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Abstract

Abstract

In our previous works “Pfaffian decomposition and a Pfaffian
analogue of g-Catalan Hankel determinants” (by M.Ishikawa,

H. Tagawa and J. Zeng, J. Combin. Theory Ser. A, 120, 2013,
1263-1284) we have proposed several ways to evaluate certain
Catalan-Hankel Pffafians and also formulated several conjectures.
In this work we propose a new approach to compute these
Catalan-Hankel Pffafians using Selberg’s integral as well as their
g-analogues. In particular, this approach permits us to settle most
of the conjectures in our previous paper.
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Catalan numbers

Forn=0,1,2,..., The Catalan number C, is defined to be

1 (Zn)
Cn = .
n+1\n
The Catalan number C, counts the Dyck paths from (0, 0) to
(2n,0).
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Catalan numbers

Forn=0,1,2,..., The Catalan number C, is defined to be

1 (Zn)
Cn = .
n+1\n
The Catalan number C, counts the Dyck paths from (0, 0) to
(2n,0).

The generating function for the Catalan numbers is given by

1- V1-4t
2t

:chtn=1+t+2t2—|—5t3+14t4+...‘

n>0
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Catalan Hankel determinants

Theorem (Desainte-Catherine-Viennot 1986)

The Catalan Hankel determinants have a nice product formula as
follows:
i+j+2n

det(Citjtr)osijsn-1 = oy

O<igj<r-1

holds forr,n > 0.

Masao Ishikawa Selberg integrals and evaluations of Pfaffians



Catalan Hankel determinants

Theorem (Desainte-Catherine-Viennot 1986)

The Catalan Hankel determinants have a nice product formula as
follows:

i+j+2n

det(Citjtr)osijsn-1 = oy

O<igj<r-1

holds for r,n > 0.

Theorem (Krattenthaler 2007)

(i +n)!(2k)!
det (C"‘““)osi,jsn—l =[] -k LI @ikit(ki +n)!

1<i<j<n i

for a positive integer n and non-negative integers ki, ko,. .., ky.
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Notation

g-shifted factorials

We use the notation:

forn=0,1,2,....
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Notation

g-shifted factorials

We use the notation:

(@ @) = [ (2~ 2

forn=0,1,2,.... (a;q)n is called the g-shifted factorial.
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Notation

g-shifted factorials

We use the notation:

forn =0,1,2,.... (a;q)n is called the g-shifted factorial.
Frequently used compact natation:

(a1,82,...,a;0)e = (82, 9)0(82; )0 - - - (Ar; U)cos
(ag,az,...,ar;q)n = (a1;9)n(a2; q)n - -~ (ar; d)n
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Here we consider the series

(ad; d)n

= — (n:O,1,2,...).
" (abg?; q)n

Masao Ishikawa Selberg integrals and evaluations of Pfaffians



Moments

Here we consider the series

_ (a9;9)n
" (aqu; Q)n

Specializations

If we puta = q% b = g and let q — 1, then

(n=0,1,2,...).

(¢ + 1),

HMn — —(a+ﬁ+2)n'

Note that

($n Cn (3 l(Zn)’ ($)n 1(2n+1)'

2)n 22 @O, 2o\n) @, 220\ n
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g-Catalan Hankel determinants

Theorem [l, Tagawa and Zeng’'09]

Let n be a positive integer and t non-negative integer. Then

%n(n—nq%n(n—l)(zn—l){ (ad; a)r }n

(abg?; q);

y l—[ (9,29, bg; q)n-k ‘
(abg"=*+1+1; q)n_k (2ba"2; G)a(nk)

det (lli+j+r—2)1si,j3n =a
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g-Catalan Hankel determinants
Theorem [l, Tagawa and Zeng’'09]

Let n be a positive integer and t non-negative integer. Then
%n(n—l)q%n(n—l)(zn—l){ (ag; q)r }n
(aqu; Q)r

y l—[ (9.a9"*, ba; q)n«
(abgn+r+1;q)nk (abd™2; ) o(n-k)

Theorem [I, Tagawa and Zeng'09]

Let n be a positive integer and k1, k»,. .., ky, non-negative integers.

n+1 aq q ki
det(#k.ﬂ 2)1<|J<n1 ) . )l_l (aba?; q)k+n-1

det (ﬂi+i+r—2)1si,j3n =a

n

x |] @ ]_[(bq A)n-i

1<i<j<n
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Pfaffian
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Pfaffian

Definition

|

Let [n] = {1.....n}, and () = {(ir.....0) 11 <iy < <ij < n}for
positive integers n and |. Let S, denote the symetric group on [n].
For positive integers | and n, we set

In . . 3 i
(I " I):{(|1,...,I|n)€6In||(k—1)l+1<"‘<|kl fori<ks<nj,

n times
In : : i(k_1)41 < - <l forl <k <n,
< (] >= (its--osin) € S | KT |
l,....l I(k-1)1+1 < ld+1 forl <k <n-1.
—~————
n times
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Pfaffian

Let [n] = {1.....n}, and () = {(ir.....0) 11 <iy < <ij < n}for
positive integers n and |. Let S, denote the symetric group on [n].
For positive integers | and n, we set

In . . 3 i
(I " I):{('lm.,un)e6m|'(k—1)l+1<"'<'kl fori<ks<nj,

n times

[In] _l in) € G ik—1)41 < <dgforl <k <n,
.. B i <kqafori<k <n-1. [
n times

A permutation o € <2[?‘r.‘]2> is called a perfect matching or a 1-factor.
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Pfaffian

= {12,13,14, 23, 24, 34},

= {1234,13 24,14 23,23 14,2413,34 12},

> = {1234,13 24,14 23},
> = {123456,123546,12 36 45,1324 56,13 25 46,

1326 35,14 2356,14 25 36, 14 26 35, 15 23 46,
1524 36,1526 34,16 2345,162435,162534},

and (2[2]2) has 90 elements.
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Definition

We say a matrix A = (&j)ij>1 (resp. A = (ajj)1<ij<n) iS
skew-symmetric if it satisfies aj = —a fori,j > 1 (resp.
1<i,j<n).
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We say a matrix A = (&j)ij>1 (resp. A = (ajj)1<ij<n) iS
skew-symmetric if it satisfies aj = —a fori,j > 1 (resp.
1<i,j<n).

Let n be a positive integer. The Pfaffian of A is defined to be

1
Pf(A) = = Z SgN(0) 8gy0p - - - Bory_g.0m

a-e( 2[2"]2 >
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Configurations arising from perfect matchings

We take 2n vertices in line on the x-axis, and connect oj_1 with
oo, 1 =1,...,n, by an arc in the upper half plane. Then we have

ng‘(O') _ (_1)# crossings'

AW AR '
1234 1234 12314

{{1,2},{3,4}) {{1,3},{2,4}} {{1,4},{2,3}}
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Configurations arising from perfect matchings

We take 2n vertices in line on the x-axis, and connect oj_1 with
oo, 1 =1,...,n, by an arc in the upper half plane. Then we have

ng‘(O') _ (_1)# crossings'

AW AR '
1234 1234 12314

{{1,2},{3,4}) {{1,3},{2,4}} {{1,4},{2,3}}

1 1 1
01 a; a% a‘é
—-a 0 a a
2 3 a2l 1.3 1.2 1.2
Pf a1l _a2 0 al = a,a, —aza; +a,as.
i 3 5 4
-a, -a; -a,; O
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A Catalan Hankel Pfaffian
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Special cases

Theorem [l, Tagawa and Zeng'13]

Letn > 1andr > -1 be integers.
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Special cases

Theorem [l, Tagawa and Zeng’13]

Letn > 1andr > -1 be integers.

© Let C, denote the Catalan numbers.

n-1 (4k+1)| n (2k—1)|(4k+2r—2)|
= [

e (2k +r=1)H2(k +n) +r -2}l
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Special cases

Theorem [l, Tagawa and Zeng'13]

Letn > 1andr > -1 be integers.
@ Let C, denote the Catalan numbers.

Pf((j - i)Ci+i+r—2)
s 4k+1 (2k — 1)!(4k + 2r - 2)!
ﬂ E[(Zk+r—l)!{2(k+n)+r—2}!’

1

1<i,j<2n

=~

Q LetD, = (Zn”) denote the central binomial coefficients.

N (41)1 0 (2k — 1)1(4k + 2r - 2)!

" (@) I!_l—l (2k +r=1)1{2(k +n) +r-3}1°
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General case

Theorem [l, Tagawa and Zeng'13]

Letn > 1 andr > -1 be integers. Then we have

pf((qi—l _qj—l) (ad; Q)i4j4r-2 )
(aqur Q)i+j+r—2 1<i,j<2n

_ an(n—l)qn(n—l)(4n-|—l)/3-|—n(n—l)r

-1
q q )2k - 1(aq Q)zk 1
n (o ) [ | 22 =
k=1 k=1

(abg?; q), 2(k-n)+r-3
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General case

Theorem [l, Tagawa and Zeng'13]

Letn > 1 andr > -1 be integers. Then we have

pf((qi—l _qj—l) (ad; Q)i4j4r-2 )
(aqur Q)i+j+r—2 1<i,j<2n

_ an(n—l)qn(n—l)(4n-|—l)/3-|—n(n—l)r

-1
(a;a)2k-1(ad; a)2k+r-1
ba; q)2«
D Dl (abg?; )(k+n)+r 3

In I, Tagawa and Zeng'13, we gave an algebraic proof of this
theorem using Jackson’s formula for g¢s, which was relatively long.
The purpose of this talk is to give another proof of this theorem
using Selberg’s integral, and settle the most of the conjectures
described in I, Tagawa and Zeng'13.
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Hyperpfaffians and De Bruijn’s
formula
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References (hyperpfaffians)

@ Alexander I. Barvinok., “New algorithms for linear k-matroid
intersection and matroid k-parity problems”, JMathematical
Programming, 69 (1995), 449-470.
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Hyperpfaffian

Definition 1 (Barvinok’s and Luque-Thibon’s hyperpfaffian)

Let | be an even integer, n a postive integer, and let
B = (B(i))ie([zn]) be a I-demensional array. The hyperpfaffian
|

pillt(B) of B is defined by Barvinok as

Pf["l](B):$ >, sgn(o) ﬁs (or(I(i = 1) +1),...,0(li)).
. ‘Te(m) =1

Let |, n postive integers, and let B = (B(i)), be as above. The

(M)
hyperpfaffian Pfl'Y(B) of B is defined by Luque and Thibon as

pilt(B) = > sgn(o) ]‘[5 (G -1)+1),...,0()),

o-e( fin] )

which generalize Barvinok’s definition to the case where | is odd.
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Hyperpfaffian

Definition 2 (Matsumoto’s hyperpfaffian)

Let m and n be postive integers, and let

B = (B(il,...,im))il ime( 2 be a 2m-demensional array The
""" m=\2 .2

hyperpfaffian Pf[Z"m](B) is defined by Matsumoto as

pPfl2m(B) = 1 Z sgn(oy -+ - o m)

o1 Tme( )
n
x [ |B(o1(2i - 1), 04 (20), -, om(2i = 1), o (2]))-
=1
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Hyperpfaffian

Definition 3 (hyperpfaffian)

Letl, m and n be postive integers, and let B = (B(i1,...,im)), | ()
Loeessim =Yy L)

be a Im-demensional array. We adopt the following definition:

et 5 st
01 ‘Tme(glﬂ)
<[ [B(s - 1) + .- oa(i). . om(Ili = 1)+ ). (i),

x [ [Bloa(1i = 1) + 1), o), ,om(I(i = 1) + 1), , om(1):

i=1
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Hyperafnians

Properties of hyperpfaffians
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Hyperafnians

Properties of hyperpfaffians

@ Pil'M(B) is defined only when | is even.
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Hyperafnians

Properties of hyperpfaffians

@ pil'm(B) is defined only when | is even.
@ Generally the two definitions do not agree. But if B satisfies

B(i.,(l),...,i.r(m))ZB(i1,...,im) (VTEGm)

then we have Pfl'™(B) = pfl-m(B).
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Hyperafnians

Properties of hyperpfaffians

@ pil'm(B) is defined only when | is even.
@ Generally the two definitions do not agree. But if B satisfies

B(ir(1),---»izm) =B(it.....im) ("7 €Sn)

then we have Pfl\m(B) = pfl-m(B).
Q Hafnian Hf '™ (B), hfl-M(B) are defined similarly.
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Hyperafnians
Properties of hyperpfaffians

@ pil'm(B) is defined only when | is even.
@ Generally the two definitions do not agree. But if B satisfies

B(i.,(l),...,i.,-(m)):B(il,...,im) (VTGSm)

then we have Pfl\m(B) = pfl-m(B).
@ Hafnian Hfl'™(B), hil'™(B) are defined similarly.

LetB = (B(il,...,im)). (M) be a Im-demensional array of

.....

size N. If K1, ...,Kn € ([ ]) then we write BKl K for the

.....
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Definition
Let A = (ai)ij>1 be a matrix (of finite or infinite row/column
length). If | = {il,... ir} (resp. J = {jl,...,jr )are a set of row

submatrlx obtained from A by choosmg the rows mdexed by I and
columns indexed by J.
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Notation

Let A = (ai)ij>1 be a matrix (of finite or infinite row/column
length). If | = {il,... ir} (resp. J = {jl,...,jr }) are a set of row

submatrlx obtained from A by choosmg the rows mdexed by I and
columns indexed by J.

For A = (a ).,>1 we use the notation

ay a; al a; a; a}

135 _ |3 .3 .3 A[3] 2 a2 a2
Ayue = a% azé a% , = a% a% a?3
a; a; a; a a; aj
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Minor summation formula of hyperpfaffians

Theorem (Minor summation formula of hyperpfaffians)

Letl, n, N and p be positive integers such that In < N. Let
H(s) = (hj(s))1<icin1<j<n D& IN X N rectangular matrices for

1<s<p,andletA = (AGD, - i®))u e m) bean
RN ]
Ip-demensional array of size N. Then we have

.....

where Q = (Q(ig,. .-, i|p))1§il,_.,ilp§m is the |-alternating
Ip-dimensional tensor of size In defined by

P
QUM,.. ity =" > AK®, k) [Tdet(H(s)e )
s=1

K@), K(p)e([’;‘])
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Notation

Definition (g-Jackson integral)

The g-Jackson integral from a to b is defined by

b )
[ 100dx = (2-) Y t(a -+ (0 - 2)an)(o - )"

provided the sum converges absolutely.
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Notation

Definition (g-Jackson integral)

The g-Jackson integral from a to b is defined by

b )
[ 100dx = (2-) Y t(a -+ (0 - 2)an)(o - )"

provided the sum converges absolutely.

Definition (g-Jackson integral)

Assume we are given a weight function w on [a, b]. We write
dqw(x) = w(x)dgx, i.e,

b b
faf(x)dqw(x):j; f(x) w(x)dgx.
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De Bruijn’s formula (hyperpfaffian version)

Theorem (De Bruijn’s formula)

Let I, m and n be positive integers, and let w(dqx) = w(x)dyx be a
measure on [a, b], Let ¢i(,js)(x) be a function on [a, b] fori € [In] and j € l].
Then we have

P
»£<x<1)< ~<x{M<b - £<x )conax® l_!_ det Il |¢ ( ' ))le[ln],je[n]
x dqw(x D) - -~dqw(x(p)) — pflel (Q(I(l), . i(p)))i(l)

where

Q(iW,...ik) f fl_[det o (X)) 1capa dg(x®) - dgw(x
a "

fori® ... ,ilP) ¢ ([':‘]). Here (i1(x)I- - - |¢i,|(xj))i€[|n]’j€[n] stands for the
In X In matrix whose ith row is given by

(Bia(x), - dia(Xa), ... ia(Xn), - > Bii(Xn)) -
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Hyperpfaffians and integrals

Let dw(x) = w(x)dx be a measure on an interval [a, b], and let
= [, x'dw(x) denote the ith moment. Then we have

m
2,m
Pf[ ](1—[ i2s — 25— 1 * Hig+- +i2m—2m+mr) o
_ 1<iy,...,iom<2n

f;a]n l_[ M(r+1) I_I(Xi _ X],)4m dew(x).

i<j
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Hyperpfaffians and integrals

Let dw(x) = w(x)dx be a measure on an interval [a, b], and let
= [, x'dw(x) denote the ith moment. Then we have

m
Pf[z’m](n |2$ |23 _‘]_ ,ui1+'"+i2m_2m+mr)

1<iy,...,iam<2n

f;a]n l_[ m(r+1)l_l w(X).

i<j

Corollary (A special case m = 1)

Let w and y; be as above, Then we have

pf('_' o — f r+1 Xi — d
(=) tisie-2) icieon loa]nlf[x x)* dw(x).

i<j
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Hyperpfaffians and integrals (a g-analogue)

Let dqw(x) = w(x)dgx be a measure on [0, a], and let
ui = foa x' dqw(x) be the ith moment of w. Then we have

m

Pf[Z,m](l_[(inS—l—l — inS‘l) -yil+...+i2m—2m+mr)

s:l

1-
( aq)” j[; | nxm(r+1) l_[(Xi _Xj)zm
an .

i<j
x ﬂ(qxi =)™ (x = )" w(dgx).

i<j

1§i1,...,i2m <2n
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Hyperpfaffians and integrals (a g-analogue)

Corollary (A special case m = 1)

Let dqw(x) = w(x)dgx be a measure on [0, a], and let
i = foa x' dqw(x) be the ith moment of w. Then we have

Pf((qi_l - qj_l) 'lli+j—2+r)

1<ij<2n
G (1=q)"
q(1-q)
- [ [T e
' [0a]" % i<j

x| (axi =)(x — ax) dgeo(x).

i<j

We put | = 2, ¢i1(x) = g1, ¢i2(x) = x'71, then use the
Vandermonde determinant.
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Selberg-Askey integral
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Little g-Jacobi type pfaffian

Theorem [l, Tagawa and Zeng'13]

Letn > 1 andr > -1 be integers. Then we have

pf((qi—l _ g (ag; Q)ij+r-2 )
(aqur Q)i+j+r—2 1<i,j<2n

n(n—l)qn(n—l)(4n+l)/3+n(n—1)r

1
(a;a)2k-1(ad; a)2k+r-1
ba; a)2«
U Dl (aba?; a)2(k-+n)+r-3
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Little g-Jacobi type pfaffian

Theorem [l, Tagawa and Zeng'13]

Letn > 1 andr > -1 be integers. Then we have

Pf ((qi—l _ g (ag; Q)ij+r-2 )
(abq2; Q)i+j+r_2 1<ij<2n

n(n—l)qn(n—l)(4n+l)/3+n(n—1)r

1
(a;a)2k-1(ad; a)2k+r-1
ba; a)2«
U Dl (aba?; a)2(k-+n)+r-3

Another proof is obtained by taking the weight function

1 (a0.baiQ)e (@D 44
1-9 (abg?g;q)e (bAx;q)e

and use De Bruijn’s formula.
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w(x) =

2




Selberg-Askey integral

Theorem (Askey-Habsieger-Kadell)

n

_ _3 (9 9)eo
t2 (g4 /t;; por 8
L,ﬂ" l_l BCIT q)2k n L (90w

i<j i=1

_ qu(g)+2k2(§)An(x’y; q).
where

1 Ta(x £ (- DK)Mg(y + ( - Dk)Mq(ik + 1)

Avia) = | = e T v —2orak + D

Here the g-gamma fonction is defined on C \ Z~ by

Fa(8) = T (- ),
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Reference (Askey-Habsieger-Kadell)

© R. Askey, “Some basic hypergeometric extengions of integrals
of Selberg and Andrews”, SIAM J. Math. Anal., 11, 1980,
203-951.
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Reference (Askey-Habsieger-Kadell)

@ R. Askey, “Some basic hypergeometric extengions of integrals
of Selberg and Andrews”, SIAM J. Math. Anal., 11, 1980,
203-951.

@ L. Habsieger, Une g-intégrale de Selberg et Askey, SIAM J.
Math. Anal. 19 (1988), no. 6, 1475-1489
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Reference (Askey-Habsieger-Kadell)

@ R. Askey, “Some basic hypergeometric extengions of integrals
of Selberg and Andrews”, SIAM J. Math. Anal., 11, 1980,
203-951.

© L. Habsieger, Une g-intégrale de Selberg et Askey, SIAM J.
Math. Anal. 19 (1988), no. 6, 1475-1489

© K. W. J. Kadell, A proof of Askey’s conjectured g-analogue of
Selberg’s integral and a conjecture of Morris, SIAM J. Math.
Anal. 19 (1988), 969-986.
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Baker & Forrester Integral
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Al-Salam and Carlitz type Pfaffian 1

We have

Pf((qi_1 —97)Fis-a(a; q))

1<ij<2n
_an(nl n(nl4n5HQQZk1,
Pf((q“l o' )Fiti-2(a; q))
1<ij<2n

n(n 1)q6n(” 1)(an+1) l_l q; q 2k— 1Zq(n_k)(n_k_l)[;:] ak’

_ k=0 a*
n
where F(a) Z [ ]
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Al-Salam and Carlitz type Pfaffian 2

We have

Pf((qi_l —d7)Gitj-a(a Q))

1<i,j<2n

n
an(-Dgn(-D@-9)/3 T T(q: q)z_1,
1

Pf((q“l - d™)Giyj2(a; Q))

1<ij<2n
— a"(-Dg- §n(n-1)(2n-1) a; ) 2k-1 [ ] °
[T ]
n
where G(a (a;q) Z[ ] e,
k=0
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Al-Salam and Catrlitz I, Il polynomials

Definition (Al-Salam and Carlitz I, 1l polynomials)

Al-Salam and Carlitz defined the sequences {U,(f)(y; q)} (a <0)
and {V,Ea)(x; q)} of orthogonal polynomials satisfying
n(n-1)

1
| U e a)ul o apmPx @) dox = (1.~ a)-a)"a " (@ Qo

a

fl V) x; )V (x; a)w® (x; a) dgx = (L - a)a"a ™" (a; A)ndmn,

where the weight functions wlsa)(x; q) and w\(/a)(x; q) are given by

wi(x;q) = (ax; q),, (%;Q)w/(q: 9).. (ad; q)m(g; q)m,

wi?(x:q) = (a:9)., (ac; q)w(g;q)w/(x; q);(g;q)w.

Here (x; q)., denotes the product except the term which equals 0.
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Baker & Forrester Integral

Theorem [Baker and Forrester(2000)]

Baker and Forrester(2000) prove

n
2(x) I_IWL(Ja)(Xi; q)dq X
i=1
=(1- q)n(_a)kn(zfl)qkz(g)—

n

AZ(x) W\(/a)(Xi; q) dgx

[a,1]"

[1.c0]" i=1
= (1-q)'aF g0 ﬂ
i=1 q)k
k
where  AZ(x) = l_[ l_[ (xi — g'x)).
i<j I=—k+1
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Reference (Baker & Forrester Integral)

© T. H. Baker and P. J. Forrester, “Multivariable Al-Salam &
Carlitz polynomials associated with the type A g-Dunkl
kernel”, Math. Nachr., 212 (2000):5-35.
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Reference (Baker & Forrester Integral)

© T. H. Baker and P. J. Forrester, “Multivariable Al-Salam &
Carlitz polynomials associated with the type A g-Dunkl
kernel”, Math. Nachr., 212 (2000):5-35.

@ W. Al-Salam and L. Carlitz, “Some orthogonal g-polynomials”,
Math. Nachr., 30 (1965), 47—61.
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Combinatorial Numbers
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Several numbers counting paths

Definition (Motzkin, Delannoy, Schroder and Narayana numbers)

Let Mnh = X¢_, (2nk)Ck denote the Motzkin numbers,
= e 0( )(”+k) the central Delannoy numbers, and
Zk -0 (”*k)Ck Schréder numbers. The Narayana numbers

(n,k) = %(k)(k 1) n=123...,1<k <n, gives the Narayana
polynomials

Nn(a) = ; %(E)(k " 1)ak,

which is the moment sequece of a generalized Thebyshev
polynomials of the first kind.
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Several numbers counting paths

The first few terms of Motzkin, Delannoy, Schroder and Narayana
numbers are as follows.

{Mplnso = 1,1,2,4,9,21,51,127,323, ...

{Dnlnso = 1,3,13,63,321, 1683, 8989, 48639, 265729, . ..
{Snins0 = 1,2,6,22,90, 394, 1806, 8558, 415886, . . .
{Nn(@)}nso = a@,a®> +a,a®+3a’ +a,a* + 6a® +6a’ +a,...
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Conjectured ldentities

Let n > 1 be an integers. Then the following identities would hold:

n-1

Pf((j - i)Mi+j_3) = [ Jeak +2),
1<i,j<2n K=0
) n-1
Pf((] - i)Di+j_3) = 2" 2n-1) [ [(4ak - 1),
1<i,j<2n K=1
) n-1
Pf((j = i)SiJrj—Z) =2" (4k aF 1),
1<i,j<2n k=0
) n-1
Pf((j - i)Niﬂ-_z(a)) a™ | |(4k +1)
1<i,j<2n K=0
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Conjectured ldentities

Let n > 1 be an integers. Then the following identities would hold:

n-1

Pf((j - i)Mi+j_3) = [ Jeak +2),
1<i,j<2n K=0
) n-1
Pf((] - i)Di+j_3) = 2" 2n-1) [ [(4ak - 1),
1<i,j<2n K=1
) n-1
Pf((j = i)SiJrj—Z) =2" (4k aF 1),
1<i,j<2n k=0
) n-1
Pf((j - i)Niﬂ-_z(a)) a™ | |(4k +1)
1<i,j<2n K=0

@ M. Ishikawa and C. Koutschan. “Zeilberger’s holonomic
ansatz for Pfaffians”, CoRR abs, 1201.5253, 2012,
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Selberg’s Integral

Theorem (Atle Selberg 1944)
111 — )Pt It — t dt
f[o mﬂ T w-y

1<i<j<n
T (@+iy)TB+iy) T+ +1)y)
F@+B8+(+j-1)y)T (1+7)

j=0
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Selberg’s Integral

Theorem (Atle Selberg 1944)
111 — )Pt It — t dt
f[o mﬂ T w-y

1<i<j<n
T (@+iy)TB+iy) T+ +1)y)
Fla+B+(n+j-1)y)F (1+7)

j=0

@ Selberg A., “Remarks on a multiple integral”, Norsk Mat.
Tidsskr. 26 (1944), 71-78.
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Selberg’s Integral
Theorem (Atle Selberg 1944)

j;”nr]tal (1-t)F1 [T It —hfydt

1<i<j<n

e+ T @+inr@+i+1)y)
Ma+B+(+j-1)y)T(1+7)

j=0

@ Selberg A., “Remarks on a multiple integral”, Norsk Mat.
Tidsskr. 26 (1944), 71-78.

Definition
We write the right-hand side product as S, («,8,7).
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Hyperpfaffian version 1

Theorem (Hankel hyperpfaffian of Motzkin numbers)

m

pf[zm](l—[(iZS —i2s-1) * Mij 4 tizn-3m

s=1 )1<i1 ----- i2m<2n

(2n)nn' f[ 3]nﬂ =) [ ] Ve 1E-x)

B 42mn(n-1)+2n (3 3 ) )
~ 7 (27)™n 2’2’

Masao Ishikawa Selberg integrals and evaluations of Pfaffians



Hyperpfaffian version 2

Theorem (Hankel hyperpfaffian of central Delannoy numbers)

m

Pflzm](n(izs — i25-1) * Dij o tipm—3m

s=1 )1§i1,...,i2m§2n
1 f [Tii (6 — %)™ dx
7'n! Jiz_22, 342 v2)n [T \f6x —x? — 1

_ (4«/5)2”“”(”‘”8(1 1 )

-, =,2m
(27)"n! 22
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Hyperpfaffian version 3

Theorem (Hankel hyperpfaffian of Schroder numbers)

m

[2m] . e -
_ ) m_
Pf (l_l(lzs i25-1) * Siyt-tip 3m+1)
=t 1<i1,...,lom<2n
- : . \4m . 5
- (2n)n! L—Z‘/ﬁ,3+2x/§]n H(XI -Xj) 1—[ mdx,

i<j i

_ (appmihi 33
B (27)"n! 27270
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An Open Problem
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Definition (Gessel and Xin numbers a,)

_ 1 (3ny_ _1 (3n+1
Leta, = 2n+l(n)_ 3n+1( n )
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Definition (Gessel and Xin numbers a,)

Leta, — Tlﬂ(in) = 3n1+1(3”n+1). Gessel and Xin prove that

1 (3i + 1)(6i)!(2i)!
(4i+1)!(4i)!

—1

det(aj4j-1)1<ij<n =
i=1

which equals the number of (2n + 1) x (2n + 1) alternating sign
matrices that are invariant under vertical reflection.
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Definition (Gessel and Xin numbers a,)

Leta, — Tlﬂ(in) = 3n1+1(3”n+1). Gessel and Xin prove that

1 (3i + 1)(6i)!(2i)!
(4i+1)!(4i)!

—1

det(aj4j-1)1<ij<n =
i=1

which equals the number of (2n + 1) x (2n + 1) alternating sign
matrices that are invariant under vertical reflection. Krattenthaler
(Theorem 31) collects 19 Hankel determinants of this type.
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Definition (Gessel and Xin numbers a,)

Leta, — TIH(Sn”) = 3n1+1(3”n+1). Gessel and Xin prove that

det(aj4j-1)1<ij<n =

ﬁ (3i + 1)(6i)!(2i)!
= (4i + 1)!(4i)!

which equals the number of (2n + 1) x (2n + 1) alternating sign
matrices that are invariant under vertical reflection. Krattenthaler
(Theorem 31) collects 19 Hankel determinants of this type.

@ |. Gessel and G. Xin, “The Generating Function of Ternary
Trees and Continued Fractions”, Electron. J. Combin. 13
(2006):R53.

@ C. Krattenthaler, “Advanced Determinant Calculus: A
Compliment”, Linear Algebra Appl. 411 (2005):68—166.
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Definition (Gessel and Xin numbers a,)
1 (Sn) 1 (3n+1
2n+1\n) — 3n+1\ n

Let an =

). Gessel and Xin prove that

det(aj4j-1)1<ij<n =

ﬁ (3i + 1)(6i)!(2i)!
= (4i + 1)!(4i)!

which equals the number of (2n + 1) x (2n + 1) alternating sign
matrices that are invariant under vertical reflection. Krattenthaler
(Theorem 31) collects 19 Hankel determinants of this type.

@ |. Gessel and G. Xin, “The Generating Function of Ternary
Trees and Continued Fractions”, Electron. J. Combin. 13
(2006):R53.

@ C. Krattenthaler, “Advanced Determinant Calculus: A
Compliment”, Linear Algebra Appl. 411 (2005):68—166.

We made the following cnjectures for Pfaffian analogues:
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Conjectured identities 1
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Conjectured identities 1

o Ifa 1 (3n+1) [x n]z':l(% £:3:4x) then
Rl G 2F1(5.33:5%)’
f(( 1a®). ) 1 777 (12k + 6)!(4k + 1)!(3k + 2)!
_I —
1784 1sijson 2" L1 (8k +2)!(8k +5)!(3k + 1)!

v
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Conjectured identities 1

@ ifal’ = 1) = [”]—2F1(§

3n+1\ n then

Pf(( ) ) 1 "3 (12k + 6)!(4k + 1)1(3k + 2)!
— 1 e
PV djeon — 20 L LK 2)1(8K + 5)1(3k + 1)!
1 (3an+2) _ o ny2Fi(5.53:5%)
Q Ifa 3n+2(n”+1)_ [x" ]ZFI(;;;% ),then
Pf( -0a%,)
(J I)a'ﬂ_z 1<i,j<2n

T (12K + 10)!(4k + 2)!(4k + 1)
1_[ (8k + 3)!(8k + 7)!(3k + 2)(12k +5)

Masao Ishikawa Selberg integrals and evaluations of Pfaffians



Conjectured identities 2
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Conjectured identities 2

( )

3

o (3) 2 (3n+1 [ n]2F1 2.5:2:%x h
Ifa,” = ( ):x ———, then
SntiAnt+d 2F1(%.3:3:5%)

@)
o ((J - I)ai""j_l)lsi,jSZn

_(4\" T (12k +15)1(4k + 5)I(2k + 1)
- (5) l_l (8k +8)!(8k +11)!(12k + 13)

k=0
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Conjectured identities 2

)

fal® = 2 (3n+1) _ 1yn oF1(2.2:2:€x .
Q an 3n+1(n+1) = [X ]FET then
oF1(3.3:3:5%)’

Pf((j -i)a I(ij) 1

4\" 17 (12k + 15)!(4k + 5)!(2k + 1)
:(‘) L

)1§i,j£2n

3) |l (ak+e)l(ek + 11)/(12k + 13)
(4) _ 2 3n+2) _ 2F1(3.5:3:5%)
o If a, " = m(nn+l) = [Xn]m, then

a4
Pf ((J - |) i+j— l)1<i,j<2n

2\" 15 (12k + 6)!(4k 4 5)!(4k + 3)
:(5) (6”“)!I_L(Sk+5)!(8k+10)!(k+1)(3k+1)‘
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Conjectured identities 3
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Conjectured identities 3

Q Ifa — 945 (3n+2) =[x n]zFl(%’%:S:ﬁlX) e
~ (3n+1)(3n+2)\ n+1 2F1(%.%;§;24—7X)’
n-1
(6k +6)!(2k)!
Pf ((J _ i)a'(s-),z) _gn )!(2k) '
=21 j<on o (4k +1)!(4k +4)!(3k +2)
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Thank you for your attention!
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