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Motivation

A trivial example

∫ 1
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n

2n

(
1 + x

√
5
)n−1

dx

=
1

2n
√

5

(
1 + x

√
5
)n
∣∣∣∣1
x=−1

=
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−
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5
2

)n)
= Fn

satisfies the recurrence Fn+2 − Fn+1 − Fn = 0

Question

What about the following integral?

F (n) :=

∫ 2π

0

4− 6 cos(ϕ)

8 cos(2ϕ) + 12 cos(ϕ)− 21

2n cos(nϕ)

π
dϕ
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Motivation

Definite Integrals

Bessel’s first integral:

Jn(x) =

∫ π

0

cos(nϕ− x sin(ϕ))

π
dϕ

Dirichlet-Mehler integral:

Pn(x) =

∫ arccos(x)

0

cos((n + 1
2 )ϕ)

π
√

(cos(ϕ)− x)/2
dϕ

Hypergeometric function:

2F1

(
a, b

c

∣∣∣∣ z) =
Γ(c)

Γ(b)Γ(c − b)

∫ 1

0

xb−1(1− x)c−b−1

(1− zx)a
dx
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Indefinite integration

Problem

Given: integrand f (x)

Find: primitive function g(x) =
∫

f (x)dx

Differential field

(F ,D) such that for any f , g ∈ F

D(f + g) = Df + Dg and D(fg) = (Df )g + f (Dg)

Integration in finite terms

Given: differential field (F ,D) and f ∈ F

Find: differential field extension G ⊇ F and g ∈ G s.t.

f = Dg
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Parameter integrals

Problem

Given: integrand f (x , ~y), interval (a, b)

Compute: value of
b∫
a

f (x , ~y)dx

Main issues compared to indefinite integration

no primitive function of f available

verifiability

Parametric integration in finite terms

Given: differential field F and f0, . . . , fm ∈ F

Find: coefficients c0, . . . , cm ∈ Const(F )m+1, a differential field
extension G ⊇ F , and g ∈ G s.t.

c0f0 + · · ·+ cmfm = Dg
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Application to definite integrals

Integrals depending on a parameter

c0(n)f (x , n) + · · ·+ cm(n)f (x , n + m) = d
dx g(x , n)

yields a recurrence for

I (n) :=

∫ b

a
f (x , n)dx

c0(y)f (x , y) + · · ·+ cm(y) ∂
mf
∂ym (x , y) = d

dx g(x , y)
yields an ODE for

I (y) :=

∫ b(y)

a(y)
f (x , y)dx
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Differential fields for the integrand

Liouvillian functions (transcendental case)

A differential field F = (C (t1, . . . , tn),D) is called a regular
Liouvillian extension of its constant field C = Const(F ), if each ti
is a Liouvillian monomial over

Fi :=

C (t1, . . . , ti−1)

, i.e.

ti is transcendental over Fi ,

Const(Fi (ti )) = Const(Fi ), and

ti is either

primitive over Fi , i.e. Dti = f ∈ Fi (“ti =
∫

f ”), or

hyperexponential over Fi , i.e. Dti
ti

= f ∈ Fi (“ti = exp(
∫

f )”)

Examples

log, exp, trigonometric/hyperbolic functions, arctan, artanh,
logarithmic/exponential integrals, polylogarithms, error function,
Fresnel functions, . . .
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Field extension for the integral

Elementary extensions

E = F (t1, . . . , tn) is called an elementary extension of F if each ti
is elementary over

Fi :=

F (t1, . . . , ti−1)

, i.e.

ti is algebraic over Fi , or

ti is the logarithm of an element in Fi , or

ti is the exponential of an element in Fi

Elementary integral

We say that f ∈ F has an elementary integral over F if there exists
an elementary extension E of F and g ∈ E s.t.

f = Dg

Clemens G. Raab Linear recurrences for parameter integrals



Field extension for the integral

Elementary extensions

E = F (t1, . . . , tn) is called an elementary extension of F if each ti
is elementary over Fi := F (t1, . . . , ti−1), i.e.

ti is algebraic over Fi , or

ti is the logarithm of an element in Fi , or

ti is the exponential of an element in Fi

Elementary integral

We say that f ∈ F has an elementary integral over F if there exists
an elementary extension E of F and g ∈ E s.t.

f = Dg

Clemens G. Raab Linear recurrences for parameter integrals



Field extension for the integral

Elementary extensions

E = F (t1, . . . , tn) is called an elementary extension of F if each ti
is elementary over Fi := F (t1, . . . , ti−1), i.e.

ti is algebraic over Fi , or

ti is the logarithm of an element in Fi , or

ti is the exponential of an element in Fi

Elementary integral

We say that f ∈ F has an elementary integral over F if there exists
an elementary extension E of F and g ∈ E s.t.

f = Dg

Clemens G. Raab Linear recurrences for parameter integrals



Problem

Parametric elementary integration

Given: (F ,D) regular Liouvillian extension of its constant field and
f0, . . . , fm ∈ F

Find: all (c0, . . . , cm) ∈ Const(F )m+1 s.t. c0f0 + · · ·+ cmfm has an
elementary integral over F and corresponding g ’s from some
elementary extension of F with

c0f0 + · · ·+ cmfm = Dg
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Wallis’ integral

W (n) :=

∫ π/2

0
sin(x)n︸ ︷︷ ︸
=:f (n,x)

dx for n ∈ N0

Applying the algorithm to f (n, x), f (n + 1, x), f (n + 2, x) yields

−n+1
n+2 f (n, x) + f (n + 2, x) = d

dx

(
− 1

n+2 cos(x) sin(x)n+1
)

Integrating over (0, π2 ) we obtain the recurrence

−n+1
n+2W (n) + W (n + 2) = 0

Initial values W (0) =
π/2∫
0

1dx = π
2 and W (1) =

π/2∫
0

sin(x)dx = 1

imply

W (n) =

{
(1/2)kπ

2(k!) if n = 2k
k!

(3/2)k
if n = 2k + 1
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Gamma function

Γ(n)(z) =

∫ ∞
0

xz−1 exp(−x) ln(x)n︸ ︷︷ ︸
=:f (n,z,x)

dx for z > 0, n ∈ N0

Applying the algorithm to f (n, z , x), f (n, z + 1, x), f (n − 1, z , x)
yields

−zf (n, z , x) + f (n, z + 1, x)− nf (n − 1, z , x) =
= d

dx (−xz exp(−x) ln(x)n)

After integrating this relation we obtain

Γ(n)(z + 1) = zΓ(n)(z) + nΓ(n−1)(z)
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Fibonacci cosine series

F (n) :=

∫ 2π

0

4− 6 cos(ϕ)

8 cos(2ϕ) + 12 cos(ϕ)− 21

2n cos(nϕ)

π
dϕ for n ∈ N0

Using the algorithm we obtain the recurrence

F (n + 4) + 3F (n + 3)− 21F (n + 2) + 12F (n + 1) + 16F (n) = 0

with certificate 2n+2

π

(
−3 sin((n+1)ϕ)

n+1 + 4 sin((n+2)ϕ)
n+2 − 3 sin((n+3)ϕ)

n+3

)
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Quartic integral

Q(n) :=

∫ ∞
0

dx

(x4 + 2ax2 + 1)n
for n ∈ N+, a > −1

Applying the algorithm to f (n, x), f (n + 1, x), f (n + 2, x) yields

− 16n2−1
16(a2−1)n(n+1)

f (n, x)− (a2−2)(2n+1)
2(a2−1)(n+1)

f (n + 1, x) + f (n + 2, x) =

= d
dx

(4n+1)x5+2a(6n+1)x3+(8a2n+1)x
16(a2−1)n(n+1)(x4+2ax2+1)n+1

After integrating this relation we obtain

Q(n + 2) = (a2−2)(2n+1)
2(a2−1)(n+1)

Q(n + 1) + 16n2−1
16(a2−1)n(n+1)

Q(n)

Solution can be written as

Q(n) =
π

2

P
(n− 1

2
, 1

2
−n)

n−1 (a)

(2(a + 1))n−1/2
=

√
πΓ(2n− 1

2
)

22n−1/2(a+1)n−1/2Γ(n)2

1∫
0

((a−1)x2+2x)
n−1

√
1−x

dx
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Thank you
for your attention!
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