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Introduction

The Euler numbers T, are defined via the generating function

tan(z) + sec(z) = Z Tni—:

n>0

Désiré André showed that T, is the number of alternating
permutations in S, i.e. those w such that
w(l) > w(2) <w(3)>...

Since then, a lot of interest has been given to these numbers and
these permutations [Stanley, a survey of alternating permutations
(2010)]



Outline

Springer showed that, considering alternating permutations as the
largest descent class in S, there is an analogue of T, for other
finite irreducible Coxeter groups (he also computed the value in
each case of the ABDE... classification).

There is another way to relate T,, with the symmetric group as a
Coxeter group, relying on a result of Stanley about orbits of
maximal chains in the set partition lattice. We present a method
to compute the value in each case of the classification.



Let P(n) be the lattice of set partitions of {1,...,n}. It is ordered
by refinement: u < 7 if every block of u is contained in a block of
m

F<-:>r example: {{1,2,4},{3,6},{5}} < {{1,2,4},{3,5,6}}.

A maximal chain in P(n) is a sequence m; < --- < m, where

> T = {{1}7{2}7"' 7{n}}'

» T, ={{1,...,n}},

> 711 is obtained by joining two blocks of ;.
For example: {{1},{2},{3},{4}} < {{1,3},{2},{4}} <
{{1,3},{2,4}} < {{1,2,3,4}}.
Sh acts on these maximal chains in an “obvious way", and Stanley
proved that the number of orbits is T,_;.



In this talk, we see a finite Coxeter group W as a real reflection
group, i.e. we have a defining representation W C GL(V') for some
Euclidian space V/, such that W is generated by orthogonal
reflections.

H is a reflecting hyperplane if the orthogonal reflection through it
isin W.

Definition
The set partition lattice P(W) is the set of all subspaces

Hin---NH,

where each H; is a reflecting hyperplane.
It is ordered by reverse inclusion.



In type Ap—1, W =S,actson V={veR": > v;=0} by
permuting coordinates.

w € S, is a reflection if it permutes v; and v; for some i < j, i.e. is
the orthogonal reflection through the subspace
Hj={veV:vi=y}

Then the set of all subspaces
Hijy -0 Hijy
is in bijection with set partitions. For example if n = 7:
HizNHyaNHas={veV :ivi=w, vow=v=uv}

< {{1,7},{2,4,5}, {3}, {6} }.

And the refinement order on set partitions corresponds to reverse
inclusion in subspaces of V.

)
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Let M(W) the set of maximal chains of the set partition lattice
P(W).

There is an action of W on M(W), we consider the number of
orbits K(W) = #(M(W)/W).

So Stanley's result is K(A,) = Th.
(Remark: In Springer's problem of the largest descent class, T, is
the number associated to S, i.e. type A,_1 and not A,.)

What is K(W) for the other cases of the classification ?



The general method

W acts on lines (=coatoms) in P(W). Let Ly,...,Lx be some
orbit representatives. For each line L;, let

Fix(Lj)) ={w e W : w(x) = x, ¥x € L;},
Stab(L,-) = {W eWw . W(L;) = L;}.

Proposition
Fix(L;) is itself a Coxeter group, so P(Fix(L;)) and M(Fix(L;))
are defined, they are acted on by Stab(L;) , and

k

K(W) = #(M(Fix(L;))/Stab(L;)).

i=1

)
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Remark
If

» Stab(L;) = Fix(L;), or
» Stab(L;) = Fix(L;) x {£/d},

then we have
#(M(Fix(L;))/Stab(L;)) = K(Fix(L7)),

which we assume we already know by induction.
(note that {£/d} acts trivially on P(W))



Proof.

From each orbit of maximal chains, we can extract an orbit of
lines. It suffices to show that the number of orbits of maximal
chains associated to the orbit of L; is # (M(Fix(L;))/Stab(L;)).

Fix(L;) is seen as a Coxeter group with defining representation
acting on L. The interval [0, L;] in P(W) is identified with
P(Fix(L;)) (we use the bijection: subspaces containing L; <>
subspaces in Li).

The number of W-orbits of chains 0 < --- < w(L;) < 1 for some
w € W, is also the number of Stab(L;)-orbits of chains
0<---< L <1. Hence it is #(M(Fix(L;))/Stab(L;)).
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Another useful result:

Proposition
If W1, and W5 have ranks m and n, we have:

K(Wi x Wh) = <m;: ”) K(Wh)K(Ws).

Proof.

A maximal chain in P(W; x W) is obtained by “shuffling” two
maximal chains in P(W;) and P(W,). For example from

Xp <+ < Xmand yg < --- <y, we can form

(%0, ¥0) < (x0,¥1) < (x1,51) < (x2,31) <....

The number of shuffles is the binomial coefficient.

This operation is still well-defined for the orbits of maximal chains.
O
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Case of the symmetric group S, (type A,-1)
Let V={v eR": ) v; =0}. The coatoms are the 2-block set

partitions and a set of orbit representatives is:

Li={veV :ivn=-=v, viz1="-= vy}

with 1 </ < 7.
» If i< i, FiX(L,‘) = Stab(L,-) =5 xS5,_;.
> Ifi=2, FiX(L,‘) =5; x 5; and Stab(L,-) = (5, X 5,) xS,
where S, permutes the two factors in S; x S;.

NIS NI

In the second case, we have

M(FiX(L,’))/Stab(L,') = M(S,' X 5,')/(5,' X 5,')/52
where the Sy-action has no fixed point, so

H(M(Fix(L;))/Stab(L;)) = %K(S,- < S).



Case of the symmetric group S, (type A,-1)

Let a, = K(A,), we obtain:

n—?2 1 n—2
ap_1 = Z (i B 1>a,-_1a,,_,-_1 + x[n even]i (n/2 B 1> 35/2_1.

1<i<g

This is equivalent to

1"§ n—2
dn—1 = =< dji—1dpn—j—1-
n—1 5 i1 i—ldn—i—1

i=1

So A(z) = 3 a,Z; satisfies A'(z) = (1 + A(z)?) with A(0) = 1.

n>0
The solution is A(z) = tan(z) + sec(z).

So a, = T, (number of alternating permutations in S,).



Case of B,

Let V =R". In the case By, the reflecting hyperplanes are:

{veV:ivi=0}{veV :ivi=yv}and{veV:v=—y}

(i <J)-

As orbit representatives of the lines in P(B,), we can take:
Li={veV:ivn=---=vi=0, vig1="=vn},

with 0 </ < n—1. We have

FiX(L,‘) =B; x A,_i_1, and Stab(L,-) = (B,’ X A,,_,'_l) X {j:/d}

n—1 n—
( >ban i—1-
i=0

]

So

14 /22



Case of B,

Let B(z) = >, bni—?. The recursion
n>0

n—1 n—1
b, = ( ; >bian—i—1> bo = 1.
0

is equivalent to B'(z) = B(z)A(z) and B(0) = 1.
The solution is B(z) = A'(2) = 13-

So b, = Tp4+1 (number of alternating permutations in S,11).
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Case of D,

Let V =R". In type D,, the reflecting hyperplanes are:
{veV:vi=v}land {veV :vi=—v} (i <))
As orbit representatives of the lines in P(D,), we can take:

» Li={veV: :ivn=-=vi=0, vig1=-=vy}
with i=00r2</i<n—1. We have Fix(L;) = D; x Ap—i_1,

(D;i x Ap—i—1) x {xId} if nis even,
Stab(L;) = ¢ (D; x Ap—i—1) x {ld,(1,—1,...,—1)} if nis odd and i > 0.
(Di x Ap—i—1) if nis odd and i = 0.
» And if nis even, we also include

Ly={veV:i-vi=wn=-=v,}
We have Fix(Ly) = Stab(Ly) = An—1.
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Case of D,

Let d, = K(D,) and d, = #(M(D,)/B,). The recursion for d,, is:

n—1 n—1
dp =2a,-1+ z_; ( ; )dian—l—i
if nis even, and

n—an1+ Z n1d3n1/+ Z danl/

2<i<n—-1 2<i<n—-1
n—i even n—i odd

if nis odd.
We need to compute d, = #(M(D,)/B,).
If nis odd, B, = D, x {#Id} so d, = d,.
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The scheme for computing K (W) works for d,, too and gives:

n—1 n—1
dp, = ap_1+ Z < ; >dian—1—i-
i=2

Let D(z) = 3 dnZ;, the recursion is equivalent to:
n>0 '

D'(z) = (D(z) — 2)A(z), D(0) = 1.
This is solved by

B(z) = 2— ccis(_zii;(j)sin(z).

It follows dp, = 2T 11 — (n+1)T, if n > 2.
So for odd n > 2, we have d, =2Tp41 — (n+ 1) T).
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From the recursions for d,, and d,, we have for even n:

(d_d)_an 1+Z an/l

Let U(z) =1+ Y (dn — dy)Z;, the recursion is equivalent to:
n>2

U'(z) = U(z)tan(z), u(0) = 1.

This is solved by U(z) = sec(z). B
So for even n > 2 we have d, = (dp — dp) + dn =2T11 — nT,.
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Remaining cases

Dihedral groups:

1 if nis odd,

2 if nis even.

K(h(m)) = {

Exceptional groups: one method is to see them as symmetry
groups of some semiregular polytopes, and use the geometry of
these polytopes.

K(Hs) =4, K(Hs) =12, K(Fs)=16,
K(Es) =82, K(E7) =768, K(Es)= 4056.
In all cases except Eg, the polytope is centrally symmetric and this

ensures we have Stab(L;) = Fix(L;) x {+/d}.
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The general method to find orbit representatives of lines in P(W)
is the following.
Let Hi, ..., H, so that the orthogonal reflections are simple

generators and
Li={H.

J#i
Then Ly,..., L, are representatives, except that if L; = wy(L;) we
only take one of L; and L; (wp is the longest element).



thanks for your attention



