-i-'"—i—ad:n H?:1 XzaZQ(azL)
£(€2)(Q. Q)as(a, A)ay £(€2)(Q; Q)as (a0, A)ay
Therefore, to prove Theorem 7, we will show that
Wi (X, Y1, Q.q)
(Q. Q)nla, a)n

1—

g(pn,yd) =

or, equivalently,

(Q, Q) (. Qn€ (Prpy) = W (X, Y11, Q, q). (22)
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We begin by using (7) to express p,, ,, in terms of the elementary symmetric functions:

(Qa Q)n(q, q)ng(pn,l/d) = (Q> Q)n(q> q)n Z(_I)H_Z(M)WV(BMW)S(QL)

pkEn
ST (Q Q) @avalbn) [[ e
pkn T=(b1,....bm)EBu,n s=1
Focusing on the (Q, Q),(q, @)nva(bm) [ 1o, &(ep,) term, we have for s < m,

k g ( J)
ey =0 Y T] Q)gf o

[i=0,fi+-+fr=bs j= 1

For s = m, we have {(ey,, )vq(by,) is equal to

1 er ) — (1 — ¢)bm—1 - X"Q )
6(6bm)£(€bm) <§( b’”) (1 t) Z H Q Q a; Q7 )

a; >0,a1+ag=by, i=1

(%)
w0 % Mage)

a; >0,a1+ag=bm 1=1

which in turn is equal to

b1 ijQ(fj)
(1=1) 2 H(Q Q@D

(f1yes i) €A (bm

by —1 ijQ(fj)
el =) R fexepesin

where

(i) Ag(by,) is the set of k-tuples (fi, ..., fi) such that Z?Zl f; = by, and at least one
of fqi1,... fq is nonzero, and
(ii) Bg(by, — 1) is the set of all tuples (fi, ..., fx) such that Z§:1 fi ="by and foi1 =

o= fa=0.
The effect of taking the weight (e, ) versus the weight v4(b,,)&(ep,,) is that the terms
corresponding to the sequences (fi,..., fx) where f;11 = --- = f; = 0 in the summand

for £(ey,,) are of the form

k XfJ ( )
m—l
H Q Q fi q7 )

while the corresponding sequences in the summand for v4(b,,)¢(ep,,) have an extra factor
of t,

k

R ijQ(fzj)
t(1—1) ]1;[1 (Q,Q)s,(q.a)y,
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Therefore (Q, Q)n(q, Q)n&(Pn,) is equal to

k i
Sy Y > a-prw <HXJ“"'”’L) QX Zia (7)

pukn T=(b1,.,bm)€Bun f1>0,fi+: fi=b; t=1

(Q7 Q)TL (q7 q)ﬂ tx(fﬂl+"'+fg1=0)
[T T5-(Q Q) T T (@ )

which in turn is equal to

Z(t _ 1)n—f(u) Z Z (tli th§+-~+f?> X(F Lyt £ =0)

pEn T:(blr"’bm)EBIJ‘y” leZO’fi'l'f]z:bz

oot " O
X m m QU‘Z: S |i m m|
1 flla"'af]ia"'a.fla"'a.fk Qa b1 flla"'a.f]ia"'aflw"a.fk @

Fix a brick tabloid T' = (b1, ...,bn) € B, and a sequence fl, ..., ft ..., f" ... f"
such that for alli = 1,...,k, fi+--- fi = b;. As in our proofs of Theorem 1 and Theorem
3, the first step is to give a combinatorial interpretation to the term

L

e S, { n ] mosE(9)
XZ J J " " Qa J 2
g H flla"wf]iw"vfla"'vfk Qa

a=1

¢
n
xg{fll,,,,,fg,...,f{”,..,’fgn qb- (23)

Take the brick tabloid 7' = (by,...,b,) and divide each brick b; into pieces of size
fi, ..., fi reading from left to right. Place X;’s at the top of all the cells corresponding to
fjl, o, Jitfor j =1,... k. Further divide the brick tabloid 7" into L+ ¢ rows and consider
the set of all fillings F7. . Pl f of T" with integers such that

1 ot
(1) within each row s, each brick b; is filled with sets R; 1 5, Rias, .-, Rixs C {1,...,n}
such that |R; ;| = fi, the numbers in R; ; occupy the cells 1+ 3771 fi,..., fi+
Zi;ll f{ within the brick b; in row s and are arranged in decreasing order, and
(2) for each row s, Ui, U§:1 Ri;s={1,...,n}.

If we read to numbers from left to right in the first L rows, we find permutations
O 8W in S, If we read to numbers from left to right in the last ¢ rows, we
will obtain permutations o™, ...¢® in S,,.

For instance, if k =3, T = (6,5), fi =2,/ =1,/ =3,/ =2,f3=2,f2=1, and
L ={=2, then an element of Fr s 1 gm g is found in Figure 6.

In the case where there is a single permutation, i.e., when either L =1 and £ = 0 or
L =0and ¢ =1, we shall simply write Fry1 g1 pm  pm fOr Frppgr g1 pm g

Our goal is to interpret (23) as a weighted sum over all elements

F 6 FT7L7Z’f117”'7f%"”7f{7’b7”'7f;€7’b-
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fleo fi=1 fi=s  p=2 g2 fi=
X1 X X2 X35 X35 X3 X1 X1 Xo X2 X3
2 1 10 8 7 3 11 5 6 4 9 Y1
7 2 11 6 5 1 9 4 10 3 8 Yo
9 3 7 8 6 5 11 2 4 1 10 o1
8 4 3 9 6 1 5 7 11 10 2 o1

FIGURE 6. A combinatorial object arising from (23).

The g-multinomial coefficient can be interpreted as

n § : inv(r
|: 1 1 m m:| - q ( )
flv"'7fk7"'7f17"'7fk q 1 1 m m m
reR kb (m=1)k+1)1" (m—1)k+2)72" - (mk)T&")
Similarly,
n .
_ E coinv(r)
|:f11>"'>.f]i>"'af17"'afk:|q

reR(UT bk o (D) k41) T (m—1)k+2)75" (k) TE)

Given a rearrangement

re RU2E kI (m =Dk + D ((m = Dk +2)% - (mk)),
we may associate a permutation o, by labeling the 1’s from right to left with 1,.... f{,
labeling the 2’s from right to left with f{ +1,..., f{ + f3, etc. Then inv(c,) = inv(r) +

7

S 2521 (];J) and 0! consists of a list of the positions of the 1’s in 7 in decreasing
order, followed by a list of positions of the 2’s in r in decreasing order, etc.

For example, suppose n = 11, by =6, by =5, and fl =2, f3 =1, f1 =3, ff =2, f =2
and f7 = 1. Then if we consider the rearrangement r =13 42 14 3 4 2, we find

r =134 2 1 5 34 6 35,
o, = 26 8 3 110 5 7 11 4 9,
o7t =5 14107 2 8 3 11 6 9.

s

Such a o, corresponds to a legitimate filling of one of the rows of a configuration of an

element F' of fT7L7g7f117”'7f117___7f{7L7___7f1?L. Since this labeling process can be reversed, the map
r — o, ! is bijection from

R(T2%2 ko ((m = Dk + D) ((m = Dk + 2)% - (mk) &)

onto Frpi g1 pm g Our labeling insures that

inv(a,) = inv(r) + 3 > (J;J) and  coinv(o,) = coinv(r).

=1 j=1
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Since inv(o,) = inv(o,; ') and coinv(o,) = coinv(o, ), it follows that

s s (9) " - m@ and
q =13 m m|l = q an (24)
ISP /Y OOV /] P 2

n _ Z qcoinv(o) ) (25)

1 1 m m
EE SRR /SRR CRRNY 4 M

L T

It follows from (24) and (25) that if we let € = xlll . -xi’% - ~x{’11 . -xi’l’l, then we have
the following.

Lemma 8.

k i

Jp R { n ] s S ()
[Tx" " 1] Qo= s
‘]:1 ‘7 f%?""fé””?f?””?f]zn Qa

a=1
<11

1
n
b=1 |:f117'"7f]%7”’7f{n7’”7f]?1:|qb

k
— H XZ(E‘%) Qinv(Z(l) ,...,E(L);E)qcoinv(a(l) ,...,O'(Z);E)
: .
=1

F:(E(1)7"'72(L)7U(1)7"'70-(2))6'7:’1“Llfll fl f{n fm
[ZL P A IERRLY S A REERY & ST k

Next we show that modifications of our labeling allows us to prove an analogue of
Lemma 8 where we replace the statistics inv and coinv with F'Hinv and F' H coinv.
Given a rearrangement

re ROV (m Dfior o @m)fE (k= Dm+ D) (k= Dm+2)7 - (km) 1),

we can associate a permutation o, by labeling the 1’s from right to left with 1,..., f},
labeling the 2’s from right to left with f +1,..., fl + f?, etc. As before, o,7! consists of
a list of the positions of the 1’s in r in decreasing order, followed by a list of positions of
the 2’s in 7 in decreasing order, etc.

For example, suppose that n = 11, b = 6, by = 5, and f} =2, f} =1, f] = 3, f} =
2, f2 =2, f2 =1 and we consider the rearrangement r =6 1512142546 3. Since in
the end we want the positions corresponding to the f;’s weighted by X, we place the X
on top of all the numbers corresponding to f;-"s. Doing this, we would find

X; Xs X1 X3 Xy X3 Xo X3 Xi Xy X,
r= 6 1 5 1 3 1 4 2 5 4 6

X1 Xz Xy X3 Xo X3 Xo X3 Xy Xy Xy
o, = 11 3 9 2 5 1 7 4 9 6 10

and

X3 X3 X3 X3 X2 X2 X2 Xl Xl Xl Xl
o)t = 6 4 2 8 5 10 7 9 3 11 1
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At this point o' does not correspond to a legitimate filling of a configuration of
an element in Frftftonf,..fm Since it consists of decreasing sequences of lengths

b fE fR ., fE. However, we can obtain a legitimate filling of a configu-
ration of I' € Fr. Pl 0 by rearranging the decreasing sequences corresponding
to f; so that the decreasing sequences correspond to the order fl, ...  fi ... fim ..., fm

Let us call the result of this rearrangement o. In our example.

X1 Xi Xo Xy Xy X3 Xo Xo Xo Xy X

of =9 3 5 6 4 2 11 1 10 7 8
m 7 m 7 1
If we let € = ;77! L -xlz:i:“[l and € = :Elll x :L’ik x 'l’{m x -xi’%, it may be seen that,
since in 0,71, all the X,,’s precede all the X;’s fori = 1,...,m— 1, all the X,,,_;’s precede
all the X;’s fori=1,...,m — 2, etc., we have
= Z f; . iy
5 +inv(r) = inv(o,)
i=1 j=1
= inv(o, 1)

k
= inv((0;)aw,) + DXl =065 = 25,1 > 5, (0, 1) > (0,1);)
j—1 1,J

k
= Zinv((aﬁ)g*m) + ZX(Q =Ty, €5 = Tg, t > 5,(07); > (07);)
j=1 1]

= FHinv(o}).
It follows that

£ T (f;f){ oo ] _ 3
m m
fla"'vfkv”'vfla"'vfk q Uej:T,fll

,,,,, P f

q qFHim)(J). (26)

We also need to prove that

n

_ F Hcoinv(o)
. = > q : (27)
|:.f11>"'afkla"'af17"'afk:|q 0€Fy 1
71 k

This case requires a slightly different labeling. Given a rearrangement

re R(lf% e (k= Dm+ DT (km)TF),

we may associate a permutation o, by labeling the 1’s from right to left with 1,..., f{,
labeling the 2’s from right to left with fi +1,..., fl + f2, etc. As before, 0! consists
of a list of the positions of the 1’s in r in decreasing order, followed by a list of positions
of the 2’s in r in decreasing order, etc. For example, consider the case where n = 11,
by =6,by =5 and fl =2, f3 =1,f1 =3,f£ =2,f2 =2, f2 =1 and the rearrangement
r=15622435415. Placing an X; on top of all the numbers corresponding to f]’:’s,
we find
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X1 Xy Xy Xi Xt Xp Xo Xy Xy Xi X
r= 1 5 6 2 2 4 3 5 4 1 5

X Xz X3 X X1 Xo Xo X3 Xo Xy X3
o, = 2 10 11 4 3 7 5 9 6 1 8

and

X X X Xi Xo Xo Xo X3 X3 X3 X3
o7l =10 1 5 4 7 9 6 11 8 2 3

At this point o' does not correspond to a legitimate filling of a configuration of
a member of Frp g pm  gm. To find a legitimate filling, move the decreasing se-

quences corresponding to fZ so that the decreasing sequences correspond to the order

o fh o fm oo, fim. This rearrangement will be called o7
In our example,

X Xy Xy X3 X Xz Xy Xy Xy Xo X3
o) = 10 1 7 11 & 2 5 4 9 6 3

T

m m g 1 1 1 1 .
By letting e = :Elz SR -ka:l T and e = =" - :L’ik ceafm gl e see that coinu(r),

coinv(o,), and coinv(o ') are all equal to

k
Zcoim}((ar_l)ﬁm) + Z X(€ = m1, 65 = x4, t > 5, (0, 1)i > (0,1);).
j—1 2

However, this is equal to

Zcomv Jesle;) T ZX =T, €5 = Tg, 1 > 5,(077); > (077);),

which in turn is equal to F'Hcoinv(o;*). This shows that (27) holds.
Combining the results from (24), (25), (26), and (27), if we let

fi i LN 4

L =L+ Ly, and { = {1 + {5, then we arrive at the following lemma.
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Lemma 9.

I n s sk ()
X 11 |i :| Qa 1 j=1\ 9
H H flv”'af]iu"'vflmw"vf];n Qa

a=1
l
n
><1_‘[|:1 1 m m:|
bh=1 f17"'7fk7"'7f1 7"'7fk @

Z(E|I] Z H QFHznv (2 e)

IISw

:(Z(l)7"'72@)"’(1)7'"7"“))67TLzf1 ,,,,, Phed Pt
(9 e - (@) ‘ (@)
inv(X FHecoinv(o'") e) coinv(o'™ je)
< 1 @ 1L 1] o ~
1=L1+1 i=1 =144

We now are in position to give our combinatorial interpretation of (Q, @)n (¢, ¢)né(Pn.v,)-
Recall that we have shown (Q, Q)n(q, ¢)n&(Pn.,) is equal to

PGS VA > (f[ X/ *'"*ft’”> PR+ 7=0)

p,l—n T:(blr"’bm)EBIJ‘y” f31207f12+f;§=bz t=1
L
X

n moyk, ‘ n
1|if117’”7fli7"'7f{n7"'7f;€/n}QaQa H{f%?’fg’?f{n”f;f/n qb.
(28)

We interpret (28) as follows. For each brick T' = (by,...,b,,) € B, and for each choice
for the values of fl, ..., fL, ..., f{" ..., fi* from the sums ) ", Zf{+---+f};:bi’ the term

I n YD D (f;)
Folly
H H flv”'af]iu"'vflmw"vf];n Qa

a=1

a=

YA
n
S
b:1fl,...’fk,...,fl,...’fk

can be viewed as the sum

k

H Xf(g‘xj) E QFHmv(E(Z) 0

=1 —_((1 L 1 0 1

J F-(E( ), L2 (D) ol ))e}—T,Lyﬂfll """ f}% 7777 e f;;n i=

(0) e (i) ¢ )
inv(X FHecoinv(o'" e) coinv(o'") e)
<11 @ H I1 «
i=L1+1 i=1+0,
1 fl fl fl
— 1 k m .

where € = 1" - apt o -

If fit, + -4 fi* #0, then we have a factor of (¢ — 1)»=*®) . For each
F = (E(l), D 3P R ,O'(Z))
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fl=2 fi=1 fi=2 ft=2 =2 f3=1
X X1 X X3 X3 X3 | Xy Xhn Xo Xo X3

2 1 10 8 7 3 11 5 6 4 9 Y1
7 2 11 6 5 1 9 4 10 3 8 DI
9 3 7 8 6 5 11 2 4 1 10 o1
8 4 3 9 6 1 5 7 11 10 2 o1
t t t -1 -1 1 t t -1 t 1

FIGURE 7. An example of a configuration arising from (28).

i Frpefi fh .. pms Create a new set of weighted objects by placing a ¢t or a —1 in
cell of T" which is not at the end of a brick and placing a 1 in each cell which at the end
of the brick.

For example, if we let k =3, d=2,T = (6,5) and fl =2, f1 =1,fi =3, ft =2, f2 =
2, f2 = 1, then we would obtain configuration C' as the one pictured in Figure 7. We then
let w(C') be the product of the all the —1’s, ¢’s, X;’s appearing in the configuration. For
the configuration appearing in Figure 7, w(C) = —t* X} X3 X3,

If f, + -+ fi* = 0, then we have a factor of ¢(t — 1)"“®). As before, for each
member F = (X1 SE) oW 50) of the set FLLAfL ol fi s WE CTEALE &
new set of weighted objects by placing a ¢t or a —1 in cell of T" which is not at the end of
a brick and placing a 1 in each cell which at the end of the brick which is not the final
brick and placing a t in the last cell of the final brick.

Let Crp et gt f2gze g, denote the set of all configurations C' constructed from

one of the F' = (XM, ... x5 oW 50) ¢ FLLf onfd g a0 let

m
a=U U U U G

pEn T=(b1,...;om)EBy,n 1=1 fi+- fi =b;

IfCe CT7L7g7f117___7f%7___7f{n7___7f]';n is constructed from an element
F=(xW .. x® ;0 50

which is a member of Fpp g1 g1 pm | pm, then we let

L1 l
FHinv E(i) inv E(l) F Hcoinv 0'(7’) coinv O'(i)75
U(C) =w(C) [T @™ H Q" H TR g
=1

i=1+1L1 =1 i=1+41
It follows that
(Q, Q)n(A, Wk (Pry) = Y UalC (29)

CeCrn
In order to use (22) and (29) to prove Theorem 7, we need to show that

Z Ud(C) = WT(L47d)(X17"'7Xk7t7Q7q)' (30)

celyp
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fl=2 f=ui=2 f=2 =2 g2 g

X X X X3 | Xz Xz | Xhn Xi Xo Xo X3
2 1 10 8 7 3 11 5 6 4 9 >
7 2 11 6 5 1 9 4 10 3 8 Yo
9 3 7 8 6 ) 11 2 4 1 10 | o1
8 4 3 9 6 1 5 7 11 10 2 o1
t t t 1 —1 1 t t —1 t 1

F1GURE 8. The image of Figure 7 under [/

To do this, we will define a sign-reversing involution I on C, so that the fixed points of I
will give the desired right hand side of (30). Our involution I is essentially the same as
the one we used in the proofs of Theorems 1 and 3.

To define I, we first need the concept of when a sequence of cells in C' forms a decreasing

sequence. Suppose C' is constructed from F = (XM, ... 2B oM 5O) which is a
member of the set
Fr L fh o f T Then we say that a sequence of cells in ¢,...,c+ k in C forms a

decreasing sequence if

(i) the labels at the top of the cells ¢,c+1,...,c+ k when read from left to right is
a word of the form X7} --- X;** for some u; > 0 and

(ii) the entries in each of the rows corresponding to XM, ... N5 oM
decreasing in cells whose labels are X for j =1,... k.

0) are

By definition, the cells corresponding to each brick in a configuration C' € C, form a
decreasing sequence. This given, we can define our involution I as follows.
Given C' € C,, scan the cells of the C' from left to right until either

e Case 1: there is a cell ¢ with a —1 in which case I(C') is the result of changing the
weight cell ¢ to 1 and breaking the brick b; which contains cell ¢ into two bricks &
and b” where 0/ ends at cell ¢, or

e Case 2: we find two consecutive bricks b; and b;,; such that cells corresponding to
b; and b; 41 form a decreasing sequence in which case I(C) is the result of combining
bricks b; and b;1; into a single brick b and changing the weight of the last cell of
b; from 1 to —1.

If neither Case 1 or Case 2 holds, let I(C) = C.

For example, if we consider the configuration C' pictured in Figure 7, then we are Case
1 with cell ¢ equal to cell 4 so that I(C) = C” where C’ is pictured in Figure 8. However,
(" is in Case 2 because we can combine bricks b; and by so that I(C”) is equal to C.

The definitions of I leave the permutations (X1, ... X5 oM 5®) unchanged.
Moreover, since we do not change any of the labels at the top of the column, it follows
that if cell n has an X; for some i € {1,...,d} at the top of the column, then cell n of
both C' and I(C') must have an X; for some i € {1,...,d} and hence the weight of cell n
in both C" and I(C) is equal to t.
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Our definitions ensure that if 1(C) # C, then Uy(C) = —Uy(I1(C)) and I(I1(C)) = C.
Let Fix; ={C €C, : I(C) = C}. Then I shows that

Y UC)= ) Uu(C)

ceCy CeFixy

What are the fixed points of I7 Suppose that C' € Fixy and C' is constructed from an
element F = (XM, ... 2B oW 5O) of the set Frreft . fhfm...pe- Then no cell
of C' can have label —1 and the sequence of cells in any two consecutive bricks do not

form a decreasing sequence. This means that if b; and b, are two consecutive bricks in

C, sislast cell in b;, s+ 1 is the first cell of b;1;, and € = x{l x§2 : xi" x -x{%? . xi" ,

then either

(a) €5 = x; and €541 = z; for some ¢ > j, or

(b) €5 = x; and €,41 = x; for some i = 7, ..., k and there is some i such that X (s) <

Y@ (s + 1) or there is some r such that ¢("(s) < o™ (s + 1).
It follows that s & Comdes? (X1, ... XE) oM 5@ ¢) and that the weight of cell s
is 1. For s = n, our definitions ensure that s € Comdes (E(l), LX) M e @) if
and only if €, = z; for some 7 in {1,...,d}. Thus if ¢, = z; for some j € {d+1,..., k},
then n ¢ Comdes*(X(),. ..,Z(L),a(l) .,0®:¢) and cell n has weight 1. If ¢, = a;
where i € {1,...,d}, then n € C’omdes (E(l ,...,Z(L),a(l) ,0:¢) and the weight
of cell n is t. If s is not the last cell of a brick, then our deﬁnltlons ensure that if
s € Comdes?(XW ..., 20 M 5@ ¢), then the weight of cell s is ¢. It follows that
U)(C) — tcomdesd(E,a;E).
Thus if C' € Fiz; and C' is constructed from an element

F=xW .. 2B 0 50

Of the Set FT7L7é7f]]:7"'7f]3;7"'7f{n7"'7f]’::11/’ then

4

Ud(C) _ tcomdesd(E,U,e) ﬁ Qinnv(E(i) H anv(E(l) H FHcoznv(U( i) e H qicoinv(a(i),e)‘

i=1 1=1+L1 i=1+0

Finally, suppose that we are given (X, 0,¢) = (XU, ..., S oW 50 ¢) then we
can construct a configuration C' € Fiiz; such that

Ly ¢
_ pcomdes®(,0,¢ FHinv(E(i) znv(E(l) F Hcoinv 0'(7’) coinv(a(i) ,€)
(R | [ H Qi H VT

=1 i=141L1 i=1+41

as follows. Let the rows of C correspond to the sequence (X1, ... 2 oM 5®)) and
label the top of column ¢ with X if ¢; = ;. Next, let

E={l.....n—1} = Comdes"(£V,.... 5" oW .. o).

If E = (), then C has a single brick of length n and if E = {i; < --- < i)}, then we have
bricks ending at i1, ..., i, n. Label each cell i with a ¢ if i € Comdes (XM, ..., XE) o)
0 and with a 1 if i ¢ Comdes? (XM, ... ) oW 6®) Then C € Fix;.
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Therefore,
D U(C) = D UsC) =WH(X,Y,1,Q,q).
ceCn CeFixy
This completes the proof. O

6. FURTHER GENERALIZATIONS OF THEOREM 7

Theorem 7 specializes to give all previous theorems recorded in this document. It is
the most general theorem in this paper up to this point. However, there are still further
generalizations which may be found using the methods we are presenting. To show that
this is the case, this section extends Theorem 7 according to certain restrictions on the
set of common descents. Given a tuple of permutations in Cy ! S,, (2, 0;€), we shall say
that it has a final common decreasing segment of size s if {n —s+1,...,n—1} is a subset
of Comdes?((X,0;¢)) and n — s ¢ Comes?((X£,0;¢€)). Then the goal of this section is to
derive generating functions for tuples of permutations in Cx 1 S,, according to the statistics
in Theorem 7 which either have a final common decreasing sequence of size at least s or
size exactly s for any given s > 1.

The method we used to prove Theorem 7 can be summarized as follows. First we
had a desired generating function in mind. Next we rewrote that generating func-
tion in order to read the homomorphism ¢ and the weighting function v4. Then we
built combinatorial objects to interpret (Q, Q). (q, )né(Pn,) Finally we found a weight
preserving sign reversing involution to simplify this collection of objects to prove that
(Q Q) W (Pry) = Wi (X3, Xi, 1, Q, ).

In this section, we shall do something a bit different. We will not have a generating
function in mind when trying to simplify a certain permutation statistic. Instead, we
will take the already known homomorphism & and weighting function 4 and alter them
a bit. As a result, the combinatorial objects we constructed will be altered accordingly.
Then, the same involution I will simplify things to leave a desired set of objects. In short,
instead of being lead by the generating function, we will be lead by the combinatorics.

As in the previous section, let

k

xhQ(H)
(QQ)y(a,a)s

fe)=-0m" 30

[i20,fit A+ fe=nj=1

Instead of keeping v, such that v4(n) is equal to

— (1 - t>n_1 ZaiZO,a1+---+ad=n H?:l inQ(aQZ)
£(€n)(Q, Q)a, (9, )ey

t(l B t>n_1 ZaiZO,m—l-"-—l—ad:n H?:l XZGZQ(?)
£(en)(Q, Q)a; (d,9)a, ’

+
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we make an adjustment. Let s > 1 be an integer and define vy 4(n) = (¢/(t — 1) 'x(n >
s)vg(n) for d =1,... k. Thus v, is the function such that

0 if n < s and
s—1
Vgs(n) = t 31
& ( ) (t—l) Vd(n) if n Z S. ( )
for all n = 1,2,.... Note vg1 = v4. The effect of this modification will occur in the

last brick of a combinatorial object because (6) tells us that the function v, s changes the
weight on the last brick in a weighted brick tabloid.

This change is relatively easy to describe. We can proceed exactly as in the proof of
Theorem 7 to show that (Q, Q)n(q, 4)né(Pn,,,) is equal to

Z(t—w"—“w 3 Z 3 HX“ft/ 1))* (b > s)

pEn b17 7bm)€Bun =1 f1+ +fk_b Jj=1
L n
m k i
X [ :| QZi:lZJ’:lfj
m m
aI:II floe fh e e i),

n m m
> pX(Fa e+ =0) (32)
b[[1 {fll,...,f,i,...,f{”,...,fg”Lb

The difference in this case is the extra factor of (t/(t — 1)®x(by, > s) that arises from
replacing v4(n) by vgs(n). We can then interpret (32) as a sum over weighted configura-
tions

F = (Z(l),...,Z(L),O'(l),.. )EfTLZfl, ’fk’ Lfm m

1 o

as in the the proof of Theorem 7 with two modifications. First the factor x(b,, > s) has
the effect of eliminating all brick tabloids T" = (by,...,b,,) in the sum in (32) such that
b, < s. Thus the only configurations that we need to consider have an underlying brick
tabloid T" whose last brick has length greater than or equal to s. Now if (by,...,by,) is such
that b,, > s, then there will be a factor of (t — 1)" W (¢/(t — 1)>~ XUk tH+/=0) which
can be rewritten as 57! (t — 1)bm (DT =0 TT™ 1 (¢ — 1)%~1. This term then
effects the weight of a configuration as follows. For each of brick b; with i < m, we weight
the cells as before, namely, the last cell in the brick gets weight 1 and every other cell
can have weight t or —1. We use the remaining factor 5= (t — 1)bm—1=(s=DpxUdh++5"=0)
to weight the cells of the last brick of the configuration as follows. First the last cell
gets weight 1 or ¢ depending on whether the label X; at the top of the last column has
i €{d+1,...,k}orhasi € {1,...,d}. We then use the factor £*~* to weight the s—1 cells
immediately to the left of the last cell of b, with ¢ and we use the factor (¢ — 1)bm=1=(s=1)
to weight the remaining cells of b,, with either ¢t or —1. As before, we let w(C') be the
product of all the —1’s, t’s, and X;’s appearing in the configuration.

s :
Let CT Lo f e f b fPesfr fTo f0 denote the set of all configurations C' constructed from

one of the F = (XM, ..., Z(L), o, ..,0®) e Fr,Lfbfbyfm....gm Where by, > s in this
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manner and let
m
S __ S
Cn_ U U U U CTLZfl? 7fk7 7f1 N 7fk
pEn T:(bl7---7bm)7bm28)eBM,n 1=1 f{-i-“'f,,in:b

s )
IfC e CT Lofl s f o 1 fn 13 constructed from an element

F=(E0,. . . 50 0 50

which is a member of Fr. | gf%,._.,f;,.__,f{nw s, then we let

Uds(C _w HQFHmv@U H va(zU H FHcomv(g() €) ﬁ qicomv(g(i)’e).

i=14+11 i=1 i=1+0;
It follows that
(Q> Q)n( )ng Py, 5 Z Ud (33)
cecCs

We can apply the same involution I to C; that we used in Theorem 7. Note that since the
s — 1 cells immediately to the left of last cell in each configuration are labeled with ¢, we
will never try to split the last brick at any one of those cells and hence our involution will
automatically ensure that the image of any element in C; will have its last brick of size > s
and, hence, I maps C; onto C;. The fixed points of I restricted to C; will be exactly the
same as in Theorem 7 with the added condition that the size of the last brick is > s. Thus
if C' € Fiz;NC: and C is constructed from an element F' = (XM ... 21 o0 50 ¢)
of the set Fr L fh o fl T 1 then just as before we will have that

L1 V4
comdes?(Z,0,e inv (i) inv (l) coinv(oc(® ¢ coinv J(i),e
O | (e | (s HFH I e

i=1 i=1+1L1 i=1+41
However, since the last brick is of size at least s, then we are guaranteed that
{n—s+1,...,n—1} € Comes?((2WV,..., 2B oB 0.
Finally if FF = (XM, ..., 2®) oW 50):¢)is an element of the set FLLfh o fho T
is such that {n —s+1,...,n—1} € Comes?(XW, ..., 5" ¢V 5®:¢), then we can
use same argument as in Theorem 7 to show that we can construct a unique C' € Fiz;NC;

whose underlying configuration is F.
Now if we let

S €l@i) omdes?(X,0;¢) inv(2 e

(B,05¢) \i=1

14
inv(2() €) FHCOZHU(O'(Z) €) coinv(o(® ¢)
T @ T 1] o -

i=1+1L1 =1 i=1+4+41

where the sum runs over all € € {x1,...,7:}" and (X,0) € (Cy 1 S,)*"* such that {n —
s+1,...,n— 1} is contained in Comdes?((X, c;¢)), then it follows that

(Q. Q) Q) (Prpy.) = WXy, .., X5, t, Q. q). (34)
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Hence

un

; (Q,Q)n(a,q)n

W7§4’d78)(X17 R 7Xk7 t7 Q7 q) =1+ Z g(pn’yd’s)un

n>1

_ L s (S (€ en) — vas(m)€(en))

. (35)
ano(_1>"“n§(€n)
Now the denominator on the right-hand side of (35) is
)
Y o(=Dmur(en) =) ()M (=" Y H ]
n>0 n>0 b;>0,b1++bp=n j= 1 q; Do,
1 )
=— |1-t+) _(-D)wra-n" Y H
1—t ( n>1 b;>0,by +--+bp=n j= 1 Q)bj

_ % (—t + E J((1 =) X;u, Q,q)) :

The numerator on the right-hand side of (35) is

EVE — via(n)E(en))

d a; )
x(ﬁ(en)—(l_t) Z H Q)(; (4, ), )

:(1_<t_%)s_><1+;1 ”U"£6n>

) 1+Z "U”£€n>

t() (X evea-or 3 ﬁlQi‘; )>>
)

n>1 a; >0,a14++ag=n 1

s—1 d )
L4y (D)= ) H )

q) a;

a; >0,a1++aq=n i=

_ (1 N (%)_ ) (% (—t+jl:[1J((1 —t)X,»u,Q,q)>>

. (ﬁJ 1—tXqu)>

=1

+
RS
~
|‘ﬂ
—_
SN——
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¢ s—1 s—1
. (g<en> SUBEND R | frr=c )
(Q,Q)u,(a, q)q,

a;>0,a1+4ag=n i=1

() (e
. %)S_l (1:[1 J((1 =) Xu,Q q))
; t_%) < (1 1)
» Z px(bay14-+b=0) H Q(( )q)bj.

b;>0,b1+4-+bp=n J=1
It then follows that we have the following theorem.

Theorem 10. Forallk >2,d=1,...,k, and s > 1,

n

u
WX, Xt Qg

(- () )+ (i) e 0 Q)
- t—1 t—1 —t+ 15, J((1 = ) X;u,Q,q)
% o(4)
< t )S 1Zn 1( )n n<1_t) Zb >0,b1+++bp= —n ¥ xbaprtthi=0) H;?:l (Q%)bQ-(CLQ)b,-
_'_ J J .
t—1 _t+Hj=1 (u( - )vaqu)

Next we present another modification which will product a generating functions for
those tuples of permutations (3,0;€) in Cy ¢ S, such that {n — s+ 1,...,n — 1} C
Comdes?((X,0;¢€)) but n — s ¢ Comdes?((X,0;¢)) That is, for d = 1,..., k, define a
function 74 such that

(0 if n <s,
Tao(n) = <t ) (n) if n = s, and
s—1
\<t—1) (t—l) vg(n) ifn>s.
for all n = 1,2,.... Again the effect of this modification will occur in the last brick of a

combinatorial object because (6) tells us that the function v, s changes the weight on the
last brick in a weighted brick tabloid.
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fl=2 =1 gi=2  f=2 =2 g
X1 X1 X0 X3 X3 X3 | X1 X1 Xo X X3

2 1 10 8 7 3 11 ) 6 4 9 2
7 2 11 6 5 1 9 4 10 3 8 2o
9 3 7 8 6 ) 11 2 4 1 10 | o1
8 4 3 9 6 1 5 7 11 10 2 o1
t t t -1 -1 1 -1 -1 t t 1

[ N
These values must be —1 ¢ ¢ 1.
FIGURE 9. A combinatorial object coming from £ and vy 3.

This change is also relatively easy to describe. Suppose the last brick of the underlying
brick tabloid of a configuration has a length b. If b < s, then the weight assigned by
Vg is 0 as before. If b = s, then we use the extra factor of (t/(t — 1))*~! that occurs
in the 7, 4(s) to ensure that the weights of each of the s — 1 cells immediately preceding
the last cell of the configuration is t. If b > s, then we again we use the extra factor of
(t/(t — 1))*! that occurs in the 7,44(b) to ensure that the weights of each of the s — 1
cells immediately preceding the last cell of the configuration is t. However, in this case,
we have another factor of (—1)/(t — 1) which use to ensure that the next cell to left has
weight —1. That is, if b > s, we would take a combinatorial object as found in the proof
of Theorem 7, erase the final s choices of either —1 or t made at the end of the last brick
(the last cell in the brick will still be 1 or ¢). Then, the sequence —1 ¢t ¢t --- ¢t would be
placed in the cells instead. We let 52 denote the set of configurations that we can produce
in this manner.

An example of a configuration in gi when s = 3 may be found in Figure 9.

The exact same involution I may be used to simplify the set of objects in 52. Note that
if the last brick of a configuration C' has length > s, then either we use the label —1 that
is forced on cell n — s to split at cell n — s so that I(C) will have its last brick of size s or
the involution either splits or combines bricks as some cell to the left of n—s in which case
the labels on the cells n—s, ..., n—1 are not effected. Thus our involution I maps EZ onto
@Z. Since the fixed points of I have no cell with weight —1, it must be that all elements
of Fiz; NC. have a last brick of size s. Thus if C' € Fiz; NC, and C is constructed from
an element F' = (XM, ... 20 oW 50 ¢) of the set FLL S fh o f,onfm s ShED JUSE
as before we will have that

L1 L {1 l
i (@ ¢) inv(2( e) FHcoinv(o ¢) coinv(o(® )
Ud(C) _ tcomdesd(E,U,e) H QZFHZM)(E € H QZ H q H ¢ .
i=1 i=1+L, i=1 =146,
However, since the last brick is of size s, then we are guaranteed that
{n—s+1,...,n—1} € Comes?((2V, ...

and n — s & Comes?((2D,...,2F) oW 5®:¢). Finally by the same argument that
we used in Theorem 7, we can show that if /= (1) ... @) oM 5@ ¢) of the set
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Frore, P f o ST is such that

n—s+1,....n—1} € Comes?((xV,..., 20 0
{ 7 ) ) Y ) Y
n—s ¢ Comesi(W,... 2B 0

0% €) and
: '70(6);6)7

then we can construct a unique fixed C' € Fix; ﬂ@i whose underlying configuration is F'.
Now if we let

—(4,d,s)

k Ly

€T omdes®(Z,0:€ inv(Z() e

Wn (Xla"'anat7Q>q): Z (HXf(l )> tc d (277)HQ5H = )
i=1

(S0 \i=1

L 01 4

inv E(i),s F Hcoinv J(i),e coinv O'(i)75

X H Q; ( ) H q; ( : H q; ( )
i=1+1L, i=1 i=1+6

oot and (X, 0) € (Cp 1.S,)F ™ such that

n—s+1,....n—1} € Comes’((ZW,... . 2D B 5O ¢) and

n—s ¢ Comest(ZW,... 2B oW 0. ¢),

where the sum runs over all € € {z,

then we have shown that

(Q Q) D (Prpy.) = W ™ (X1, Xk, 1, Q, @),

(35)
It follows that
" —(4,d,s)
W, Xi,..., X1, t,Q,q

=14 &P, 0"

14 S (1) (E(en) — Tas(n)E(en)
- S ol ) E () S

We can then carry out a computation similar to the one we used to prove Theorem 10
to prove the following theorem.

Theorem 11. Forallk >2,d=1,...,k, and s > 1,

n

s—1
S @ Kt Q= (1 )
n>0 ) n\4 4/n

(t—1)
T T I - )X, Q.q)
" ( ) _t‘I'H?:l J((l _t)Xju>Q>q)

bq(4)
po-1 2221(_1)nun(1 _ t)n ij207b1+___+bk:n tx(n=5)$x(bat1+++br=0) Hk X;7Q\2

7=1(Q,Q)s; (a:)p;
—t+ 1= /(1= 1) X;u,Q.q)

(37)
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