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Cluster algebras (Fomin-Zelevinsky, 2001)

o Commutative, unitary rings (integral domains), with a
special set of generators called cluster variables, gathered
into sets of constant cardinality called clusters.
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Cluster algebras (Fomin-Zelevinsky, 2001)

o Commutative, unitary rings (integral domains), with a
special set of generators called cluster variables, gathered
into sets of constant cardinality called clusters.

@ Cluster variables are inductively built through mutation :
from the cluster x , build a new cluster (x \ {xx}) U {x;}
via an exchange relation : xyx|, = p; m{ + p, m .
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Cluster algebras (Fomin-Zelevinsky, 2001)

o Commutative, unitary rings (integral domains), with a
special set of generators called cluster variables, gathered
into sets of constant cardinality called clusters.

@ Cluster variables are inductively built through mutation :
from the cluster x , build a new cluster (x \ {xx}) U {x;}
via an exchange relation : xyx|, = p; m{ + p, m .

@ The exchange relations essentially depend on a
skew-symmetrisable exchange matrix B and a set of
coefficients (p).
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Cluster algebras (Fomin-Zelevinsky, 2001)

o Commutative, unitary rings (integral domains), with a
special set of generators called cluster variables, gathered
into sets of constant cardinality called clusters.

@ Cluster variables are inductively built through mutation :
from the cluster x , build a new cluster (x \ {xx}) U {x;}
via an exchange relation : xyx|, = p; m{ + p, m .

@ The exchange relations essentially depend on a
skew-symmetrisable exchange matrix B and a set of
coefficients (p).

The cluster algebra of initial seed (x, B) is the subring of
Q(x, (pi)) generated by all the cluster variables obtained
through every possible sequence of mutations.
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Cluster algebras

Theorems (Fomin-Zelevinsky, 2001)
Let (x, B) = ((x;), B) be the initial seed of our cluster algebra.
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Cluster algebras

Theorems (Fomin-Zelevinsky, 2001)
Let (x, B) = ((x;), B) be the initial seed of our cluster algebra.

@ Laurent phenomenon : {cluster variables} C ZP[x*!].
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Cluster algebras

Theorems (Fomin-Zelevinsky, 2001)
Let (x, B) = ((x;), B) be the initial seed of our cluster algebra.

@ Laurent phenomenon : {cluster variables} C ZP[x*!].

#{cluster variables} < co

@ Finite type classification : = Be{Ay,Bn,...,G)
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Cluster algebras

Theorems (Fomin-Zelevinsky, 2001)

Let (x, B) = ((x;), B) be the initial seed of our cluster algebra.

@ Laurent phenomenon : {cluster variables} C ZP[x*!].

#{cluster variables} < co

@ Finite type classification : = Be{Ay,Bn,...,G)

@ In finite type :
.. bijection
{almost positive roots}

< {cluster variables}
—Q — Xj
Z nio; € q)+ = ﬁ( )
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Cluster algebras

Theorems (Fomin-Zelevinsky, 2001)
Let (x, B) = ((x;), B) be the initial seed of our cluster algebra.

@ Laurent phenomenon : {cluster variables} C ZP[x*!].

#{cluster variables} < co

@ Finite type classification : = Be{Ay,Bn,...,G)

@ In finite type :
.. bijection
{almost positive roots}

< {cluster variables}
—Q — Xj
Z nio; € ¢+ = ﬁ( )

Theorem (Keller, 2012)

The bijection also exists for cluster algebras of affine/twisted types.
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Type As : another triangulation
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Type As : another triangulation
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Cluster algebras, surfaces, and snake graphs

(S,\M) surface with boundary and marked points
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Cluster algebras, surfaces, and snake graphs

(S,\M) surface with boundary and marked points

|

triangulation
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Cluster algebras, surfaces, and snake graphs

(S,\M) surface with boundary and marked points

|

triangulation
internal arcs 7; <> initial cluster variables x;
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Cluster algebras, surfaces, and snake graphs

(S,\M) surface with boundary and marked points

|

triangulation

internal arcs 7; <> initial cluster variables x;
boundary arcs <+ frozen variables
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Cluster algebras, surfaces, and snake graphs

(S,\M) surface with boundary and marked points

|

triangulation

internal arcs 7; <> initial cluster variables x;
boundary arcs <+ frozen variables
oriented arc v <> cluster variable x,
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Cluster algebras, surfaces, and snake graphs

(S,\M) surface with boundary and marked points

|

triangulation

internal arcs 7; <> initial cluster variables x;
boundary arcs <+ frozen variables
oriented arc v <> cluster variable x,

triangles crossed by ~y

snake graph
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Cluster algebras, surfaces, and snake graphs

(S,\M) surface with boundary and marked points

|

triangulation

internal arcs 7; <> initial cluster variables x;
boundary arcs <+ frozen variables
oriented arc v <> cluster variable x,

triangles crossed by Laurent expansion of x,

snake graph
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Cluster algebras, surfaces, and snake graphs

(S,\M) surface with boundary and marked points

|

triangulation

internal arcs 7; <> initial cluster variables x;
boundary arcs <+ frozen variables
oriented arc v <> cluster variable x,

triangles crossed by Laurent expansion of x,

perfect matchings

snake graph
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Perfect matchings

For a graph G = (Go, G1), a perfect matching of G is a subgraph
I' = (Go, 1) such that each vertex of I is the endpoint of exactly one
edge.
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Perfect matchings

For a graph G = (Go, G1), a perfect matching of G is a subgraph
I' = (Go, 1) such that each vertex of I is the endpoint of exactly one

edge.
[ ] [ ]
[ ] [ ]
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Perfect matchings

For a graph G = (Go, G1), a perfect matching of G is a subgraph
I' = (Go, 1) such that each vertex of I is the endpoint of exactly one

edge.
. e : 2 perfect matchings : e o, o .
[ ] [ ] [ ] L] L] [ ]
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Perfect matchings

For a graph G = (Go, G1), a perfect matching of G is a subgraph
I' = (Go, 1) such that each vertex of I is the endpoint of exactly one

edge.

° e : 2 perfect matchings : e o, o °
[ ] [ ] [ ] L] L] [ ]
2n-gon :
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Perfect matchings

For a graph G = (Go, G1), a perfect matching of G is a subgraph
I' = (Go, 1) such that each vertex of I is the endpoint of exactly one

edge.
. e : 2 perfect matchings : e o, o .
[ ] [ ] [ ] L] L] [ ]

2n-gon : 2 perfect matchings.
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Perfect matchings

For a graph G = (Go, G1), a perfect matching of G is a subgraph
I' = (Go, 1) such that each vertex of I is the endpoint of exactly one

edge.
[ ] [ ] °
[ ] [ ] °
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Perfect matchings

For a graph G = (Go, G1), a perfect matching of G is a subgraph
I' = (Go, 1) such that each vertex of I is the endpoint of exactly one

edge.

° ° e : 3 perfect matchings :

[ ] [ ] °
. . . ° ° ° ° ° °
° . . ° ° ° ° ° °
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Perfect matchings

For a graph G = (Go, G1), a perfect matching of G is a subgraph
I' = (Go, 1) such that each vertex of I is the endpoint of exactly one

edge.
o o . . e (n aligned squares) :
o (] [ ] o (]
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Perfect matchings

For a graph G = (Go, G1), a perfect matching of G is a subgraph
I' = (Go, 1) such that each vertex of I is the endpoint of exactly one

edge.
° ° . ° e (n aligned squares) : Fibonacci(n + 1).
[ ] (] [ ] (] [ ]
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Perfect matchings

For a graph G = (Go, G1), a perfect matching of G is a subgraph
I' = (Go, 1) such that each vertex of I is the endpoint of exactly one

edge.

(a zig-zag of n squares) :
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Perfect matchings

For a graph G = (Go, G1), a perfect matching of G is a subgraph
I' = (Go, 1) such that each vertex of I is the endpoint of exactly one

edge.

(a zig-zag of n squares) : n+ 1.
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Cluster algebras, surfaces, and perfect matchings

Theorem (Musiker-Schiffler-Williams, 2010)

Suppose that the arc v crosses a; times each internal arc 7;,
and yields the snake graph G.
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Cluster algebras, surfaces, and perfect matchings

Theorem (Musiker-Schiffler-Williams, 2010)

Suppose that the arc v crosses a; times each internal arc 7;,
and yields the snake graph G.
The cluster variable x, can then be written :

55 = ﬁ Z <H label(w)> .

[ perf. mat. of G \wel;
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Example : Type As
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Example : Type As

o.— o
1 2
Xy = (ecfd + ecxsxs + edxaxs + x1x3 x5 + fdx1x3).

XoX3Xq
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Generalised cluster algebras

@ Introduced and studied by Chekhov and Shapiro (2011), and then
Nakanishi (2014)
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Generalised cluster algebras

@ Introduced and studied by Chekhov and Shapiro (2011), and then
Nakanishi (2014)

@ Same notions of cluster, cluster variables, initial seed, exchange
matrix...
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Generalised cluster algebras

@ Introduced and studied by Chekhov and Shapiro (2011), and then
Nakanishi (2014)

@ Same notions of cluster, cluster variables, initial seed, exchange
matrix...

@ The exchange relations are generalised, i.e. their right-hand sides
may contain more than 2 terms :

xixh = pE(mE) A (M) A m ()" + e (m )"
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Generalised cluster algebras

@ Introduced and studied by Chekhov and Shapiro (2011), and then
Nakanishi (2014)

@ Same notions of cluster, cluster variables, initial seed, exchange
matrix...

@ The exchange relations are generalised, i.e. their right-hand sides
may contain more than 2 terms :

xixh = pE(mE) A (M) A m ()" + e (m )"

@ The degree n depends on the gcd of the coefficients in the k-th
column of the exchange matrix.
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Generalised cluster algebras

@ Introduced and studied by Chekhov and Shapiro (2011), and then
Nakanishi (2014)

@ Same notions of cluster, cluster variables, initial seed, exchange
matrix...

@ The exchange relations are generalised, i.e. their right-hand sides
may contain more than 2 terms :

xixh = pE(mE) A (M) A m ()" + e (m )"

@ The degree n depends on the gcd of the coefficients in the k-th
column of the exchange matrix.

The generalised cluster algebra of initial seed (x, B) is the subring of
Q(x, (py)s ()\,(-k))) generated by all the cluster variables obtained through
every possible sequence of mutations.
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Generalised cluster algebras

Theorems (Chekhov-Shapiro, 2011)

The Laurent phenomenon and finite type classification
theorems remain true for generalised cluster algebras.
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Generalised cluster algebras

Theorems (Chekhov-Shapiro, 2011)

The Laurent phenomenon and finite type classification
theorems remain true for generalised cluster algebras.

Corollary

The bijection between almost positive roots and cluster
variables also exists for cluster algebras of finite, affine and
twisted types.
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Generalised cluster algebras

Theorems (Chekhov-Shapiro, 2011)

The Laurent phenomenon and finite type classification
theorems remain true for generalised cluster algebras.

Corollary

The bijection between almost positive roots and cluster
variables also exists for cluster algebras of finite, affine and
twisted types.

Generalised cluster algebras were initially used by Chekhov and
Shapiro to study triangulations of Riemann surfaces with
orbifold points, giving us a motivation to find generalised
snake graphs'!
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Example : type G3

Initial seed : Moy := (x°, B), with

1
X =(x1,x0,x3), B=| -1 0

O N O
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Initial seed : Moy := (x°, B), with

1
X =(x1,x0,x3), B=| -1 0

O N O

Exchange relations :
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Initial seed : Moy := (x°, B), with

1
X =(x1,x0,x3), B=| -1 0

O N O

Exchange relations :
/
X1Xy = p1o + p1ixe,
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Initial seed : Moy := (x°, B), with

0 1 0
x*=(x,%,x), B=| -1 0 2
0 -1 0
Exchange relations :
x1x{ = pio + pi11xe,
Xoxy = poox1 + P21X3,
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Initial seed : Moy := (x°, B), with

0 1 0
X =(x1,x0,x3), B=| -1 0 2
0 -1 0
Exchange relations :
x1x{ = pio + pi11xe,
Xoxy = pooX1 + P21X3,
3x4 = axt+Ax +c.
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Example : type G3

Initial seed : Moy := (x°, B), with

0 1 0
x*=(x,%,x), B=| -1 0 2
0O -1 0

Exchange relations :

o Snake graph tiles :
X1X; = p1o + P11X2, grap

! —
XoXy = p2oX1 + P21X3,
3x4 = axt+Ax +c.
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Example : type G3

Initial seed : Moy := (x°, B), with

0 1 0
x*=(x,%,x), B=| -1 0 2
0O -1 0

Exchange relations :

o Snake graph tiles :
X1Xy = P10 + p11Xz, & 1p
! —
XoXp = P20X1 + P21X3, o °
/ _ 2
X3X3 = axs+Axo + C. praa 1) )
[ ] [ ]
P1o
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Example : type G3

Initial seed : Moy := (x°, B), with
1 0
x*=(x,%,x), B=| -1 0 2
0

Exchange relations :

o Snake graph tiles :
X1Xy = P10 + p11Xz, & 1p

! —
XoXy = PooX1 + P21X3, . e and

/ _ 2
X3X3 = axs+Axo + C. praa 1) )

[ ] [ ]
P1o
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Example : type G3

Initial seed : Moy := (x°, B), with
1 0
x*=(x,%,x), B=| -1 0 2
0

Exchange relations :

o Snake graph tiles :

X1Xy = P10 + p11Xz, & 1p L

XoXy = P2oX1 + P21X3, ° e and ° °
/ 2

X3X = ax5+Ax + c.

373 2 A P11X2 (1) 1 P21X3 (2) 1
[ ] [ ] o ——
P1o P20X1
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Example : type G3

Initial seed : Moy := (x°, B), with
1 0
x*=(x,%,x), B=| -1 0 2
0

Exchange relations :

o Snake graph tiles :

X1Xy = P10 + p11Xz, & 1p L

XoXy = P2oX1 + P21X3, ° e and ° °
/ 2

X3X = ax5+Ax + c.

373 2 A P11X2 (1) 1 P21X3 (2) 1
ile : ° ° o ——
Standard x3 tile : 1o o
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Generalised snake graphs
O®00000000

Example : type G3

Initial seed : Moy := (x°, B), with
1 0
x*=(x,%,x), B=| -1 0 2
0

Exchange relations :

;o Snake graph tiles :
X1X; = P1o + P11Xe, g 1p L
XoXy = p2oX1 + P21X3, o e and . .
/ 2
X3X: = ax;+Axy + C.
373 2 A P11X2 (1) 1 P21X3 (2) 1
ile : ° ° o ——
Standard x3 tile : 1o o
1
[ ) [
c 3) 1
[ ) [ ]
a2
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Example : type G3

Initial seed : Moy := (x°, B), with
1 0
x*=(x,%,x), B=| -1 0 2
0

Exchange relations :

o Snake graph tiles :
X1Xy = P10 + p11Xz, & 1p L
XoXy = P20X1 + P21X3, o e and o o
/ 2
X3X = ax5+Ax + c.
373 2 A P11X2 (1) 1 P21X3 (2) 1
ile : ° ° o ——
Standard x3 tile : 1o o
1 a 1
[ ) [ —> [ ] [ ] [ )
c 3) 1 1 X2
c
[ ) [ ] [ ] [ ] [ )
ax2 x2
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Example : type G3

Initial seed : Moy := (x°, B), with
1 0
x*=(x,%,x), B=| -1 0 2
0

Exchange relations :

o Snake graph tiles :
X1Xy = P10 + p11Xz, & 1p L
XoXy = P2oX1 + P21X3, ° e and ° °
/ 2
X3X = ax5+Ax + c.
373 2 A P11X2 (1) 1 P21X3 (2) 1
ile : ° ° o ——
Standard x3 tile : 1o o
1 a 1 a 1
[ ) [ —> [ ] [ ] [ ) —> [ ] [ ) [ )
cl 3 |1 1 x2 1 A X2
c c
[ ) [ ] [ ] [ ] [ ) [ ] [ ) [ )
axg X2 X2
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Example : type G3

| 1%
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Corresponding snake graph :

P20x1 1
o ——— 00— @
P21x3 (2) 1 (1) P10

P21X3 a 1

[} L) [ ] [ ] o

g P11X2
S 4 t P20x1 2) 1 A X2
1 X2 c
[} L) [ ] [ ]
1 (1) P11X2

)
P1o
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Example : type G3

Corresponding snake graph :

P20x1 1

[ ] [ ] L)

P21x3 (2) 1 (1) P10
P21X3 a 1

[} L) [ ] [ ] o
g P11X2
S § t P20x1 2) 1 A X2

1 X2 c
[} L) [ ] [ ]
1 (1) P11X2

)
P1o

apoP5oxi X5 + CPiLP31XG S + 2CP1op11p3 xS
. — 1 +2CI2710,;71112720P212X1>;2X32+ cp%op2§1><§ + 2cpdyp20pa1x1X3
T xixdxs +CPloP20Xi T AP0 P20 XTI X2 + APioP20P21X1X2X3
+AP10P11P20P21X1X5 X3
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(G., Musiker)
Let A, be the generalised cluster algebra of type C,, with initial cluster
(x1,.-.,Xn) and initial exchange polynomials

0%(u,v) = piout+pirv(i € [1,n—1]) and 0%u,v) = av®+Auv+cv?,
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(G., Musiker)

Let A, be the generalised cluster algebra of type C,, with initial cluster
(x1,.-.,Xn) and initial exchange polynomials
0%(u,v) = piout+pirv(i € [1,n—1]) and 0%u,v) = av®+Auv+cv?,

then every cluster variable corresponds to a connected subgraph of
P1,1x2

1| (1) |[P1o0

Pn—1,0Xn—2 °

1
Pn—1,1%n | (n—1) | 1
Pn—1,1Xp a 1

Pn—1,0%n—2 | (n—1) |1 )\ Xn—1

[

1 Xn—1 c

1

Prax2 | (1) |1

P10
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Type G, : idea of the proof

By recursion : generalised exchange relation after mutating k times in
direction n,...,1:
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Type G, : idea of the proof

By recursion : generalised exchange relation after mutating k times in

direction n,...,1:
() )2 T (k) > TT 2
(Xn—1> + APk H (Propr1)X, 1 + acpj 1 H (propr1)
X(K) x(k+1) _ r=k+1 . r=k+1 .
k k
= X,E_)l <X,(,_)1 + APi H (Pr,oPr,1)> + acpp 4 H (Propra)’.
r=k+1 r=k+1
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Type G, : idea of the proof

By recursion : generalised exchange relation after mutating k times in

direction n,...,1:
() )2 T (k) > TT 2
(Xn—1> + APk H (Propr1)X, 1 + acpj 1 H (propr1)
X(K) x(k+1) _ r=k+1 . r=k+1 .
k k
= X,E_)l <X,(,_)1 + APi H (Pr,oPr,1)> + acpp 4 H (Propra)’.
r=k+1 r=k+1

Then : use Canakci and Schiffler's snake graph calculus ~~ bijection
between machings and terms above.
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Type G, : idea of the proof

By recursion : generalised exchange relation after mutating k times in

direction n,...,1:
() )2 T (k) > TT 2
(Xn—1> + APk H (Propr1)X, 1 + acpj 1 H (propr1)
X(K) x(k+1) _ r=k+1 . r=k+1 .
k k
= X,S_)l <X,§_)1 + APi H (Pr,opr,1)> + acpp 4 H (Propra)’.
r=k+1 r=k+1

Then : use Canakci and Schiffler's snake graph calculus ~~ bijection
between machings and terms above.

Representation theory : Kirillov-Reshetikhin UX(Lsl;)-modules, with
etl=1:
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Type G, : idea of the proof

By recursion : generalised exchange relation after mutating k times in

direction n,...,1:
() )2 T (k) > TT 2
(Xn—1> + APk H (Propr1)X, 1 + acpj 1 H (propr1)
X(K) x(k+1) _ r=k+1 . r=k+1 .
k k
= X,S_)l <X,§_)1 + APi H (Pr,opr,1)> + acpp 4 H (Propra)’.
r=k+1 r=k+1

Then : use Canakci and Schiffler's snake graph calculus ~~ bijection
between machings and terms above.

Representation theory : Kirillov-Reshetikhin UX(Lsl;)-modules, with
etl=1:

n n.g2)) = Xe (Ws(n - 1’52))
XE(WE( ,1))Xs(Ws( ) )) +Fr*(V(w))Xe (Ws(n—l,ez)) +1.

2
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Snake graph pattern : periodically alternating the tile

a @
To = [ ] ° [ ] o

e and the longest snake graph from type C,.

X1 i X\o

Anne-Sophie GLEITZ - Gregg MUSIKER IRMA, UdS

Snake graphs for generalised cluster algebras



Generalised snake graphs
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Snake graph pattern : periodically alternating the tile

To= o—2 . © e and the longest snake graph from type C,.
X1 Ao 1
[} . [ ]
1 X1
For Cz(l) : .
e
A2
o 2
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Snake graph pattern : periodically alternating the tile

Tp= e—"—e ! . and the longest type D, snake graph.
1 )\ Xn—1
[ ) . [ )
Xn—1 c

Anne-Sophie GLEITZ - Gregg MUSIKER IRMA, UdS

Snake graphs for generalised cluster algebras



Generalised snake graphs
O00000e000

Snake graph pattern : periodically alternating the tile

Tp= e—"—e ! . and the longest type D, snake graph.
1 )\ Xn—1
[ ) . [ )
Xn—1 c
For CD;, :

SN — =

— -
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1 oS

Markov quiver : 0=1=2

Tiles : for i € {0,1,2} mod 3, T; = —e

Xj—1 DY Xit1
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Generalised snake graphs
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Markov quiver : (e —

. . aj Xi—1
Tiles : for i € {0,1,2} mod 3, T; = —e
Xi—1 A Xi+1

Xi+1 i G X2

®

Snake graph pattern : 2 Xt
az Xo /\o
——@ °
Xo A1 X2 Co
ao X2 : C1 X1
X2 Ao X1
X2 az X1 i Co
ao X1 A2 Xo
Xo Ao X i C
ay X2 Co
A1 X1
P SO
Xo C1
do X2
X2 Ao X1
X1 : Co
®
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Other cases

e Type BC, is a folding of type CD,,, and thus has the same
snake graph pattern.
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Other cases

e Type BC, is a folding of type CD,,, and thus has the same
snake graph pattern.

@ So far : found patterns for generalised cluster algebras
from surfaces with generalised exchange relations of
degree < 2.
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Generalised snake graphs
0000000080

Other cases

e Type BC, is a folding of type CD,,, and thus has the same
snake graph pattern.

@ So far : found patterns for generalised cluster algebras
from surfaces with generalised exchange relations of
degree < 2.

e What about degree 37 degree 47 It gets a lot harder,
because the number of terms in the Laurent expansion

formulas grow exponentially !
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Thank you for your attention !
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