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Coulomb’s Law
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Coulomb’s Law

The electrostatic energy of the system consisting of two point
charges with signed magnitudes q1 and q2 is

E1,2 = ke
q1q2

d(q1, q2)
,

where ke denotes Coulomb’s constant and d(q1, q2) is the
Euclidean distance between the two charges.
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Superposition Principle
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The energy of a system of three point charges is given by

E1,2 + E1,3 + E2,3 = ke

(
q1q2

d(q1, q2)
+

q1q3

d(q1, q3)
+

q2q3

d(q2, q3)

)
.

More generally, the electrostatic energy of a system of point
charges q1, . . . , qn is given by

ke
∑

1≤i<j≤n

qiqj
d(qi, qj)

.
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 ∑
1≤i<j≤N

qiqj
d(qi, qj)

+
∑

1≤i<j≤N

q′iq
′
j

d(q′i, q
′
j)

−
∑

1≤i,j≤N

|qiq′j |
d(qi, q′j)

 .
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(here L = {l1, . . . , lp} indexes the left pointing triangular holes
by their vertical lattice distance from the origin)
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Tilings

Theorem (TG 2016)

M(V L
n,2m) =

 n∏
i=1

2i+2m−1
2i−1

∏
1≤i<j≤n

i+j+2m−1
i+j−1

 · det ÊR,L

where R = {−l1, . . . ,−l|L|}, ÊR,L = (êi,j)1≤i,j≤|L| with
(i, j)-entries given by

êi,j =
Γ(m+ 1

2)Γ(n2 −
li
2 + 3

2)Γ(m+ n+ 1)Γ(n2 +
rj
2 + 3

2)

2li−rj−2πΓ(m)Γ(n2 −
li
2 + 2)Γ(m+ n+ 1

2)Γ(n2 +
rj
2 + 2)

×
∞∑
s=0

(2 +
rj
2 −

li
2 )s(

1
2)s(m+ n+ 1)s(1−m)s

(n2 −
li
2 + 2)s(

n
2 +

rj
2 + 2)s(

3
2)s(s!)

(here Γ(x) = (x− 1)! and (x)y = Γ(x+y)
Γ(x) for x ∈ Q, y ∈ Z).
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Interactions

Suppose 2m ∼ ξn for some real ξ > 0. The interaction of the
holes indexed by L and the vertical free boundary is

ω(ξ;R,L) = lim
n→∞

M(V L
n,2m)

M(V ∅n,2m)

= lim
n→∞

det ÊR,L

As the distances between the sets of holes grows large,

ω(ξ;R,L) ∼ det

(
(ξ(ξ + 2))−1/2

π(rj − li)

(
2

ξ + 1

)rj−li+2
)

1≤i,j≤|L|

and so for ξ = 1,

ω(1;R,L) ∼
(

1

2π

)|L| ∏|L|
i=2

∏i−1
j=1 d(ri, rj)d(li, lj)∏

1≤i,j≤|L| d(ri, lj)
.
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The charge of a hole h, denoted q(h), is the number of left
pointing unit triangles that comprise it minus the number of
right pointing unit triangles.
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The charge of a hole h, denoted q(h), is the number of left
pointing unit triangles that comprise it minus the number of
right pointing unit triangles.

ω(1;R,L) ∼
∏
h∈H

Ch

∏
1≤j<i≤|H|

d(hi, hj)
1
4
q(hi)q(hj),

where H is the set of holes induced by the holes of side length
two indexed by L and R.
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