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Cluster algebras (Fomin-Zelevinsky, 2001)

Commutative, unitary rings (integral domains), with a
special set of generators called cluster variables, gathered
into sets of constant cardinality called clusters.
Cluster variables are inductively built through mutation :
from the cluster x , build a new cluster (x \ {xk}) ∪ {x ′k}
via an exchange relation : xkx

′
k = p+

k m
+
k + p−k m

−
k .

The exchange relations essentially depend on a
skew-symmetrisable exchange matrix B and a set of
coe�cients (p±k ).

The cluster algebra of initial seed (x,B) is the subring of
Q(x, (p±k )) generated by all the cluster variables obtained
through every possible sequence of mutations.
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Cluster algebras

Theorems (Fomin-Zelevinsky, 2001)

Let (x,B) = ((xi ),B) be the initial seed of our cluster algebra.

Laurent phenomenon : {cluster variables} ⊂ ZP[x±1].

Finite type classi�cation :
]{cluster variables} <∞
⇔ B ∈ {An,Bn, . . . ,G2}

In �nite type :

{almost positive roots} bijection↔ {cluster variables}
−αi 7→ xi∑

niαi ∈ Φ+ 7→ 1∏
x
ni
i

(. . . )

Theorem (Keller, 2012)

The bijection also exists for cluster algebras of a�ne/twisted types.
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An example in type A5
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Cluster algebras, surfaces, and snake graphs

(S,M) surface with boundary and marked points
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Cluster algebras, surfaces, and snake graphs

(S,M) surface with boundary and marked points

��
triangulation
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Cluster algebras, surfaces, and snake graphs

(S,M) surface with boundary and marked points

��
triangulation

internal arcs τi ↔ initial cluster variables xi
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Cluster algebras, surfaces, and snake graphs

(S,M) surface with boundary and marked points

��
triangulation

internal arcs τi ↔ initial cluster variables xi
boundary arcs ↔ frozen variables

Anne-Sophie GLEITZ - Gregg MUSIKER IRMA, UdS

Snake graphs for generalised cluster algebras



Cluster algebras, snake graphs Generalised cluster algebras Generalised snake graphs

Cluster algebras, surfaces, and snake graphs

(S,M) surface with boundary and marked points

��
triangulation

internal arcs τi ↔ initial cluster variables xi
boundary arcs ↔ frozen variables
oriented arc γ ↔ cluster variable xγ

Anne-Sophie GLEITZ - Gregg MUSIKER IRMA, UdS

Snake graphs for generalised cluster algebras



Cluster algebras, snake graphs Generalised cluster algebras Generalised snake graphs

Cluster algebras, surfaces, and snake graphs

(S,M) surface with boundary and marked points

��
triangulation

internal arcs τi ↔ initial cluster variables xi
boundary arcs ↔ frozen variables
oriented arc γ ↔ cluster variable xγ

triangles crossed by γ
�

))
snake graph
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(S,M) surface with boundary and marked points
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triangulation

internal arcs τi ↔ initial cluster variables xi
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oriented arc γ ↔ cluster variable xγ

triangles crossed by γ
�
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Cluster algebras, surfaces, and snake graphs

(S,M) surface with boundary and marked points

��
triangulation

internal arcs τi ↔ initial cluster variables xi
boundary arcs ↔ frozen variables
oriented arc γ ↔ cluster variable xγ

triangles crossed by γ
�

))

Laurent expansion of xγ

snake graph

perfect matchings

55
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Perfect matchings

For a graph G = (G0,G1), a perfect matching of G is a subgraph
Γ = (G0, Γ1) such that each vertex of Γ is the endpoint of exactly one

edge.

• •

• •

: 2 perfect matchings : • •

• •

, • •

• •

2n-gon : 2 perfect matchings.
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Γ = (G0, Γ1) such that each vertex of Γ is the endpoint of exactly one

edge.
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Perfect matchings

For a graph G = (G0,G1), a perfect matching of G is a subgraph
Γ = (G0, Γ1) such that each vertex of Γ is the endpoint of exactly one

edge.

• • •
...

• •

• • • • •

(n aligned squares) :

Fibonacci(n + 1).
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Perfect matchings

For a graph G = (G0,G1), a perfect matching of G is a subgraph
Γ = (G0, Γ1) such that each vertex of Γ is the endpoint of exactly one

edge.

• • . . .

• • •

• • • •

• • •

(a zig-zag of n squares) :

n + 1.
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Cluster algebras, surfaces, and perfect matchings

Theorem (Musiker-Schi�er-Williams, 2010)

Suppose that the arc γ crosses ai times each internal arc τi ,
and yields the snake graph G .

The cluster variable xγ can then be written :

xγ =
1

xa11 . . . xann

∑
Γ perf.mat. of G

(∏
w∈Γ1

label(w)

)
.
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1

x2x3x4
(ecfd + ecx3x5 + edx2x4 + x1x

2

3
x5 + fdx1x3).
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Generalised cluster algebras

Introduced and studied by Chekhov and Shapiro (2011), and then
Nakanishi (2014)

Same notions of cluster, cluster variables, initial seed, exchange
matrix...

The exchange relations are generalised, i.e. their right-hand sides
may contain more than 2 terms :

xkx
′
k = p+

k (m+
k )n+λ

(k)
1

(m+
k )n−1m−k + · · ·+ +λ

(k)
n−1m

+
k (m−k )n−1 +p−k (m−k )n

The degree n depends on the gcd of the coe�cients in the k-th
column of the exchange matrix.

The generalised cluster algebra of initial seed (x,B) is the subring of

Q(x, (p±k ), (λ
(k)
i )) generated by all the cluster variables obtained through

every possible sequence of mutations.
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Generalised cluster algebras

Theorems (Chekhov-Shapiro, 2011)

The Laurent phenomenon and �nite type classi�cation
theorems remain true for generalised cluster algebras.

Corollary

The bijection between almost positive roots and cluster
variables also exists for cluster algebras of �nite, a�ne and
twisted types.

Generalised cluster algebras were initially used by Chekhov and
Shapiro to study triangulations of Riemann surfaces with
orbifold points, giving us a motivation to �nd generalised
snake graphs !
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Example : type C3

Initial seed : Π0 := (x0,B), with

x
0 = (x1, x2, x3), B =

 0 1 0
−1 0 2
0 −1 0

 .

Exchange relations :
x1x
′
1

= p10 + p11x2,
x2x
′
2

= p20x1 + p21x3

,

x3x
′
3

= ax2
2

+λx2 + c .

Standard x3 tile :

•
c (3)

1 •
1

•
ax2

2

•

7→ •
1

a • 1 •
x2

•
x2
• c •

7→ •
1

a • 1

λ

•
x2

•
x2
• c •
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•s

•
••

•t

•
•

•

x1 x 2

x 3 x1

x 2

Corresponding snake graph :

•
(2)p21x3

p20x1 •
(1)1

1 •
p10

•
(2)

p21x3

p20x1

•
1

a •

λ

1 •
x2

•
p11x2

•
(1)

1 • x2 • c •

•
p10

1

•

p11x2
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xγ =
1

x2
1
x2
2
x3


ap2

10
p2
20
x2
1
x2
2

+ cp2
11
p2
21
x2
2
x2
3

+ 2cp10p11p
2

21
x2x

2

3

+2cp10p11p20p21x1x2x3 + cp2
10
p2
21
x2
3

+ 2cp2
10
p20p21x1x3

+cp2
10
p2
20
x2
1

+λp2
10
p2
20
x2
1
x2 + λp2

10
p20p21x1x2x3

+λp10p11p20p21x1x
2

2
x3

 .
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Type Cn

Theorem (G., Musiker)

Let An be the generalised cluster algebra of type Cn, with initial cluster
(x1, . . . , xn) and initial exchange polynomials
θ0i (u, v) = pi,0u+pi,1v (i ∈ J1, n−1K) and θ0n(u, v) = au2+λuv +cv2,

then every cluster variable corresponds to a connected subgraph of

. .
.

•
p1,1x2

1 (1)

•
p1,0

•
pn−1,0xn−2

pn−1,1xn (n−1)

•
1

•
1
•

•
pn−1,0xn−2

pn−1,1xn

(n−1)

• a

1

• 1

λ

•
xn−1

. .
.

•
1
•

xn−1

•
c
•

• 1

(1)p1,1x2

•
1

•
p1,0
•
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Type Cn : idea of the proof

By recursion : generalised exchange relation after mutating k times in
direction n, . . . , 1 :

X (k)
n X (k+1)

n =

(
X

(k)
n−1

)2
+ λpk,1

n−1∏
r=k+1

(pr ,0pr ,1)X
(k)
n−1 + acp2k,1

n−1∏
r=k+1

(pr ,0pr ,1)2

= X
(k)
n−1

(
X

(k)
n−1 + λpk,1

n−1∏
r=k+1

(pr ,0pr ,1)

)
+ acp2k,1

n−1∏
r=k+1

(pr ,0pr ,1)2.

Then : use Canakci and Schi�er's snake graph calculus  bijection
between machings and terms above.

Representation theory : Kirillov-Reshetikhin Ures

ε (Lsl2)-modules, with
εn+1 = 1 :

χε (Wε(n, 1))χε
(
Wε(n, ε

2)
)

= χε
(
Wε(n − 1, ε2)

)2
+Fr∗(V ($))χε

(
Wε(n − 1, ε2)

)
+ 1.
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Type C
(1)
n

Snake graph pattern : periodically alternating the tile

T0 = • a0

x1

•
λ0

c0 •
1

•
1
•

x1
•

and the longest snake graph from type Cn.

For C
(1)
2

: • •
λ2

• • . . .

• •
λ0

• • • •

• • • • •

• λ2 • •

• •

• •
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Type CDn

Snake graph pattern : periodically alternating the tile

Tn = •
1

a • 1

λ

•
xn−1

•
xn−1

•
c
•

and the longest type Dn snake graph.

For CD4 :
1 2 . . .
l

l r
2 1

(λ ) 3
2 3

l 1
1 l r

3 2
( λ)
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Markov quiver : 0 +3 1 +3 2s{

Tiles : for i ∈ {0, 1, 2}mod 3, Ti = • ai

xi−1

•
xi−1

λi

•
xi+1

•
xi+1 • ci •

Snake graph pattern :
•
a0

x2 •
x1

•
x0

a1 • x0

λ1

• λ0

x2

•
c0

• a0

x2

•
λ0

x2 •
x1

c1 • x1 •

•
a0

x2 • a2

x1

•
λ2

x1 •
x0

c0 •

• x0

a1

• λ0

x2

• x0

c0

• c2 •

• λ1

x0

•
c1

x1 •

• a0

x2

•
λ0

x2 •
x1

• x1 • c0 •

Anne-Sophie GLEITZ - Gregg MUSIKER IRMA, UdS

Snake graphs for generalised cluster algebras



Cluster algebras, snake graphs Generalised cluster algebras Generalised snake graphs

Markov quiver : 0 +3 1 +3 2s{

Tiles : for i ∈ {0, 1, 2}mod 3, Ti = • ai

xi−1

•
xi−1

λi

•
xi+1

•
xi+1 • ci •

Snake graph pattern :
•
a0

x2 •
x1

•
x0

a1 • x0

λ1

• λ0

x2

•
c0

• a0

x2

•
λ0

x2 •
x1

c1 • x1 •

•
a0

x2 • a2

x1

•
λ2

x1 •
x0

c0 •

• x0

a1

• λ0

x2

• x0

c0

• c2 •

• λ1

x0

•
c1

x1 •

• a0

x2

•
λ0

x2 •
x1

• x1 • c0 •
Anne-Sophie GLEITZ - Gregg MUSIKER IRMA, UdS

Snake graphs for generalised cluster algebras



Cluster algebras, snake graphs Generalised cluster algebras Generalised snake graphs

Other cases

Type BCn is a folding of type CDn, and thus has the same
snake graph pattern.

So far : found patterns for generalised cluster algebras
from surfaces with generalised exchange relations of
degree ≤ 2.

What about degree 3 ? degree 4 ? It gets a lot harder,
because the number of terms in the Laurent expansion
formulas grow exponentially !
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: −)

Thank you for your attention !
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