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FLIP GRAPH
MOTIVATION AND EXAMPLES RIANGULATIONS
P JTATIONS

KNOWN RESULTS

FLIP GRAPHS

Flip graphs are graphs on sets of objects in which the
adjacency relation reflects a minor change in adjacent objects.
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FLIP GRAPH
MOTIVATION AND EXAMPLES RIANGULATIONS
P JTATIONS

KNOWN RESULTS

FLIP GRAPHS

Flip graphs are graphs on sets of objects in which the
adjacency relation reflects a minor change in adjacent objects.

TYPICAL PROBLEMS

e Metric properties: distance, diameter, finding antipodes
and counting geodesics between them.

e Algebraic properties: presentations as Cayley/Schreier
graphs, automorphism groups, eigenvalues.
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FLIP GRAPH

MOTIVATION AND EXAMPLES RIANGULATIONS
P JTATIONS

KNOWN RESULTS

FLIP GRAPHS

Flip graphs are graphs on sets of objects in which the
adjacency relation reflects a minor change in adjacent objects.

TYPICAL PROBLEMS

e Metric properties: distance, diameter, finding antipodes
and counting geodesics between them.

e Algebraic properties: presentations as Cayley/Schreier
graphs, automorphism groups, eigenvalues.

© We generalize known flip graphs into a new family of
graphs, namely Yoke graphs.

@ We extend known results, especially the diameter, to this
new family.
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FLIP GRAPH
MOTIVATION AND EXAMPLES T] GULATIONS

B JTATIONS

T g

KNOWN RESULTS

TRIANGULATIONS

TRIANGULATION

A triangulation of a convex polygon in the plane is its
subdivision into triangles using diagonals.
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TRIANGULATIONS

TRIANGULATION

A triangulation of a convex polygon in the plane is its
subdivision into triangles using diagonals.

FLIP ACTION

VRYS
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FLIP GRAPH
MOTIVATION AND EXAMPLES TRIANGULATIONS

PERMUTATIONS
TREES
KNOWN RESULTS

Many variations of the
triangulations flip graph have
been studied. One such
example is the colored flip
graph of triangle-free
triangulations studied by Adin,
Triangulations of a Hexagon Firer and Roichman.
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FLIP GRAPH
MOTIVATION AND EXAMPLES TRIANGULATIONS

PERMUTATIONS

TREES

KNOWN RESULTS

COLOURED TRIANGLE FREE TRIANGULATIONS (CTFT)

TRIANGLE FREE TRIANGULATION

A triangulation is called triangle-free, if it contains no triangle
with 3 internal edges (diagonals).
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FLIP GRAPH
MOTIVATION AND EXAMPLES TRIANGULATIONS

PERMUTATIONS
TREES
KNOWN RESULTS

COLOURED TRIANGLE FREE TRIANGULATIONS (CTFT)

TRIANGLE FREE TRIANGULATION
A triangulation is called triangle-free, if it contains no triangle
with 3 internal edges (diagonals).

O D
O EN
Yo 5.7
Each triangle free triangulation induces two g A
opposite linear orders on its chords. A é S
coloring of a triangulation is a labeling of | e o
the chords by one of these orders. §\@ o ®/®
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FLIP GRAPH
MOTIVATION AND EXAMPLES TRIANGULATIONS
PERMUTATIONS

TREES
KNOWN RESULTS

ARC PERMUTATIONS

ARC PERMUTATION
A permutation = € S, is called an arc permutation if every
prefix (and suffix) in = forms an interval in Z,.

© O, ©

OhdORNORSORNO

O, () ()
m = 3421576 is an (s )+ © ©
arc permutation in
S5, () ()

) O,

)
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FLIP GRAPH
MOTIVATION AND EXAMPLES TRIANGULATIONS

PERMUTATIONS

TREES

KNOWN RESULTS

ARC PERMUTATIONS

CAYLEY FLIP GRAPHS

A (right) Cayley graph X(G, S), where S is a symmetric
generating set of G, is an algebraic flip graph in which right
multiplication by one of the generators is the flip operation.
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FLIP GRAPH

MOTIVATION AND EXAMPLES TRIANGULATIONS
PERMUTATIONS
TREES

KNOWN RESULTS

ARC PERMUTATIONS

CAYLEY FLIP GRAPHS

A (right) Cayley graph X(G, S), where S is a symmetric
generating set of G, is an algebraic flip graph in which right
multiplication by one of the generators is the flip operation.

ARC PERMUTATIONS GRAPH

A graph on the arc permutations of
Sh. Two arc permutations = and o are
connected by an edge if
m=oo(i,i+ 1) for some
1<i<n-1.
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FLIP GRAPH
MOTIVATION AND EXAMPLES TRIANGULATIONS
B JTATIONS

TREES
KNOWN RESULTS

CATERPILLARS

CATERPILLAR

A (geometric) caterpillar is a non-crossing geometric tree,
whose vertices are drawn on a circle, such that the non-leaves
form an interval.

FLIP ACTION
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FLIP GRAPH
MOTIVATION AND EXAMPLES TRIANGULATIONS

PERMUTATIONS

TREES

KNOWN RESULTS

KNOWN RESULTS

DIAMETER

Aux. Card. | Diameter | Proof
Arc permutations Sn n2n—2 @ Similarity with the dominance
order on Z"—1.
Caterpillars n-trees | n20—3 L@J The Hurwitz graph #(S) on

maximal chains in the non
crossing partition lattice of Sp.

CTFT n-gon | n2n—4 w The weak order on C,_a.
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FLIP GRAPH
MOTIVATION AND EXAMPLES TRIANGULATIONS

PERMUTATIONS

TREES

KNOWN RESULTS

KNOWN RESULTS

DIAMETER

Aux. Card. | Diameter | Proof
Arc permutations Sn n2n—2 @ Similarity with the dominance
order on Z"—1.
Caterpillars n-trees | n20—3 L@J The Hurwitz graph #(S) on

maximal chains in the non
crossing partition lattice of Sp.
n(n—3)

CTFT n-gon | n2n—4 2 The weak order on C,_a.

THEY ARE ALL SCHREIER GRAPHS

In all of the cases an affine Weyl group acts transitively on the vertices of the graph.
@ Arc permutations: Cp_o.

@ Caterpillars: C,_s.

@ Coloured triangle free triangulations: Cp_4.
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DEFINITION
YOKE GRAPHS YOKE GRAPHS GENERALIZE THE EXAMPLES

YOKE GRAPH %, m

EXAMPLE. %3 3

(01110)

VERTICES

UE Ypm C Zn x {0,1}" x Zn
St up = 0(modn). (O1101)d

AN
\/

(10110)

3
o
o
N

o

o

2
®
o
o
2

ADJACENCY (FLIP)
u~vifforsome0<i<m
@ uj = v; (Vj & {i,i+ 1}) and either
@ u=vi+1andui 1 = Vviq — 1 (left
shift) or (21111)0
@ ui=vi—tlandui1 =V g+ 1
(right shift).
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DEFINITION
YOKE GRAPHS YOKE GRAPHS GENERALIZE THE EXAMPLES

PROPOSITION.

CTFT, Arc permutation and Caterpillar graphs are Yoke graphs.
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DEFINITION
YOKE GRAPHS YOKE GRAPHS GENERALIZE THE EXAMPLES

PROPOSITION.
CTFT, Arc permutation and Caterpillar graphs are Yoke graphs.

BIJECTION FOR ARC PERMUTATIONS
The Arc permutations graph A, is isomorphic to % ,_».

YAy — Zpx {0,1}"2 x 7,

Example: (3421576) = (2,1,0,0, 1,0, 3):

O ) ®)
Po=2 OO |¢Pp=1 0 Po=0 ©
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DEFINITION
YOKE GRAPHS YOKE GRAPHS GENERALIZE THE EXAMPLES

1) RESPECTS THE ADJACENCY RELATION

Right multiplication by a simple reflection (i,i + 1) corresponds to a
unit shift between ; and ;4.
For example:

o (3421576) = (2,1,0,0,1,0,3).
e ((3421576)(1,2)) = (3,0,0,0,1,0,3).
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DEFINITION
YOKE GRAPHS YOKE GRAPHS GENERALIZE THE EXAMPLES

1) RESPECTS THE ADJACENCY RELATION

Right multiplication by a simple reflection (i,i + 1) corresponds to a
unit shift between ; and ;4.
For example:

o (3421576) = (2,1,0,0,1,0,3).
e ((3421576)(1,2)) = (3,0,0,0,1,0,3).

FOR ALL OF THE EXAMPLES m < n

Arc permutations  — Zn x {0,1}""2 x Zp,  (Zh.n—2)
Caterpillars  — Z, x {0,1}"2 x Z, (%h.n_3)
CTFT = Zpx {0,1}"* xZy (Phn_s)
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DEFINITION
YOKE GRAPHS YOKE GRAPHS GENERALIZE THE EXAMPLES

1) RESPECTS THE ADJACENCY RELATION

Right multiplication by a simple reflection (i,i + 1) corresponds to a
unit shift between ; and ;4.
For example:

o (3421576) = (2,1,0,0,1,0,3).
e ((3421576)(1,2)) = (3,0,0,0,1,0,3).

FOR ALL OF THE EXAMPLES m < n

Arc permutations  — Zn x {0,1}""2 x Zp,  (Zh.n—2)
Caterpillars  — Z, x {0,1}"2 x Z, (%h.n_3)
CTFT = Zpx {0,1}"* xZy (Phn_s)

THEOREM

%, m is a Schreir graph of the affine Weyl group Cn.
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THE DIAMETER OF YOKE GRAPHS
SKETCH OF PROOE
DIAMETER

THE DIAMETER OF YOKE GRAPHS

If n> mthen diam(%, ;) = |22 |.
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THE DIAMETER OF YOKE GRAPHS
SKETCH OF PROOE
DIAMETER

THE DIAMETER OF YOKE GRAPHS

THEOREM

If n> mthen diam(%, ;) = |22 |.

v

THEOREM

If n < mand2/m— norn< [T, then

et ([m;"rj +1) N (L"’;”ZJ +1).

Otherwise, diam(% m) = d + n— [,
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THE DIAMETER OF YOKE GRAPHS
SKETCH OF PROOF
DIAMETER

SKETCH OF PROOF

THE ECCENTRICITY OF O IN %,

It can be shown that ecc, ,(0) is equal to the value of the diameter in
the theorem. Alas, we couldn’t prove that 0 is an antipode in %7, .
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THE DIAMETER OF YOKE GRAPHS
SKETCH OF PROOF

DIAMETER

SKETCH OF PROOF

THE ECCENTRICITY OF O IN %,

It can be shown that ecc, ,(0) is equal to the value of the diameter in
the theorem. Alas, we couldn’t prove that 0 is an antipode in %7, .

DEFINITION (dYoke GRAPHS %, m)

o Vertices
ue %nmCZnpx{0,£1}" x Z, such that 27:51 u; = 0(modn).

o Adjacency (Flip) is the same as in Yoke graphs.
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THE DIAMETER OF YOKE GRAPHS
SKETCH OF PROOF
DIAMETER

SKETCH OF PROOF

THE ECCENTRICITY OF O IN %,

It can be shown that ecc, ,(0) is equal to the value of the diameter in
the theorem. Alas, we couldn’t prove that 0 is an antipode in %7, .

DEFINITION (dYoke GRAPHS %, m)

o Vertices
ue %nmCZnpx{0,£1}" x Z, such that 27:51 u; = 0(modn).

o Adjacency (Flip) is the same as in Yoke graphs.

THE ECCENTRICITY OF O IN %,

It can also be shown that ecc#, ,(0) is equal to the value of the
diameter in the theorem.
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THE DIAMETER OF YOKE GRAPHS
SKETCH OF PROOF
DIAMETER

OBSERVATION

Pu - g/n,m —ﬂ@(ﬁm
14 =V —-u

is a faithful, injective homomorphism for every u € %;, .

And the images of ¢, cover Z, .
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THE DIAMETER OF YOKE GRAPHS
SKETCH OF PROOF

DIAMETER

OBSERVATION

Pu - g/n,m —ﬂ@(ﬁm
14 =V —-u

is a faithful, injective homomorphism for every u € %;, .

And the images of ¢, cover 2 .

Forevery v,u € % m, dz, (v, U) = dz, (v — u,0).
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THE DIAMETER OF YOKE GRAPHS
SKETCH OF PROOF

DIAMETER

OBSERVATION

Pu - g/n,m —ﬂ@(ﬁm
14 =V —-u

is a faithful, injective homomorphism for every u € %;, .

And the images of ¢, cover 2 .

Forevery v,u € % m, dz, (v, U) = dz, (v — u,0).

COROLLARY

diam(%h,;m) = ecc, ,.(0).
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