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THE SOURCE
Mostly from the paper
Decreases and descents
Sem. Lothar. Combin., 58, 2007, Art. B58a, 17 pages

jointly written with  Guo-Niu Han.

Please, download...



FIRST PART: THE SOURCE

Also from the 194-page volume

Statistical Distributions on words and g-calculus
on permutations

that can be downloaded from

http://www-irma.u-strasbg.fr/ Liodta/paper/pub109.html



NEED FOR MORE INVERSION FORMULAS
For words by various order statistics.

Transfer methods to go over to permutation groups.



NEED FOR MORE INVERSION FORMULAS
For words by various order statistics.

Transfer methods to go over to permutation groups.

Moebius inversion formula: deja vu



NEED FOR MORE INVERSION FORMULAS
For words by various order statistics.

Transfer methods to go over to permutation groups.
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NEED FOR MORE INVERSION FORMULAS
For words by various order statistics.

Transfer methods to go over to permutation groups.

Search for g-analog of MacMahon's Theorem (Zeilberger...)

It provides no handy tool, and even no g-extension!



NEED FOR MORE INVERSION FORMULAS
For words by various order statistics.

Transfer methods to go over to permutation groups.

The idea is then to enrich MacMahon's content
with appropriate g-homomorphisms

But how?



BACK TO MACMAHON

Consider the matrix

g L L LU L
T1  CI A
%’D [?il 7' G

Hodono dod,
i b B o

and expand the determinant det(l1 — CY, the multiplication
of the entries being the juxtaposition product of the biletters.




BACK TO MACMAHON

For instance, N 1 O Y
1 2 1 121
3 4 2 @ 342
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BACK TO MACMAHON

We obtain (alternate sum of the principal minors):

det(1—C") = (—M! (-p'me S
3 (O] oSy P

whered ={i1 <Ib <:.--<Ij}and S; is the

permutation group acting on the set J.
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BACK TO MACMAHON

Next, ex;?alo,cL_th%inverse 1/ det(1 — CY assuming that two

biletters J' , J:. commute whenever i £ it

Theorem. We have:

1 )

cmul—cqzzwmmtjw
P o
0 r 11233
=1+ + ...+ + ...+
0 r 23113

W .= nondecreasing rearrangement of w:

fw=X; - Xpn,thenw =X Xp (X1=- =Xp).
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BACK TO MACMAHON

(dp

Let A = (ajj) (0 =1,J =r) be a matrix with ring epti
|

and consider the homomorphism ¢ generated by ¢ ; =
Xia(l,]). Then

ﬂ —ap,0Xo0 —ag,1Xo -+ —ap,rXo
—a1,0X1 1—ag 1 X1+ —a1rXg
pdet(l —CH =
—aroXr Xy - l—ar X,

Forw = X1 - Xp let X(w) := Xy, -+ Xx,,. Then
[T 1

Q W = a(X1,X1) - - a(Xn, Xn) X(W).

=
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BACK TO MACMAHON

The image under o:

1
1 —apoXo —a01Xo -+ —ao,rXo

—a10X1 1—a;1 X1+ —agrXsg

_ar,OXr _ar,lxr e 1|i_ a ><r
= a(Xy, X1) - -a(Xn, Xn)X(W).
w LaJr]—

(MacMahon Master Theorem, 1913).
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BACK TO MACMAHON

In fact, MacMahon essentially needed the result for

i t -t
= P =
A = .
A S |
1 1 -+ 1
and then

— 1 — teXCWX(W)
1 — X —tXp - —tXp

Xy 1—=Xq oo —tX, o WHoT

_Xr _Xr Lo 1 - Xr
("exc" defined shortly.)
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THE ENRICHMENT
The MacMahon identity involves a single statistic “exc".

Is there an inversion formula that involves several statistics?
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STATISTICAL DISTRIBUTIONS ON WORDS

Let [0, r]"denote the set of all words w = X1X5 - - - Xp,
whose letters x; belong to [0,r] = {0,1,...,r}.

Work out with the word:

w=3255866300140338
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SEVERAL WORD STATISTICS

The descents (indicated by bullets):

w=325586630014038

The set of descents of w, DESw, defined as

DESW ={1:1=<1=n-—1, Xj > Xj+1}.
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SEVERAL WORD STATISTICS

The decreases:

w=325586630014038

@ ® O ®© © @

The set of decreases of w, DECw, defined as

DECw ={iI:1l<1=<n—1and
Xi:Xi+1:---:Xj>Xj+1}

forsome j suchthati=j<=n—1.

(> decrease which is not a descent.)
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SEVERAL WORD STATISTICS

The rises:

w=325586630014038

The set of rises of w, RISE w, defined as

RISEW ={I1:1<1=n—1, Xj <Xj+1}
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SEVERAL WORD STATISTICS

The increases:

w=325586630014038

® O @ o ® @ ® ©

The set of increases of w, INCw, defined as

INCW:={I:1<i1=<n-—1and
Xi:Xi+1:---:Xj<Xj+1}

forsome j suchthati=j<=n—1.

(e increase which is not a rise.)
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SEVERAL WORD STATISTICS

The records:

w=325586630014038

The set of records of w, RECw, defined as

RECW:={l:1=1=n, Xj =X for all
suchthatl<j<1i1—1}
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STATISTICAL DISTRIBUTIONS ON WORDS

Example. For the word w = 325586630014038 the sets
DES, DEC, INC, RISE, REC of w are indicated by bullets.

325586630014038

=

DES
DEC
RISE
INC
REC

o ® O ®© ©® ®
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STATISTICAL DISTRIBUTIONS ON WORDS

DESCENTS:

W 3255866 30014038
DES
DEC
RISE
INC

REC

X3 Xs Xe X3 X4
If 1 is a DESCENT, map Xx; onto Xy, .

24



STATISTICAL DISTRIBUTIONS ON WORDS

RISES not RECORDS (RISE \ REC):
w =3255866300 140 38

DES = e e oo o
DEC = e ccece o
RISE= o e e e o oo
INC = o oo ce o o oo
REC =e eee o
Yo YoY1 Yo Y3

If i is a RISE, but not a RECORD, map X; onto Yy..
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STATISTICAL DISTRIBUTIONS ON WORDS

DECREASES not DESCENTS (DEC \ DES):
w =325586 630014038

DES = e e oo o

DEC = e e o oo o

RISE= e e ce ooo

INC = eeoe cce ocoo

REC = e eee o
Zg

If 1 is a DECREASE, but not a DESCENT, map X; onto Zy,.
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STATISTICAL DISTRIBUTIONS ON WORDS

INCREASES not RISES, not RECORDS ((INC \ RISE)\REC):
32558663 0014038

W
DES
DEC
RISE
INC
REC — e eeoeo ®

If 1is an INCREASE, but not a RISE and not a RECORD,
map X; onto Tx;.
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STATISTICAL DISTRIBUTIONS ON WORDS

RISES and RECORDS (RISE n REC):
w =32558663001403 8

DES = e e oo ©
DEC = e ccece °
RISE= e e ce oo o
INC = ee e cee oo o
REC =e o o o °
Y5D YSD

If i is a RISE and a RECORD, map x; onto Y,
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STATISTICAL DISTRIBUTIONS ON WORDS

INCREASES and RECORDS but not RISES
((INC\RISE) n REC):

32 5586630014038

W
DES
DEC
RISE
INC
REC

If 1 is an INCREASE and a RECORD, but not a RISE, map
Xj onto T,
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STATISTICAL DISTRIBUTIONS ON WORDS

Altogether,

w =3 255 86 6 300140 3 8
DES = e o e o o

DEC = e e o o o o

RISE = o e e o e o o
INC = e o o e o o e o o
REC = e e o o o

W) = X3 Yo TEYXg Zg Xe X3 To Yo Y1 Xa Yo Y3 Y
5 '5 8

X for “des", Y for ‘rise" not rec",
Z for "dec" not "des", T for “inc" not “rise" not “rec",
Y Hfor “rise" and “rec", T Yfor “inc" and “rec" not “rise".
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STATISTICAL DISTRIBUTIONS ON WORDS

Each place i1 belongs to one and only one of the sets

DES, RISE\REC, DEC\DES,
(INC\RISE) \REC, RISENREC, (INC\RISE) N REC.
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STATISTICAL DISTRIBUTIONS ON WORDS

With six sequences of commuting variables (Xj), (Yi), (Zi),
(Ti), (Y, (T (i = 0,1,2,...) and for each word w =
X1X>2 ... Xn define the weight P(w) of w = X1X5 ... X, 10 be

L 1 L 1 L 1
L|J(W) = XXi YXi in
1 [DES I [(RISE\REC I [DEC\DES
L 1 L 1 L 1
X Tx, Y, Ty,
i CONC\RISE)\REC | (RISENREC i C(ONC\RISE)NREC

(1 [LRISE\ REC stands for 1 [RISE(w) \ REC(W), etc.)
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STATISTICAL DISTRIBUTIONS ON WORDS

H=
. |

—]

o

X1 X
1-2, 1-2,
X
0 2
1— 27,
Y, )
1—T,

Yy Ys
1-T, 1-T,
Y, Ys
1-T, 1-T,

Now let C be the (r + 1) x (r + 1) matrix

Xr—1

1—2Zr—
Xr—1

1=2Zr—
Xr—1

1—=2Z¢

Yr—1

1=Tr

Xr
1 — Zr
X,

[ 1




STATISTICAL DISTRIBUTIONS ON WORDS

Theorem. The generating function for the set [0, r]“by the
weight U Is given by 1 yo [

w L[QJr] ™
where | is the identity matrix of order (r + 1).
=
Remember C = C(Xj,Yj,Z;, Tj) = 1YJ'T 1—OZj
1
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STATISTICAL DISTRIBUTIONS ON WORDS

Theorem. The generating function for the set [0, r]“by the
weight U Is given by

@ YJD [ 1]
1 ., TI-Tp
Pp(w) = —— L
det(1 — C)

where | is the identity matrix of order (r + 1).

Proof. Use a non-commutative version of the MacMahon

Master Theorem and the first fundamental transformation
on words. |]
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FIRST HOMOMORPHISM

Let a be generated by the substitutions

Then |
(]L|J(W) — u)\wqtotwsdecmerecw’

where nrecw is the number of records, which are also
INncreases.
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FIRST HOMOMORPHISM

The image under a yields:

(US; 4)r+1

%Rinrecwu)\wqtotw — (UR q)r+l |
w O] 1 I—@:'SI(U qQ))l
I

the right-hand side being also equal to (by telescoping)

1 (1 —sq) (u; q)r (uUsag; 9)r
(UR; r+1 ((U;a)r —sa(usg;q)e)
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FIRST HOMOMORPHISM

The identity
1

Sdeclenrecwu)\wqtotw

w JOJr]
_ 1 (1 —sq)(u;q)r (Usq; a)r
(UR; )r+1 ((U;0)r —sq(usa; a)r)

can also be derived by means of

the Kim-Zeng transformation.
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SECOND HOMOMORPHISM

For each word w = X1X5 - - - X, [0, r] et
evdecw := #even decreases of w;
oddw := #odd letters of w.

Let 3 be generated by the substitutions
Xj ’ Zj - US?XG even) (Sz)x(odd w)qj;
i, Ti Y5 T < ugl.

Then
B L|J(W) — u)\wqtothZ evdec w+odd wZoddw
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SECOND HOMOMORPHISM

Then
1
ap(w) = Fr(u;s,q,”2),
w [QJr -
where
Fr(u;s,q0,2)

(Us*9%; 82 ol — s qz) (U; 9%) cg+1)72 64 9°) ter2

(U;02) 2= (U5 Q )E(]+1)/2E|(U 0%) r2 T S202 (US2Q?; q%%yzm

+ 50Z (U; 4%) er2 |:|(U; q°) [(#+1)/72CT (us“g?; q%) [(#+1)/201

a necessary step in the derivation of a multivariable distri-
bution for Bp,.
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TWO EASY DERIVATIONS

By simple specialization:

L 1 ’ 1—s

Sdecw AW .
w CTJr] 1I—uwr+t(@l—us)"r—s(l1—u

Also (but goes back to MacMahon)
L 1 1—s5

Sdes wu)\w —

w C[0jr] ™ (1-—u+us)*t—-s
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TWO EASY DERIVATIONS

Interesting to note:

L }n 1

exco4+deso
o OO g t
11 OII N
— tr S ecwu W

It:I 1—s
o, @—urt(@—us)7r —s(l—u)
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