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Key polynomials /Demazure characters

@ Key polynomials were introduced by Demazure for all Weyl groups
(1974). They were studied combinatorially in the case of the
symmetric group (type A) by Lascoux and Schiitzenberger (1988).



KC
Introduction

Key polynomials /Demazure characters

@ Key polynomials were introduced by Demazure for all Weyl groups
(1974). They were studied combinatorially in the case of the
symmetric group (type A) by Lascoux and Schiitzenberger (1988).

@ If g is a simple Lie algebra with Weyl group W, U,(g) its quantum
group, and V/(\) the integrable representation with highest weight A
and uy the highest weight vector, for a given w € W the Demazure
module is defined to be

Viw(A) = Uq(9)>O-UW(A),

and the Demazure character is the character of V,, ().
V(X) — crystal basis — crystal graph (colored oriented graph).



KC
Introduction

Key polynomials /Demazure characters

@ It was conjectured by Littelmann (1991) and proved by Kashiwara
(1993) that the intersection of a crystal basis of V) with V,,()\) is a
crystal basis for V|, (X\). The resulting subset B,,(\) C B(\) is
called Demazure crystal.

@ The Demazure character is defined by the Demazure crystal B, ().
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Key polynomials of type A (L-S, 1988)

@ &, is generated by the permutations s; = (ii+1), i=1,...,n—1,
The generators s; act on vectors v = [vi, ..., v,] € N" by
SiV=1[Vi,e. s Vig1, Vi oy V], fori=1,...,n—=1,
and induce an action of &, on Z[xy, x2, .., Xn] by considering vectors

v as exponents of monomials x¥ = x;x32 - - - xpn.
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Key polynomials of type A (L-S, 1988)

@ &, is generated by the permutations s; = (ii+1), i=1,...,n—1,
The generators s; act on vectors v = [vi, ..., v,] € N" by

SiV=1[Vi,e. s Vig1, Vi oy V], fori=1,...,n—=1,

and induce an action of &, on Z[xy, x2, .., Xn] by considering vectors

Vn

v as exponents of monomials x¥ = x;x32 - - - xpn.

@ Two families of Demazure operators: For i=1,...,n—1,

Wiy Wi DX, X0, ooy Xn] — ZL[X1, X2, -y Xn], T = w; — 1 where
x;if — Xjp1f - Xip1f — Xjp1 ¥
——— and7Wif= ——————— =m;f - f.
Xi — Xit1 Xi — Xi+1

7T,'f:
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Key polynomials of type A (L-S, 1988)

@ &, is generated by the permutations s; = (ii+1), i=1,...,n—1,
The generators s; act on vectors v = [vi, ..., v,] € N" by

SiV=1[Vi,e. s Vig1, Vi oy V], fori=1,...,n—=1,

and induce an action of &, on Z[xy, x2, .., Xn] by considering vectors

v as exponents of monomials x¥ = x;x32 - - - xpn.

@ Two families of Demazure operators: For i=1,...,n—1,
Wiy Wi DX, X0, ooy Xn] — ZL[X1, X2, -y Xn], T = w; — 1 where

x;f — Xi+1 fsi o X;+1f — Xjt+1 fsi

and 7if = ————— =m;f — f.
Xi — Xi41 Xi — Xi41

7T,'f:

@ Two families of key polynomials: For A a partition (at most n parts)
and w = sj, ...s;,s;, a reduced decomposition in &, one defines the
type A key polynomials indexed by wA

Fwa(X) = Tiy Ty - T x™ and Bya(X) = Ty Ty - - T X

Examples: monomial x* and k) (x) = sx(x) Schur polynomial.
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gl -crystal operators and Demazure operators

@ Choose the alphabet A, = {1 < 2 < ... < n}. Consider a nonempty
word w on this alphabet and let i € {1,...,n —1}.

e Pick the subword consisting only of letters i, i + 1.

e Encode
i— ( i+1—).
o Ignore successively all the factors ( ) to construct a new
subword
pi=)" (.

o Define f; : A — A% U {0}:
If s=0, fi(w)=0. If s >0, f;(w) is obtained by changing the
leftmost parentheses ) of p; =)" (° into )

i— i+ 1
If r=0, ef(w)=0. If r >0, e;(w) is obtained by changing
the rightmost parentheses ) of p; =)" (* into (

i+1—1i
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gl,-crystal operators

@ f,:212
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KC
Key polynomials of type A and gl,-crystal graphs
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gl,-crystal operators

o f:212
((
)
312
o £(212) =312
)
)

£7(212) = 313
e(313) =312 ee(312) = 212.
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gl,-crystal graph

@ Oriented colored graph with colors {1,...,n—1}. An arrow a L biff
fi(a) = b < ei(b) = a.
@ n=3,

A = (210), B(210) glz-crystal
1=—

2=—
11
2

N

11
3 \/

13
2

d

12
3
13 \‘
3 22
23
3

12
2
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Type A Demazure-crystal graph

@ The Demazure crystal Bs,s; (210) C B(210)

11
/2 \t
11 12
3 \/2
%3 12
13
3 22
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Type A Demazure-crystal graph

@ The Demazure crystal Bs,s; (210) C B(210)

fa (K) = {K, fi(K)}

%1
,/ \. =5 MO = Sren o0
. 12 _ X2lO + X12

g N
N
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Type A Demazure-crystal graph

@ The Demazure crystal Bs,s; (210) C B(210)

o 1=—

fa (K) = {K, fi(K)}

11
2
/ \ - ( 210) — ZTef%(K wt(T)
210 4 12
1 12 +x

2
\/ fos (K) = {f; 7 (K) : my, mp > 0}
L5 = {K, £(K)} U{A(K), RAi(K), ZA(K)}
2 3
‘/ \ = m2(x210) 4 7y (x120) = ZT({fs A (K) xwt(T)
3 22
~\\\‘\\\\\\§“ ‘fl///////////, 9
23
3

_ 210 201 120 111 102
= (X0 4 x0T 4 (x120 1T | 102)
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Type A Demazure-crystal graph

@ The Demazure crystal Bs,s; (210) C B(210)

o 1=—

fa (K) = {K, fi(K)}

11
2
/ \ - ( 210)_2Tef56(K wt(T)
210 12
1 12 +x

2
\/ stsl(K) = {@mzﬂml(K) smy,mp > 0}
RS = {K, B(K)} U{A(K), BA(K), BA(K)}
2 3

= m2(x210) 4 7y (x120) = ZTEfss (K)th(T)
= (x210 4 x201) 4 (x 120+X111+X102)

3 \ -
3
\ / Kepsa(X) = mom (x)) = ZTGBSQSI 10) ()
23
3

=Rx +Roa T Rex + Rosn

= Zu<5251 Ry
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Tableau criterion for Bruhat order on &,

oo, ueG, v=_(nn-1,...,2,1) e N"

o > wiff key(ov) > key(uv)

@ key(vi,va,...,Vv,)=semistandard tableau of shape the decreasing
rearrangement of (vi, ..., v,) whose first v; columns contain the
letter |

e n=4

key(s2535152(4,3,2,1)) = key(2,1,4,3),
key(s2s351(4,3,2,1)) = key(3,1,4,2)

3 3
4

~ =
W=
w =

key(2,1,4,3) = > key(3,1,4,2) =

A wwN =

1
2
3
4

52535152 2> 525351
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Characterisation of the tableaux in the gl -Demazure
crystal, L-S (1988)

@ key polynomial in n variables x = (xq, ..., Xp)
Ewx(x) = Z xT = Z K3.
TeBu(N) key(B)<key(w)

Re(x)= > x"T,

SSYTT
wtTeN"
sh(T)=X\

K*(T)=key(B)

Fwa(x) = Z X",
SSYTT
wtTeN"
sh(T)=X\
K*(T)<key(wA)
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Hyperoctahedral group &2

@ The hyperoctahedral group &2 (27n! elements) is the Weyl group
of the symplectic group S,(2n, C). &5 is generated by the sign
permutations s; = (i,i +1)(i,i+1), i=1,...,n—1 and
sp = (n,7), which satisfy the relations:

(1) 5,2:1, i=1,...,m

Q sisj=sjs; if |i —j| > 2;

e SiSi+1Si = Si+1SiSi+1, i = ].7 cee, N — 2;
o Sn—15nSn—15n = SnSn—15nSn—1-

[1234] = 54, [1243] = s3, [1243] = s354,
[1243] = s353, [1234] = s35453, [1234] = 54535453, [1234]
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68

@ The generators s; act on vectors v = [vy,...,Vv,] € Z" by
SV =V, .., Vic1, Vit1,Vi..., Vp], fori=1,...,n—1
and
SV = [V1, ..oy Va1, — Vi

This induces an action of G2 on the Laurent polynomials ring
ZIxi, ..., xE] by considering vectors v € Z" as exponents of

Vn

i v — Vi V2 ..
monomials x¥ = x;{" x; Xy



KC
Key polynomials of type C and sp,-crystal graphs

Type C Demazure operators

° Two families of Demazure operators: For i=1,...,n,
7l 7w ZxE 0] — Z[xT, n), 7 =aF — 1 where

xif — X1 ¥ N Xiy1f — Xjp1 5,
pCf =2 and mfF=" T g
Xi — Xi+1 Xj — Xi+1
and )
xsf — f* ~ f—f
a¢f=""— and 7$f=

x2—1"

n 2
Xni1 n
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Type C Demazure operators

° Two families of Demazure operators: For i=1,...,n,
7l 7w ZxE 0] — Z[xT, n), 7 =aF — 1 where

xif — X1 ¥ N Xiy1f — Xjp1 5,
pCf =2 and mfF=" T g
Xi — Xi+1 Xj — Xi+1
and )
xsf — f* ~ f—f
wff:7”2 and 7f = 5 .
x5 —1 xz—1

@ Two families of key polynomials: For A a partition (at most n parts)
and w = sfl\'; s,fs,lc reduced decomposition, one defines type C
key polynomials indexed by wA

C A ~CaC  ~C A

KoA(X) =7fm, . .wlx® and BS\(x) =FFTS .. REx

Examples: monomial x* and xS, (x) = spx(x) symplectic Schur
polynomial.



KC
Key polynomials of type C and sp,-crystal graphs

Symplectic crystal operators

@ Choose the alphabet C, = {1 <2< ..<n<h<..<2<1}. Considera
nonempty word w on this alphabet and let i € {1,...,n}.

@ Pick the subword consisting only of letters i +1,7,i,i + 1.
@ Encode _
i+1,i — + ii+1— —
@ Ignore all the successive factors + — to construct a new subword
pi=—"+°
o Define f; : C; — Cx U {0}:
If s=0, fi(w)=0. If s >0, f;(w) is the word obtained by changing the
left most symbol + of p; = —" +° into — where
i—i+1, T+ 1—],
and when i = n, n— n.
If r=0, ej(w) =0. If r >0, ei(w) is obtained by changing the rightmost
symbol — of p; =)" (° into + where

i+1—i P—i+1,

and when / = n, n— n.
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Example

w = 12112212112

Fo——F—++—+

Ignore all factors + —

- -+
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Example

w = 12112212112

Fo——F—++—+

Ignore all factors + —

77+ - - —

!

[l
[l

w = (12)T1(22)(12)(11)1.
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Symplectic tableaux (De Concini,
Kashiwara-Nakashima)

@ Admissible columns on the aIphabe’E B
G={l<2<..<n<n<..<2<1}.n=6
2

Moo &
SRS
=N
SRS
FNEN
s=
oo
()

Il

NIBIS W N
SRS
NI
s w
ENEN
ss
SRS

@ A column is an admissible column iff the diagram is such that there
is a matching which sends each full slot to an empty slot to its left.

@ Splitting column form

2 2 2
4 3 4
0 2 0 4 5 0
P—5 P (T, rT)=4 5
g O 0 0 0 5 6 5 &
5 5 3

@ A SSYT tableau T with admissible columns Ty, To,..., T is a
symplectic tableau if the split column form of T is semistandard.
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Symplectic tableaux

o
1 2 2 1 1 1 1 2 2 2 11
4 4 3 2 4 4 4] 3 3|
P=3 3 1 CPrP)=3 3 3 1 1 1
3 3 2
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Symplectic tableaux

o
1 2 2 1 1 1 1 2 2 2 11
_4 4 3 2 4 4 4 3 3
P=3 3 1 CPrP)=3 3 3 1 1 1
3 3 3
o wt(P)=(di,...,d,), d; is the number of letters i minus the

number of letters 1/,

wt(P) = (-1,1,-2,1).
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Symplectic key tableaux

@ (vi,Vva,...,v,) € Z", alphabet
C={l<2<..<n<h<..<2<1}.
@ key(v1,Vva, ..., vy)=semistandard tableau of shape (Jvi],...,|va|)"
whose first |v;| columns contain the letter i if v; > 0, and —j if
v; < 0.
°
3 33 5 5
5 5 5
key(~1,0,3,-2,5,0,-3)= 7 7 7
4 4
1

@ A column of a key either contains j or j but not both. The columns
of a key are admissible and its splitting form is a semistandard
tableau.
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Symplectic crystal graph sp,

12 12
2 2
"4 N
12 11 ~L
2 2 25
N "4 5
11
: N
232 22
l 2 1
N 4
21 232
2 1

HIN
=

HINI
NI

/
\
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Symplectic Demazure crystal By s,(21)

=N

=

12 12
2 2
N
12 11
2 2 2o
4 3
11
3 N
22 22
l 2 1
N "4
21 22
2 1
21 22
1 1
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Symplectic Demazure crystal By s,(21)

NI

NI

N

NI
N

- 7T2(X21) — 21 +XQT

NIN
N

NIN
NI
HIN
[N]

HIN
NI

H

IR
NI

/
\
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Symplectic Demazure crystal By s,(21)

11
2
i / \ »
2 2
12 12
2 2
v N -
%2 %T = m(x?1) = x?1 4 X1
N 32
11
B 221/ N22 - m(x?) = X2 4 x12
1 5 17 m(x?0) = x2T 4 x10 4 x01 4 x12
N
21 23
2 1

H
H

N
=i
IR
NI

/
\
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(21)

Symplectic Demazure crystal B,

25152
11
2
i / \ »
2 2
12 %2 (1) = X2 4 X2
"4 N
12 11
R T
11 v N m(x*t) = x*t + x10 + X% + x
2 -
23 22
l 2 1
N "4
21 23
2 1

«—
&«

N
=i

IR
NI

/
\
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(21)

Symplectic Demazure crystal B,

25152
11
2
i / \ »
2 2
%Q %2 (1) = X2 4 X2
"4 N
12 11
R T
11 voN w1 (x*) = x* 4 x10 4 x4 x
2

NIN
NI
HIN
[N]

l, —: 71.2()(12) — x12 +XTO_+ x12
N v 7'I'2(X01) = x01 4 x01
ma(x12) = x10 4 x11

NIN
=

HIN
NI

«—
&«

N
=i

IR
NI

/
\
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Symplectic Demazure crystal of a sp,-crystal

@ Key polynomial of type C

/‘Gs,CISZ,\(Xth) _ Z T — 5 (21) 4 (2T) 4 (12) | (10) | (01),(T.2) _
TEBys,(21)
= X12X2 + Xfx{l + X1X22 + X1+ X2 + xf1X22.

wtT =(d1,...,d,) €Z", where d; is the number of letters i in T
minus the number of letters j in T.
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Tableau criterion for Bruhat order on G2

0o, ue6l o< u=B,CB,

n'

ev=(nmn-1,...,21)eN"

o <C piff key(ov) < key©(uv)
@ n=24, L = 51551535153 ZC 0 = 525354

key©(1(4321)) > key(0(4321))

Il
=W N
=W N
B W
w =

key©(2,431) > key©(4132) =

NI W=
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(21)

Symplectic Demazure crystal B,

25152
11
2
i / \ »
2 2
12 %2 (1) = X2 4 X2
"4 N
12 11
R T
11 v N m(x*t) = x*t + x10 + X% + x
2 -
23 22
l 2 1
N "4
21 23
2 1

«—
&«

N
=i

IR
NI

/
\
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(21)

Symplectic Demazure crystal B,

25152
11
2
i / \ »
2 2
%Q %2 (1) = X2 4 X2
"4 N
12 11
R T
11 voN w1 (x*) = x* 4 x10 4 x4 x
2

NIN
NI
HIN
[N]

l, —: 71.2()(12) — x12 +XTO_+ x12
N v 7'I'2(X01) = x01 4 x01
ma(x12) = x10 4 x11

NIN
=

HIN
NI

«—
&«

N
=i

IR
NI

/
\
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Characterisation of the tableaux in the sp,-Demazure
crystal

@ key polynomial of type C in n variables x = (xq,...,x,)

AR DD DI

TEeBW(N) key(B)<key(wX)
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Characterisation of the tableaux in the sp,-Demazure

crystal
@ key polynomial of type C in n variables x = (xq,...,x,)
G- X T S
TEeBW(N) key(B)<key(wX)

@ open question:

RS = > x™T?

symplecticT
wtTeZ"
sh(T)=X\
Kt (T)=key(B)
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Characterisation of the tableaux in the sp,-Demazure

crystal
@ key polynomial of type C in n variables x = (xq,...,x,)
G- X T S
TEeBW(N) key(B)<key(wX)

@ open question:

RS = > x™T?

symplecticT
wtTeZ"
sh(T)=X\
Kt (T)=key(B)

@ open question:

kE\(x) = Z x"tT?

symplectic T
wtT€EeZ"
sh(T)=X\
K*(T)<key(wA)
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