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INTRODUCTION



Zeta functions with several complex indices
Let H, = {(s1,...,5) €C\Vm=1,....,r,R%(s1) + ... + R(sm) > m},

for r € N, the following zeta function converges for (sy,...,s,) € H,
C(s1y...,5) = Z n ™ .oon %
m>...>n>0
By a theorem by Abel, for N € N,z € C,|z|< 1, it can be obtained as
C(s15--008) = NE)TOC Hy .5 (N) = zlinl Lis,....s(2),

where the following functions are well defined for (sy,...,s,) € C"

. zm Lis,.....s, (2) N
Lis . s (2) = Z P and 511 —Sz = Z Hy, . s (N)z".

m>..>n>0 "1 =

They do appear in the regularization of solutions of the following
differential equation with noncommutative indeterminates in X = {xp, x1 }

d. d.
(DE) dG = MG, with M = woxg + wix1,wo(z) = —Z,wl(z) =1 z

z -z
Drinfel'd stated that? (DE) has a unique solution Gy (resp. Gi), being
group-like series, s.t. Go(z) ~o €©'°8(2) (resp. Gy(z) ~; e~ 'o8(1=2)),
There is then a unique group-like series ®xz € R{(X)), so-called Drinfel'd
associator, such that Gy = G P .

2V. Drinfel'd, On quasitriangular quasi-hopf algebra and a group closely
connected with Gal(Q/Q), Leningrad Math. J., 4, 829-860, 1991.



Knizhnik-Zamolodchikov differential equations
The linear representations of the braid group B,, via the monodromies of
the KZ equations over C] = {(z1,...,2,) € C" | z; # zj for i # j}, yield
(KZ,) dF (z1,...,20) = Qu(z1, ... 20)F (21, . .y Z1),
where Qu(z1,. .., 20) = i Z t;’jM.
1<i<j<n
The system (KZ,) is completely integrable iff* d, — Q, A Q, = 0.
This condition is equivalent to the fact that the elements of
Tn = {tij}1<i j<n satisfy the following infinitesimal braid relations
tij=0 for =],
tij =1 for I#J,
[t,'J, tik + tj,k] =0 for distinct i, J, k,
[tij. tks] =0  for distinct i,j,k,I.

Z,'—Zj

Example (KZ3)
Ts={tip, t13, 23}, [ti3, tio+ 3] = [to3, tio+ t13] =0 and

1 d(z — d(z — d(z —
Uz, 22) = |, dB8=2) , da=z)  dz=-2)]
2imr Z1— 2 7z —2z3 2 — 73
F(z1,22,23) = G((z1 — 2)/(21 — 23)) (21 — z5) (2t hstros)/2im,
where G satisfies (DE) with xg := t1/2im, x1 := —tp,3/2im.

3P, Cartier, Développements récents sur les groupes de tresses. Applications
3 la topologie et & I'algébre. Sém BOURBAKI, 42€™M€ 1989-1990, -n°716.



Indexing by words
Let @ =C\ (] — 00,0]U[1,+o0[) and 1 : Q — C (mapping z to 1).
The polylogarithms can be viewed as iterated integrals, w.r.t. wp,w; and

associated to words in X* : Lis . (z) = ag(xglflxl . xg’flxl), where

z

Zk—1
ago(lx*) =1g and ozjo(x,-1 CX) = / wi, (1) .. / wi, (k)

(here, (20,21 - .., 2k, 2) is a subdivision of thgj path zy ~» 230

They are single valued on  and alternatively they can be analytically

continued and appear as multivalued functions over B := C — {0, 1}

(more rigorously, we have analytic functions on the universal cover é)

Now, introducing Y = {yx}x>1 and using the correspondence
(51,--,5) ENL o yg ...y, €Y & X51_1X1 .. .xg'_lxl € X*xq,

we will denote Hysl...ys, =H,,,... s and Lixgqulmxé,_lx1 =Lis, ..

r

and (s, - ys) == Cls1,- - 5) = COGExa .o ).
Let Yo = YU {yo}. For (s1,...,5) € N <> y5 ...ys € Y, one defines

Li, . (z) = Lig .. _s(2) = Z ny ...y z™,
n>...>n.>0
H}Zl...ys,(N) = Hog . —s(N) = Z ni...ny,

N>ni>...>n>0
st

C_(.y51"'y5r) = C(_Sla"'a_sr) <~ Z nil...nr.
n>...>n>0



Noncommutative, co-commutative bialgebras
C(X),C(Y),C(Yp) (resp. C{X),CLY),C{Yo)) : sets of polynomials
(resp. formal power series) over X, Y, Yp.

> (C(X),.,A, ,1x-,e):forx,y € X and u,v € X*, uw 1x« =u
and xu w yv = x(uw yv)+y(xuw v); A, (x) = x@1x«+1x- @x.

e
Dx:= Y woew= J[ ¢®” (MRS-factorization),
weX* le LynX
where LynX is the set of Lyndon words over X (with x; > xp),
{Pi}1ecynx is a basis of Lie algebra of primitive elements and
{Si}iecynx is a pure transcendence basis of (C(X), w ,1x«).

> (C(Y),., A, ly-,e):fory,yje Yand u,v € Y uwly. =u
and yjuw yv = yi(uw yv) + yi(yivw v) + yigj(uw v);
Aw (i) =yi@Llys + 1y @Yi+ D> mi Yk @ Yk
D Z ® ﬁ s,0n, (= — extended
= w w = e
v MRS-factorization),
wey* leLynY

where LynY is the set of Lyndon words over Y (with y; > ...),
{M/}1eLyny is a basis of Lie algebra of primitive elements and
{%/}1ecyny is a pure transcendence basis of (C(Y), w1, 1y«).

> Ty (COX),) = (CUY),), g i xS T b Yy o Y



First structures of polylogarithms and harmonic sums

1. Completing with Li,«(z) := log“(2)/k!, the family {Li, }wex- is
C-linearly independent. Hence, the following morphism of algebras
is injective

Lie : (C(X), w ,1x+) = (C{Liy}wex*,-, 1), u— Li,.
It follows that, {Li;}iczynx (resp. {Lis, }iccynx) is algebraically
independent and, for any u,v € LynX — X, ((uv w v) = ((u){(v).

2. The following morphism of algebras is injective

H, : ((C<Y>7 L, ]-Y*) - (C{HW}WEY*a ) 1)7 u— Hy.
Hence, {H, }wey- is linearly independent. It follows that,
{H:}iecyny (resp. {Hs, }iccyny) is algebraically independent and,
for any u,v € LynY — {y1}, (v v) = ¢(u)¢(v)).

3. There exists, at least, an associative law of algebra T, in
Q(Ybo), not dualizable such that the following morphism is a surjective
Lig @ (Q(Y), T) — (Q{Li,}wevs,.), w Li,,
and kerLiy = Q{w —wTly:|w € Y5}
Moreover, let T' : Q(Yo) x Q(Yy) — Q(Yo) be a law such that Li,
is a morphism for T" and (1yx T'Q(Y0)) N ker(Li; ) = {0}. Then
T/ =go T, where g € GL(Q(Yp)) such that Li; og = Li, .




Bi-integro-differential algebra C{Li,, }yex-
Let C := C[z,z7 %, (1 — z) 1] be the differential ring (with 0, := d/dz).
Let 6y := 20, and 01 := (1 — z)0, be differential operators.
Let 1o and 1 be sections of them?, i.e. Optg = 0101 = Id. Then
[90,91] = 90 + 91 = (92, (90L1)(91LQ) = (01Lo)(00L1) = Id, [90L1, 91L0] = 0

Proposition

1.

Ifw= xglflxl .. .Xé’flxl € X*xy and u=y ...y:, € Y§ then

Li, = (Lél_lLl . L(s)'_lLl)lQ and Li, = (981+1L1 ... 98’+1L1)1Q.

Forw € Y§, Li, () € Z[(1 — z) '] € C and H,,(N) € Q[N] of
degree |w| +(w) and of valuation 1.

The families {Liy, } x>0 and {H, }x>o0 are Q-linearly independent.
The alg. C{Liy, }wex> = C®&c C{Liy fwex~ is closed by {0;,ii}i—0.1.

The bi-integro differential ring C{Liy }wex~ is closed under the

action of the group of transformations permuting {0,1, +oo},

g ::{z>—>z,zn—>1—z,z>—>zfl,z>—>(1—1)71,zo—>1—271,z>—>z(1—z)71} N

Vh e C{LiW}WGX*7 vg € ga h(g(Z)) € C{LiW}WGX*~

“j.e. these operators take primitives for the corresponding differential
operators w.r.t. to the function.



GLOBAL RENORMALIZATIONS
OF DIVERGENT ZETAS VALUES
INDEXED BY INTEGRAL MULTI-INDICES



Chen series and noncommutative generating series

Sprz = (a2, @ 1d)Dx L := (Li, ®1d)Dx H := (H, @ Id)Dy

N N ~
= H eazﬂ (SI)PI’ = H eLls/ PI’ = H eHZ/n/.

le LynX le LynX leLynY
o N
Z, = H eGP and 7., = H PNCOLE
leLynX—X leLynY —{y1}

Sppmzy Ly Z .y, (resp. H, Zi.y) are goupe-like, for A, (resp. A ).
Theorem (Drinfel'd associator)
1. L is a solution of (DE) satisfying lim,_,o L(z)e '8(2) = 1y. and
lim,_y e'81=2)L(2) = 7, .
2. L(1-2)=0(L(2))Z ., , where 0(x0) = —x1 and o(x1) = —x.
Hence, L(1 — z)~5e™™ lg(z) 7,

3. Sy~z Is the unique solution of (DE) satisfying Szy.s, = l1x~, and
Szz = L(2)(L(20)) 7

4. L is the unique solution of (DE) satisfying the asymptotic condition
at 0. Hence, ®xzy = Z, is unique.



Abel like theorems for noncommutative generating series
Theorem (HNM, 2005)

1 _ k

— z} myL(z) = HILngo exp [Z Hyk(n)( );1) ]H(n) =7yZ,,

k>1

Theorem (Duchamp, HNM, Ng6, 2015)

=Y Li,wH =) Hyw C := Z( 11 (V)+1|V>W

z|ﬂ11 exp [yl log 1

we Yy we Yy weYy W:uv,v;élyo*
lim AV (1 2) ) OLiT(z) = lim T (n) @ H(n) = C,
zZ—r

where N(t) = -, ey, ((W)+ w )1t HMW and T(t) = yevs t() My,
Moreover, H™ and C~ are group-like, respectively, for A\, and A

Let Z := spang{((s1, - - s,)}(EN s)en,rne- Then, forany w e X*xy,
there exists aj, b,J 6 Z and q,ryw,a,,ﬁ;’j € Z[~] such that

log'(1 — z
Li,(z Za, log'(1—2) + (Z |mxw) + Y b"u'(gl(_z)j)’
iEN, jEN_
log'(n)

and Hy,w(n nﬁ oozal log’(n) + Vryw + Z Bij o

I,jEN,



Generalized Euler constants {5, . }(s....5)enr
The map 7, : (C(Y), w,1y«) — (C,.,1) is a character since its graph
Z, = Z Yww satisfies A (Z,) =2, ® Z, and (Z,|1ly+) = 1.
wey*
The first Abel like theorem leads to

K
2~ Blnrvz., . where Bln) = e - o2
k>2
and then, by cancellation via the w-extended MRS-factorization, one
has Zyy = B'(y1)wyZ ., . where B'(y1) = exp(—7yy1)B()1).
Let B;'s are Bell polynomials. For k € N;,w € YT, one has

IRNCAT DS ﬂ(—»)(—ﬁ”)(ﬂkk))

S1sees ,5K >0
sl+ tks=k

Yypw = (2w ZCX"[ —) ‘“Xw] (2'38,, 2),2¢(3), ))

Example (generahzed Euler constants)
b - @2,

1,1 =
i1 = [ —3¢(2)y +2¢(3)1/6,
111,10 = [80¢(3)y — 60¢(2)72 + 6¢(2)? + 1074] /240,
1,7 = ST+ C(B3)C(5) — 54¢(2)*175,
1,16 = 4C(2)24%/35 + [C(2)¢(5) + 2¢(3)¢(2)* — 4¢(T)]/5 + €(6,2) + 19¢(2)* /35 + ¢(2)¢(3)% /2 — 4¢(3)¢(5)
71,115 = 3¢(6,2)/4 — 14C(3)C(5)/3 + 3¢(2)¢(3)? /4 + 809¢(2)* /1400

(26(7) = 3¢(2)¢(5)/2 + €(3)€(2)° /10)y + (¢(3)% /4 — C(2)3/5)7°  ¢(5)72 /6.



POLYLOGARITHMS AND HARMONIC SUMS
INDEXED BY NONCOMMUTATIVE
RATIONAL SERIES



Rational series, C™*{(X))

Crt{(X)) : set of noncommutative rational series®.

Theorem (Schiitzenberger, 1961)

S € C™%(X)) iff there is a linear representation, (v, u,n) of dimension
n>0,ie veM,C)neM,i(C)and p: X* = M, ,(C) such that

s= (2; () w ) = (TP

Theorem (HNM, 1995)

Let (v, u,n) be a linear representation of S € C'**((X)).
Then the series ), - x-(S|w)aZ (w) is convergent.
Noting this extension by oZ (S), one has

a3 (5)=v( T[ est@n®)y.
leLynX
And, forany T = R or S € C™((X)), one has the convergent series
aZ (T) =2 ,ex-(TIw)aZ (w) and identity o (R w S) = aZ (R)aZ (S).

Xzo

°A series S is called rational iff it belongs to the closure, by {+, conc, *}, of
C(X) in C{(X)).



Exchangeable series, Cex. (X))

The power series S belongs to Cexc (X)), iff
(Vu,v e X*)((vx € X)(Julx = |vl.) = (Slu) = (S|v)).

. . aZ (xo))0 (o (x1))*
If S= Z sl'o,hx(l)o w X{l then Oéo(s) — Z Sio,f1( zog '0)) ( zog ll)) )
i0,n>0 io,n >0 fo: &l

Lemma (Duchamp, HNM, Ngé, 2016)
L CEAX)) o= C XN N Cexe (X)) = C™{(x0)) w C™*{{x1).
2. For any x € X, one has C™*((x)) = spanc{(ax)* w C(x)|a € C}.

3. The family {x,x{'} is algebraically independent over
(C{X), w ,1x+) W/th/n (Crat( X)), w,1xx).

4. The module (C(X), w ,1x:)[x, X1, (—x0)*] is C(X)-free and
{0) ™k w () 1 (NEZXN forms C(X)-basis of it.

Hence, {w w (x§) ™ % w (x7) ™ ’}VfEIXEZXN is a C-basis of it.

Theorem (extension of Li,, Duchamp, HNM, Ngé, 2016)

Lie : (C[x§, X1y (—x0)*] w C(X), w ,1x+) —» (C{Liw}wex+,-,1la),
R +— Lig.

Liq is surjective and ker Li, is the shuffle ideal generated by

X} w Xy —x7 + 1.



Polylogarithms and harmonic sums by rational series
One has, C2 (X)) € Dom(Lis) N C™({(X)), and, on it,

exc

Lis) =3 P8 g7z 30 Y (slw) Liu(2)

n>0 k>1 WEXF W X1

= V( H ebls (Z)H(P/)> elog(@ulx0)

leLynX—{xo}
where (v, 11, 7) is a linear representation of S € C™"((X)).

Example (of polylogarithms indexed by rational series)
For any a,b € C, af((ax0)*) = z? and a((bx1)*) = (1 — z)~°. Then
L. Lig(z) =z, Lig(z) = (1 - z)71, Li(x50)+(2) = 2(1 — z)71
2. Since (x*)w " = (nx)*, one has Li(X*) wa(z) = 2",
Ligeyw «(2) = (1 = 2)7 Ligeyw o, oy #(2) = 2"(1 = 2)75.
= (

3. Since (ax)*" = (ax)* w (1 — ax)""! then
n—1

. L x— [n—1)\ (alogz)*
=51 (1) 2T




Indexing polylogarithms by rational series

s1 s1+s2—ki (ky+-.+ke—1)
_ si\ [(s1+s—k
T Sl S s Y CAr S

ki=0 k=0 kk,:o P
<Sl+...+5rk1... r_1>(90k1)\)'”(00k,)\),
1 < N .
0ok (\(z)) = T ZSQ(/(;,_])J!(/\(Z))", for k; > 0,
j=1

where \ : z 5 z(1 — z)~1 and S, are Stirling numbers of second kind.
Lemma (Encoding polylogarlthms by rational series)

L}’s1 Ysr = LlRy coyse ! where R cYsp ((C[Xl] w 1X )glVen b'y
o e
st sits2—ki 1t r r=1
B si\ [(s1+s—k doim1Si— Dlimg ki
R =3 S .0 % <k1)< kZ )( .
k=0 kp=0 k=0 r
pk1 ... w pkr’
Xp—1x-, if k=0,
ki
Pl = xpw D Salki NG — 1x) WA, if ki > 0,
=

By linearity, R, is extended over Q(Yy). Hence, for any k,| € N, one has
LiRyk w RY/ = LiRyk LiR = Ll Ll =Li

vi Ty, = LlRykTY/ .



Euler-Mac Laurin constants {yfslm,sr}(517_._,Sr)€Nr’,EN

Definition (Double regularization)

Cu : ((C<X>7 w 71X*) - (C,vl) and 7, : ((C<Y>7 =, 1Y*) - (C7 B 1)’
st. Cu (x) =0,7y, =vand VI € LynX = X, (u (1) = vy = ().
For any k > 1, there exists unique R,, € (C[x{], w ,1x+) such that
Li_, = Ll;k = LiRyk and H_, = H;k = H”Y(Ryk)'

Theorem (Extended double regularization)

Cur ((B0)") = 1 and® Yy () = ex"(“’t_ ZC(")(_,?”> - r(11+ t)

n>2

Example (of regularizations)
Lig, 1= = Lis +5Li(aq)s —7 Li(gq)» +3 Ligaq)*,
Li_, 1 = Liye —11 i)+ +31 Li(gq) =33 Li(g)x +12 Li(se ),
Liy, 2 = Lix —9Tig)x +23Li(g)x —23Liax)* +8Li(sy),
Hop 1= —Ho (e +5Hay ()%) — Ty ((30)%) T 3Hmy ((0x1)*)»
Hop 1= Hpy (o) = THy (2q)%) + 31Hry (3xg)%) = 33Hry ((4x7)%) + 12Hry (539)%)»
Ho1 2 = Hpy (o) = 9Hry ((2q)%) + 23Hny ((3)%) — 23Hry ((a)%) + 8Hay ((531)%)-
Therefore, ¢ |, (=1,-1) =0, ¢ (=2,-1)=—1, ¢y (~1,-2) =0, and
= —r~1Q2)+5r=1(@3) — 7r=1(4) + 3r~1(5) = 11/24,

Y—1,—-1
y_2,—1=T"}2) —11r—1(3) + 31r ~1(4) — 33r ~1(5) + 12r ~1(6) = —73/120,
Vo1, =T"*2) —or—%(3) +23r—1(4) — 23r—1(5) + 8r ~(6) = —67,/120.

6H7"Y(t’<1)* = Zn>0 HYf tn = exp(— En>1 HYn(_t)n/n)'



Candidates for associators with rational coefficients

T:=((He oy o Re) ® Id)Dy and A := ((Lis oRs 0 #y) ® 1d) Dy,

Z; = ((veomy o R) ®1d)Dy and Z, :=((Cu ©Reofy)®Id)Dx,
where, the morphism of algebras 7y is defined, over an algebraic basis, by
VI e CynX — {Xo},ﬁ'yS/ =7yS, and ’fry(Xo) = X0
(such that Lig, , (z) = log(z) and then ((Rz,x,) = 0).
Hence, 77 € Z(X)) and Z € Q(Y’)). One also has

Theorem (Associators with rational coefficients)
Ay(T)=TeT and A, (N)=ARA,
Aw(Z7)=2Z;®Z; and A, (Z,)=2, @7,
and all constant \terms are 1. It follows then

\
T = H eH"VRZ/nI and A = H eLlR*YSI P,’

IELI{‘nY IeLynX
g n _
H e’ and 77 H b w (Rays)P
leLynY leLynX

Moreover, for any g € G, there exists a morphism of linear substitution,
04, and a Lie series C € Liec (X)), such that A(g) = o4(A)e€

THANK YOU FOR YOUR ATTENTION



