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Schur-type Pfaffians



Pfaffian

Let A = (a;j)1<i, j<om be a 2m x 2m skew-symmetric matrix. The
Pfaffian of A is defined by

PIA= D san(m)an() n(2)0n(3)x(4) " Or(2m—1)m(2m)

TESm
where §9,, is the subset of the symmetric group G9,,, given by
( 1) < 7w(3) < -+ < 7w2m—1))
Som=4mE Gy, A A\ A =
\ w(2) 7w(4) T(2m)

and sgn(m) denotes the signature of 7.
For example, if 2m = 4, then
0 a2 a3 auy
—aiz 0 ax agy

Pt
—ai3 —azz 0  agy

= 112034 — Q13024 1 A14023.

—ay14 —agy —azy 0



Schur-type Pfaffians
Schur (1911)

Pf (CEJ — $Z> _ H .Tj — Xy
Tj T/ 1< j<n  1<icijcn T3 T

Laksov—Lascoux—Thorup (1989), Stembridge (1990)

Pf (1513] — Iy ) _ H 1:13]' — Xy |
Tl < g<n q<icj<n s T

Knuth (1996)

Pt — H )
c+blw; +xj) +aviz; ) o i 1<icien ¢ b(w; + x;) + av;x;

where b% = qac + 1.



Sundquist (1996), Okada (1998)

br ((aj —a;)(bj — bz’))
g — i 1<i, j<n

1 ~ -
= det V212 (g @) det V212 (g b),
[h<icj<nlz; — )
where x = (z1, -+ ,xp), a = (a1, - ,an), b= (b1, ,by) and
ad . 2 —1 —1
V’nz? q<$7a’) — (\inax@'a o 737? Jagiaaixiaaixga U ,CLZ‘IE;-] ‘)1§i§n.
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If we replace
x; by x%, a; by x;, and b; by x;,

then we recover Schur's Pfaffian.



Theorem A ltn+p+qg=2miseven and n > p+ q, then we have
- Su(w; a,b) VI (x;b)
/P4y ,,.
Vi (x; b) 0,
(—1) ("2 ")+ m—p)g

e T @) da T ),
<1<y<n\") l
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- (a; — a;)(b; — b;)
. J AN ¢
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Vn (33,&) = (},ZE@',CI% ,V ,IZ' Jagiaaixi7aix’i:... 7aixi J)lézgn
D q

The case p = q¢ = 0 is the Sundquist—Okada Pfaffian.



Theorem B lfn+r=2miseven and n > r, then we have

( A — U (1 T ol oL, lﬂf—l) \
1—$Z'£Ej 1<i, j<n YTy e 1<i<n

t 2 r—1
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x det (3:;71—17 x+ ZC;-n_Q, :13;7”1 + ZC;-n_g, - ,x?m_Q +1,
m
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If r =0 and a; = z; (1 < i < n), then this reduces to the LLTS

Pfaffian.



Ildea of the Proof

Theorem B follows from Theorem A with p = g or p = g+ 1 by
substituting
x; by x; +:L’Z-_1, and 0b; by z;.

Theorem A is proved by comparing the coefficient of bl = [ [;erb; on
the both sides, and the proof is reduced to showing

( ¢; — d; 2 -1 \
( L ) (L’%)'%’?’“)ZZ' >1<.<
det < — Wi/ 1<i<r 1<j<s SUET
1w w2 ]‘?—1>
\ ( ,’lU],UJ], 7w] 1<j<s 0 )

(—1)5+(2")

= dt\73+l’r_lew'cUd.
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Applications to Symmetric Function ldentities

1. Theorem A —— Schur’s P-functions.

2. Thoerem B — restricted Littlewood's formula.



Applications to Schur’s P-functions

Schur's P-functions Py(x) (or @-functions ()\(x)) are symmetric
functions, which play a fundamental role in the theory of projective rep-
resentations of the symmetric groups, similar to that of Schur functions
sy(a) in the theory of linear representations.

Nimmo gave a formula for Py(x1, - ,xy) in terms of a Pfaffian. Let
A be a strict partition of length [, i.e., A\f > X > - > A\ > 0. f n+1

Is even, then we have
( (:C@ — CUj) (:EM P ZEM) \
A} ) ) .
Ti T Tj ) 1<i j<n 1<i<n

L v /

A similar formula holds in the case where n + [ is odd.

Pz = [ Z5p

QZZ'—QZ]'

1<i<i<n




On the other hand, by replacing x; by 51322 a; by x;, and b; by x;, the
left hand side of the Pfaffian formula in Theorem A reads

( L — Ty 2(p—1 2(g—1)+1 \
( ]. ) (17$z27$;la 7$i(p )7:575758?71'257”' 7$i(q ) _
Tj T Ti) 1< j<n 1<i<n

. v /

Comparing this with Nimmo's formula, we obtain an algebraic proof of

Pt

Theorem (Worley; Conj. by Stanley) We put
pr=(k,k—1,---,2.1).
Then we have
Epptp (@) = 5p,(2)50/().

In particular, we have

Py (@) = sp.(x).



Similarly, by specializing

2 L

Ti & T, g bj «—
1

in Theorem A, and equating the coefficients of t! we can prove
Theorem (Worley) We put

pp=(k,k—1,---,2,1), and (1)) = (Q;'"D'
If 0 <! <k+1, then we have
Ppk+(1l)($) = z}\: sx(x),
where X\ runs over all partitions satisfying pp. C A C pr4q and |A| —

okl =1



Applications to restricted Littlewood’s formulae
Theorem  (Schur, Littlewood)

1
D salan, e am) =

s i=1(1 = 2i) [Ti<icjcn(l — izj)

where A\ runs over all partitions.

Theorem (King; Conj. by Lievens—Stoilova—Van der Jeugt)

1
Z S\(T1,...,xp)=

=l i1 (1= 2) [T1<jcj<n(l — zi75)

_ . —l+7—1
><det (x?’ ]—(—1)ZX[J > l]x? ! )1§z‘,j§n

det (2, ) 1<i, j<n

where A\ runs over all partitions of length <[, and x|[j > 1] =1if 5 > [
and 0 otherwise.



We can give another proof to King's formula by using the minor-

summation formula (Ishikawa—Wakayama) and Schur-type Pfaffian for-
mula (Theorem B).

Theorem  (Ishikawa—Wakayama) Suppose that n + r is even and
0<n-—r<N. For a matrix
L] [r+1,r+N]

T=(tij)1<icn1<jeran = ( H K )

and a skew-symmetric matrix A = (aij)r+1<7; i< We have

(o KA'K H
ZPfA “det (H K[J]) = (=1)" 1>/2Pf< o 0)’

Where J =471 < -+ < jn—r} runs over all (n — r)-element subsets of
r+ 1,7+ NJ and

AJ) = (ajpajq)lgp,qgn—r’ K|J] = (tp,jq)1§p§n,1gq§n—r'



Outline of the Proof of King’s formula

For simplicity, we assume that [ is even. We put r =n — [.
First we apply the minor-summation formula to the matrices

r r+1 r+2 r+3

0 1 2 3 - 0 | |
1z 2% ) - (_1 0 | | \
1 a0 x5 a5 ---
T= | 7 7 A= | -1 -1 0 1
TP U

: _ () _ ()
with H = (xi)lgz‘gn,ogjgr—l and K = (xi)lgign,er' Then we can
express the summation

in terms of a Pfaffian.



Partitions of length < n are in bijection with n-element subsets of
nonnegative integers, via

Ai— I A)={NM+n—1, ) +n—2,--- A1+ 1, A}
Then we have
(N <l<=[0,n—1—1] C I,(\N).
If [(A) <land J=1,(A\)\[0,n—1—1], then
- det (H K[J])
- i<icj<n(@; — )
Hence, by applying the minor-summation formula, we have

(=1)rtn=r) (KAtK H)
5(377"',$n): Pf |
l(%;l Y H1§i<j§n(wj - xz) —'H O

PfA(J) = 1.

S)\(xla th 7'7771)




The (7, 7) entry of K A'K is given by

r,.r . ) r,.Tr
wixj(x] ;) I (g;j R )
1l —x;

(1 — :13,&)(1 — :C])(l — ZI?ZZIJ]) B 1 — CCZZCJ 1 — Xy

Hence we have
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( :z:g:c;(aj — a;) ) .-
1 (1733?;7:6@'7'”7331' ) .
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1<, 9<n

x Pt

t 2 r—1
\_ (Lwiaxia'” 7331'

where a; = x;/(1 — x;). Now we can use Theorem B to convert the
Pfaffian into a determinant.

)1§7j§n




Variations

By applying the minor-summation formula to appropriate matrices 1T°
and A, and using Theorem B, we have

Theorem (King)

1
Z SA(CB): H?:1<1 _ %2) H1§z’<j§n(1 — ZIZZ'ZEJ')

AEE, (NI

det (o~ = xlj 2 ™) + det (4} + x5 2 1)
2 det (x?_j)
1 det <x?_j +x[j > 20+ 1]x?_2l+j_2)
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X
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where £ is the set of even partitions, i.e., partitions with only even parts.



