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INTRODUCTION



Zeta functions with several complex indices
Let Hr = {(s1, . . . , sr ) ∈ Cr |∀m = 1, . . . , r ,ℜ(s1) + . . .+ ℜ(sm) > m},
for r ∈ N+, the following zeta function converges for (s1, . . . , sr ) ∈ Hr

ζ(s1, . . . , sr ) =
∑

n1>...>nr>0

n−s1
1 . . . n−sr

r .

By a theorem by Abel, for N ∈ N, z ∈ C, |z |< 1, it can be obtained as
ζ(s1, . . . , sr ) = lim

N→+∞
Hs1,...,sr (N) = lim

z→1
Lis1,...,sr (z),

where the following functions are well defined for (s1, . . . , sr ) ∈ Cr

Lis1,...,sr (z) =
∑

n1>...>nr>0

zn1

ns11 . . . nsrr
and

Lis1,...,sr (z)

1− z
=

∑

N≥0

Hs1,...,sr (N)zN .

They do appear in the regularization of solutions of the following
differential equation with noncommutative indeterminates in X = {x0, x1}

(DE ) dG = MG , with M = ω0x0 + ω1x1, ω0(z) =
dz

z
, ω1(z) =

dz

1− z
.

Drinfel’d stated that2 (DE ) has a unique solution G0 (resp. G1), being
group-like series, s.t. G0(z) ∼0 e

x0 log(z) (resp. G1(z) ∼1 e
−x1 log(1−z)).

There is then a unique group-like series ΦKZ ∈ R〈〈X 〉〉, so-called Drinfel’d
associator, such that G0 = G1ΦKZ .

2
V. Drinfel’d, On quasitriangular quasi-hopf algebra and a group closely

connected with Gal(Q̄/Q), Leningrad Math. J., 4, 829-860, 1991.



Knizhnik-Zamolodchikov differential equations
The linear representations of the braid group Bn, via the monodromies of
the KZ equations over Cn

∗ = {(z1, . . . , zn) ∈ Cn | zi 6= zj for i 6= j}, yield



(KZn) dF (z1, . . . , zn) = Ωn(z1, . . . , zn)F (z1, . . . , zn),

where Ωn(z1, . . . , zn) =
1

2iπ

∑

1≤i<j≤n

ti,j
d(zi − zj)

zi − zj
.

The system (KZn) is completely integrable iff3 dΩn − Ωn ∧ Ωn = 0.
This condition is equivalent to the fact that the elements of
Tn = {ti,j}1≤i,j≤n satisfy the following infinitesimal braid relations




ti,j = 0 for i = j ,
ti,j = tj,i for i 6= j ,

[ti,j , ti,k + tj,k ] = 0 for distinct i , j , k ,
[ti,j , tk,l ] = 0 for distinct i , j , k , l .

Example (KZ3)
T3 = {t1,2, t1,3, t2,3}, [t1,3, t1,2 + t2,3] = [t2,3, t1,2 + t1,3] = 0 and




Ω3(z1, z2, z3) =
1

2iπ

[
t1,2

d(z1 − z2)

z1 − z2
+ t1,3

d(z1 − z3)

z1 − z3
+ t2,3

d(z2 − z3)

z2 − z3

]
.

F (z1, z2, z3) = G ((z1 − z2)/(z1 − z3))(z1 − z3)
(t1,2+t1,3+t2,3)/2iπ,

where G satisfies (DE ) with x0 := t1,2/2iπ, x1 := −t2,3/2iπ.
3
P. Cartier, Développements récents sur les groupes de tresses. Applications

à la topologie et à l’algèbre. Sém BOURBAKI, 42ème 1989-1990, n◦716.



Indexing by words
Let Ω = C \ (]−∞, 0] ∪ [1,+∞[) and 1Ω : Ω → C (mapping z to 1).
The polylogarithms can be viewed as iterated integrals, w.r.t. ω0, ω1 and
associated to words in X ∗ : Lis1,...,sr (z) = αz

0(x
s1−1
0 x1 . . . x

sr−1
0 x1), where

αz
z0
(1X∗) = 1Ω and αz

z0
(xi1 . . . xik ) =

∫ z

z0

ωi1(z1) . . .

∫ zk−1

z0

ωik (zk)

(here, (z0, z1 . . . , zk , z) is a subdivision of the path z0  z).
They are single valued on Ω and alternatively they can be analytically
continued and appear as multivalued functions over B := C− {0, 1}

(more rigorously, we have analytic functions on the universal cover B̃).
Now, introducing Y = {yk}k≥1 and using the correspondence

(s1, . . . , sr ) ∈ Nr
+ ↔ ys1 . . . ysr ∈ Y ∗ ↔ x s1−1

0 x1 . . . x
sr−1
0 x1 ∈ X ∗x1,

we will denote Hys1 ...ysr
:= Hs1,...,sr and Li

x
s1−1
0 x1...x

sr−1
0 x1

:= Lis1,...,sr

and ζ(ys1 . . . ysr ) := ζ(s1, . . . , sr ) =: ζ(x s1−1
0 x1 . . . x

sr−1
0 x1).

Let Y0 = Y ∪ {y0}. For (s1, . . . , sr ) ∈ Nr ↔ ys1 . . . ysr ∈ Y ∗
0 , one defines

Li−ys1 ...ysr
(z) := Li−s1,...,−sr (z) =

∑

n1>...>nr>0

ns11 . . . nsrr zn1 ,

H−
ys1 ...ysr

(N) := H−s1,...,−sr (N) =
∑

N≥n1>...>nr>0

ns11 . . . nsrr ,

ζ−(ys1 . . . ysr ) := ζ(−s1, . . . ,−sr ) ↔
∑

n1>...>nr>0

ns11 . . . nsrr .



Noncommutative, co-commutative bialgebras
C〈X 〉,C〈Y 〉,C〈Y0〉 (resp. C〈〈X 〉〉,C〈〈Y 〉〉,C〈〈Y0〉〉) : sets of polynomials
(resp. formal power series) over X ,Y ,Y0.

◮ (C〈X 〉, .,∆ ⊔⊔ , 1X∗ , e) : for x , y ∈ X and u, v ∈ X ∗, u ⊔⊔ 1X∗ = u

and xu ⊔⊔ yv = x(u ⊔⊔ yv)+y(xu ⊔⊔ v); ∆ ⊔⊔ (x) = x⊗1X∗+1X∗⊗x .

DX :=
∑

w∈X∗

w ⊗ w =

ց∏

l∈LynX

eSl⊗Pl (MRS-factorization),

where LynX is the set of Lyndon words over X (with x1 > x0),
{Pl}l∈LynX is a basis of Lie algebra of primitive elements and
{Sl}l∈LynX is a pure transcendence basis of (C〈X 〉, ⊔⊔ , 1X∗).

◮ (C〈Y 〉, .,∆ , 1Y ∗ , e) : for yi , yj ∈ Y and u, v ∈ Y ∗, u 1Y ∗ = u

and yiu yjv = yi (u yjv) + yj(yiu v) + yi+j(u v);
∆ (yi ) = yi ⊗ 1Y ∗ + 1Y ∗ ⊗ yi +

∑
k+l=i yk ⊗ yk .

DY :=
∑

w∈Y ∗

w ⊗ w =

ց∏

l∈LynY

eΣl⊗Πl
( − extended

MRS-factorization),

where LynY is the set of Lyndon words over Y (with y1 > . . .),
{Πl}l∈LynY is a basis of Lie algebra of primitive elements and
{Σl}l∈LynY is a pure transcendence basis of (C〈Y 〉, , 1Y ∗).

◮ πY : (C〈X 〉, .) → (C〈Y 〉, .), x s1−1
0 x1 . . . x

sr−1
0 x1 7→ ys1 . . . ysr .



First structures of polylogarithms and harmonic sums

1. Completing with Lixk
0
(z) := logk(z)/k!, the family {Liw}w∈X∗ is

C-linearly independent. Hence, the following morphism of algebras
is injective

Li• : (C〈X 〉, ⊔⊔ , 1X∗) → (C{Liw}w∈X∗ , ., 1) , u 7→ Liu .
It follows that, {Lil}l∈LynX (resp. {LiSl

}l∈LynX ) is algebraically
independent and, for any u, v ∈ LynX − X , ζ(u ⊔⊔ v) = ζ(u)ζ(v).

2. The following morphism of algebras is injective
H• : (C〈Y 〉, , 1Y ∗) → (C{Hw}w∈Y ∗ , ., 1) , u 7→ Hu.

Hence, {Hw}w∈Y ∗ is linearly independent. It follows that,
{Hl}l∈LynY (resp. {HΣl

}l∈LynY ) is algebraically independent and,
for any u, v ∈ LynY − {y1}, ζ(u v) = ζ(u)ζ(v)).

3. There exists, at least, an associative law of algebra ⊤, in
Q〈Y0〉, not dualizable such that the following morphism is a surjective

Li−• : (Q〈Y0〉,⊤) → (Q{Li−w }w∈Y ∗
0
, .), w 7→ Li−w ,

and kerLi−• = Q{w − w⊤1Y ∗
0
|w ∈ Y ∗

0 }.

Moreover, let ⊤′ : Q〈Y0〉 ×Q〈Y0〉 → Q〈Y0〉 be a law such that Li−•
is a morphism for ⊤′ and (1Y ∗

0
⊤′Q〈Y0〉) ∩ ker(Li−• ) = {0}. Then

⊤′ = g ◦ ⊤, where g ∈ GL(Q〈Y0〉) such that Li−• ◦g = Li−• .



Bi-integro-differential algebra C{Liw}w∈X ∗

Let C := C[z , z−1, (1− z)−1] be the differential ring (with ∂z := d/dz).
Let θ0 := z∂z and θ1 := (1− z)∂z be differential operators.
Let ι0 and ι1 be sections of them4, i.e. θ0ι0 = θ1ι1 = Id. Then
[θ0, θ1] = θ0 + θ1 = ∂z , (θ0ι1)(θ1ι0) = (θ1ι0)(θ0ι1) = Id, [θ0ι1, θ1ι0] = 0.

Proposition
1. If w = x s1−1

0 x1 . . . x
sr−1
0 x1 ∈ X ∗x1 and u = yt1 . . . ytr ∈ Y ∗

0 then

Liw = (ιs1−1
0 ι1 . . . ι

sr−1
0 ι1)1Ω and Li−u = (θt1+1

0 ι1 . . . θ
tr+1
0 ι1)1Ω.

2. For w ∈ Y ∗
0 , Li

−
w (z) ∈ Z[(1− z)−1] ( C and H−

w (N) ∈ Q[N] of
degree |w | +(w) and of valuation 1.

3. The families {Li−yk}k≥0 and {H−
yk
}k≥0 are Q-linearly independent.

4. The alg. C{Liw}w∈X∗ ∼= C ⊗C C{Liw}w∈X∗ is closed by {θi , ιi}i=0,1.

5. The bi-integro differential ring C{Liw}w∈X∗ is closed under the

action of the group of transformations permuting {0, 1,+∞},
G :={z 7→ z, z 7→ 1 − z, z 7→ z−1, z 7→ (1 − z)−1, z 7→ 1 − z−1, z 7→ z(1 − z)−1} :

∀h ∈ C{Liw}w∈X∗ , ∀g ∈ G, h(g(z)) ∈ C{Liw}w∈X∗ .

4i.e. these operators take primitives for the corresponding differential
operators w.r.t. to the function.



GLOBAL RENORMALIZATIONS
OF DIVERGENT ZETAS VALUES

INDEXED BY INTEGRAL MULTI-INDICES



Chen series and noncommutative generating series
Sz0 z := (αz

z0
⊗ Id)DX L := (Li• ⊗Id)DX H := (H• ⊗ Id)DY

=

ց∏

l∈LynX

e
αz

z0
(Sl )Pl , =

ց∏

l∈LynX

eLiSl Pl , =

ց∏

l∈LynY

eHΣl
Πl .

Z ⊔⊔ :=

ց∏

l∈LynX−X

eζ(Sl )Pl and Z :=

ց∏

l∈LynY−{y1}

eζ(Σl )Πl .

Sz0 z ,L,Z ⊔⊔ (resp. H,Z ) are goupe-like, for ∆ ⊔⊔ (resp. ∆ ).

Theorem (Drinfel’d associator)

1. L is a solution of (DE ) satisfying limz→0 L(z)e
−x0 log(z) = 1X∗ and

limz→1 e
x1 log(1−z)L(z) = Z ⊔⊔ .

2. L(1− z) = σ(L(z))Z ⊔⊔ , where σ(x0) = −x1 and σ(x1) = −x0.

Hence, L(1− z)
z̃→0

e−x1 log(z)Z ⊔⊔ .

3. Sz0 z is the unique solution of (DE ) satisfying Sz0 z0 = 1X∗ , and

Sz0 z = L(z)(L(z0))
−1.

4. L is the unique solution of (DE ) satisfying the asymptotic condition

at 0. Hence, ΦKZ = Z ⊔⊔ is unique.



Abel like theorems for noncommutative generating series
Theorem (HNM, 2005)

lim
z→1

exp

[
−y1 log

1

1− z

]
πYL(z) = lim

n→∞
exp

[∑

k≥1

Hyk (n)
(−y1)

k

k

]
H(n) = πYZ ⊔⊔ .

Theorem (Duchamp, HNM, Ngô, 2015)

L− :=
∑

w∈Y ∗
0

Li−w w ,H− :=
∑

w∈Y ∗
0

H−
ww ,C− :=

∑

w∈Y ∗
0

( ∏

w=uv ,v 6=1Y∗
0

1

(v)+ |v |

)
w .

lim
z→1

Λ⊙−1((1− z)−1)⊙ Li−(z) = lim
n→+∞

Υ⊙−1(n)⊙H−(n) = C−,

where Λ(t) =
∑

w∈Y ∗
0
((w)+ |w |)!t(w)+|w|w and Υ(t) =

∑
w∈Y ∗

0
t(w)+|w|w.

Moreover, H− and C− are group-like, respectively, for ∆ and ∆ ⊔⊔ .

Let Z := spanQ{ζ(s1, . . . , sr )}
r∈N
(s1,...,sr )∈Hr∩Nr . Then, for any w ∈ X ∗x1,

there exists ai , bi,j ∈ Z and γπYw , αi , βi,j ∈ Z[γ] such that

Liw (z) ≍
z→1

(w)∑

i=1

ai log
i (1− z) + 〈Z ⊔⊔ |πXw〉+

∑

i∈N+,j∈N−

bi,j
logi (1− z)

(1− z)j
,

and HπYw (n) ≍
n→+∞

|w|∑

i=1

αi log
i (n) + γπYw +

∑

i,j∈N+

βi,j
logi (n)

nj
.



Generalized Euler constants {γs1,...,sr}(s1,...,sr )∈Nr

The map γ• : (C〈Y 〉, , 1Y ∗) → (C, ., 1) is a character since its graph

Zγ :=
∑

w∈Y ∗

γww satisfies ∆ (Zγ) = Zγ ⊗ Zγ and 〈Zγ |1Y ∗〉 = 1.

The first Abel like theorem leads to

Zγ = B(y1)πYZ ⊔⊔ , where B(y1) = exp

(
γy1 −

∑

k≥2

ζ(k)
(−y1)

k

k

)

and then, by cancellation via the -extended MRS-factorization, one
has Z = B ′(y1)πYZ ⊔⊔ , where B ′(y1) = exp(−γy1)B(y1).
Let Bi,j ’s are Bell polynomials. For k ∈ N+,w ∈ Y +, one has

γyk
1
= 〈Zγ |y

k
1 〉 =

∑

s1,...,sk>0
s1+...+ksk=k

(−1)k

s1! . . . sk !
(−γ)s1

(
−
ζ(2)

2

)s2

. . .

(
−
ζ(k)

k

)sk

,

γyk
1 w

= 〈Zγ |y
k
1 w〉=

k∑

i=0

ζ(x0[(−x1)
k−i

⊔⊔ πXw ])

i !

( i∑

j=1

Bi,j(γ,−ζ(2), 2ζ(3), . . .)

)
.

Example (generalized Euler constants)
γ1,1 = [γ2 − ζ(2)]/2,

γ1,1,1 = [γ3 − 3ζ(2)γ + 2ζ(3)]/6,

γ1,1,1,1 = [80ζ(3)γ − 60ζ(2)γ2 + 6ζ(2)2 + 10γ4]/240,

γ1,7 = ζ(7)γ + ζ(3)ζ(5) − 54ζ(2)4175,

γ1,1,6 = 4ζ(2)3γ2/35 + [ζ(2)ζ(5) + 2ζ(3)ζ(2)2 − 4ζ(7)]γ/5 + ζ(6, 2) + 19ζ(2)4/35 + ζ(2)ζ(3)2/2 − 4ζ(3)ζ(5),

γ1,1,1,5 = 3ζ(6, 2)/4 − 14ζ(3)ζ(5)/3 + 3ζ(2)ζ(3)2/4 + 809ζ(2)4/1400

− (2ζ(7) − 3ζ(2)ζ(5)/2 + ζ(3)ζ(2)2/10)γ + (ζ(3)2/4 − ζ(2)3/5)γ2 + ζ(5)γ3/6.



POLYLOGARITHMS AND HARMONIC SUMS
INDEXED BY NONCOMMUTATIVE

RATIONAL SERIES



Rational series, Crat〈〈X 〉〉

Crat〈〈X 〉〉 : set of noncommutative rational series5.

Theorem (Schützenberger, 1961)
S ∈ Crat〈〈X 〉〉 iff there is a linear representation, (ν, µ, η) of dimension

n > 0, i.e. ν ∈ M1,n(C), η ∈ Mn,1(C) and µ : X ∗ → Mn,n(C) such that

S = ν

( ∑

w∈X∗

µ(w) w

)
η = ν((µ⊗Id)DX )η.

Theorem (HNM, 1995)
Let (ν, µ, η) be a linear representation of S ∈ Crat〈〈X 〉〉.
Then the series

∑
w∈X∗〈S |w〉αz

z0
(w) is convergent.

Noting this extension by αz
z0
(S), one has

αz
z0
(S) = ν

( ∏

l∈LynX

e
αz

z0
(Sl ) µ(Pl )

)
η.

And, for any T = R or S ∈ Crat〈〈X 〉〉, one has the convergent series
αz
z0
(T ) =

∑
w∈X∗〈T |w〉αz

z0
(w) and identity αz

z0
(R ⊔⊔ S) = αz

z0
(R)αz

z0
(S).

5A series S is called rational iff it belongs to the closure, by {+, conc, ∗}, of
C〈X 〉 in C〈〈X 〉〉.



Exchangeable series, Cexc〈〈X 〉〉
The power series S belongs to Cexc〈〈X 〉〉, iff
(∀u, v ∈ X ∗)((∀x ∈ X )(|u|x = |v |x) ⇒ 〈S |u〉 = 〈S |v〉).

If S =
∑

i0,i1≥0

si0,i1x
i0
0 ⊔⊔ x i11 then αz

z0
(S) =

∑

i0,i1≥0

si0,i1
(αz

z0
(x0))

i0

i0!

(αz
z0
(x1))

i1

i1!
.

Lemma (Duchamp, HNM, Ngô, 2016)

1. Crat

exc
〈〈X 〉〉 := Crat〈〈X 〉〉

⋂
Cexc〈〈X 〉〉 = Crat〈〈x0〉〉 ⊔⊔ Crat〈〈x1〉〉.

2. For any x ∈ X, one has Crat〈〈x〉〉 = spanC{(ax)
∗

⊔⊔ C〈x〉|a ∈ C}.

3. The family {x∗0 , x
∗
1 } is algebraically independent over

(C〈X 〉, ⊔⊔ , 1X∗) within (Crat〈〈X 〉〉, ⊔⊔ , 1X∗).

4. The module (C〈X 〉, ⊔⊔ , 1X∗)[x∗0 , x
∗
1 , (−x0)

∗] is C〈X 〉-free and

{(x∗0 )
⊔⊔ k

⊔⊔ (x∗1 )
⊔⊔ l}(k,l)∈Z×N forms a C〈X 〉-basis of it.

Hence, {w ⊔⊔ (x∗0 )
⊔⊔ k

⊔⊔ (x∗1 )
⊔⊔ l}

(k,l)∈Z×N
w∈X∗ is a C-basis of it.

Theorem (extension of Li•, Duchamp, HNM, Ngô, 2016)
Li• : (C[x∗0 , x

∗
1 , (−x0)

∗] ⊔⊔ C〈X 〉, ⊔⊔ , 1X∗) −։ (C{Liw}w∈X∗ , ., 1Ω),
R 7−→ LiR .

Li• is surjective and kerLi• is the shuffle ideal generated by

x∗0 ⊔⊔ x∗1 − x∗1 + 1.



Polylogarithms and harmonic sums by rational series
One has, Crat

exc
〈〈X 〉〉 ⊂ Dom(Li•) ∩ Crat〈〈X 〉〉, and, on it,

LiS(z) =
∑

n≥0

〈S |xn0 〉

n!
logn(z) +

∑

k≥1

∑

w∈x∗
0 ⊔⊔ xk

1

〈S |w〉Liw (z)

= ν

( ∏

l∈LynX−{x0}

eLiSl (z)µ(Pl )

)
e log(z)µ(x0)η,

where (ν, µ, η) is a linear representation of S ∈ Crat〈〈X 〉〉.

Example (of polylogarithms indexed by rational series)
For any a, b ∈ C, αz

1((ax0)
∗) = za and αz

0((bx1)
∗) = (1− z)−b. Then

1. Lix∗
0
(z) = z , Lix∗

1
(z) = (1− z)−1, Li(x0+x1)∗(z) = z(1− z)−1.

2. Since (x∗) ⊔⊔ n = (nx)∗, one has Li(x∗
0 )

⊔⊔ n(z) = zn,

Li(x∗
1 )

⊔⊔ k (z) = (1− z)−k , Li(x∗
0 )

⊔⊔ n
⊔⊔ (x∗

1 )
⊔⊔ k (z) = zn(1− z)−k .

3. Since (ax)∗n = (ax)∗ ⊔⊔ (1− ax)n−1 then

Li(ax0)∗n(z) = za
n−1∑

k=0

(
n − 1

k

)
(a log z)k

k!
,

Li(ax1)∗n(z) =
1

(1− z)a

n−1∑

k=0

(
n − 1

k

)
1

k!

(
a log

1

1− z

)k

.



Indexing polylogarithms by rational series

Li−ys1 ...ysr
=

s1∑

k1=0

s1+s2−k1∑

k2=0

. . .

(s1+...+sr )−

(k1+...+kr−1)∑

kr=0

(
s1

k1

)(
s1 + s2 − k1

k2

)
. . .

(
s1 + . . .+ sr − k1 − . . .− kr−1

kr

)
(θ0

k1λ) . . . (θ0
krλ),

θ0
ki (λ(z)) =

1

1− z

ki∑

j=1

S2(ki , j)j!(λ(z))
j , for ki > 0,

where λ : z 7→ z(1− z)−1 and S2 are Stirling numbers of second kind.

Lemma (Encoding polylogarithms by rational series)
Li−ys1 ...ysr

= LiRys1
...ysr

, where Rys1 ...ysr
∈ (C[x∗1 ], ⊔⊔ , 1X∗) given by

Rys1 ...ysr
=

s1∑

k1=0

s1+s2−k1∑

k2=0

. . .

(s1+...+sr )−

(k1+...+kr−1)∑

kr=0

(
s1

k1

)(
s1 + s2 − k1

k2

)
. . .

(∑r
i=1 si −

∑r−1
i=1 ki

kr

)

ρk1 ⊔⊔ . . . ⊔⊔ ρkr ,

ρki =





x∗1 − 1X∗ , if ki = 0,

x∗1 ⊔⊔

ki∑

j=1

S2(ki , j)j!(x
∗
1 − 1X∗) ⊔⊔ j , if ki > 0.

By linearity, R• is extended over Q〈Y0〉. Hence, for any k , l ∈ N, one has

LiRyk
⊔⊔ Ryl

= LiRyk
LiRyl

= Li−yk Li
−
yl
= Li−yk⊤yl

= LiRyk⊤yl
.



Euler-Mac Laurin constants {γ−s1,...,−sr}(s1,...,sr )∈Nr ,r∈N

Definition (Double regularization)
ζ ⊔⊔ : (C〈X 〉, ⊔⊔ , 1X∗) → (C, ., 1) and γ• : (C〈Y 〉, , 1Y ∗) → (C, ., 1),
s.t. ζ ⊔⊔ (x1) = 0, γy1 = γ and ∀l ∈ LynX − X , ζ ⊔⊔ (l) = γπY l = ζ(l).

For any k ≥ 1, there exists unique Ryk ∈ (C[x∗1 ], ⊔⊔ , 1X∗) such that
Li−k = Li−yk = LiRyk

and H−k = H−
yk

= HπY (Ryk
).

Theorem (Extended double regularization)

ζ ⊔⊔ ((tx1)
∗) = 1 and6 γπY (tx1)∗ = exp

(
γt −

∑

n≥2

ζ(n)
(−t)n

n

)
=

1

Γ(1 + t)
.

Example (of regularizations)
Li−1,−1 = −Lix∗

1
+5Li(2x1)

∗ −7Li(3x1)
∗ +3Li(4x1)

∗ ,

Li−2,−1 = Lix∗
1

−11Li(2x1)
∗ +31Li(3x1)

∗ −33Li(4x1)
∗ +12Li(5x1)

∗ ,

Li−1,−2 = Lix∗
1

−9Li(2x1)
∗ +23Li(3x1)

∗ −23Li(4x1)
∗ +8Li(5x1)

∗ ,

H−1,−1 = −H
πY (x∗

1
) + 5HπY ((2x1)

∗) − 7HπY ((3x1)
∗) + 3HπY ((4x1)

∗),

H−2,−1 = HπY (x∗
1
) − 11HπY ((2x1)

∗) + 31HπY ((3x1)
∗) − 33HπY ((4x1)

∗) + 12HπY ((5x1)
∗),

H−1,−2 = HπY (x∗
1
) − 9HπY ((2x1)

∗) + 23HπY ((3x1)
∗) − 23HπY ((4x1)

∗) + 8HπY ((5x1)
∗).

Therefore, ζ ⊔⊔ (−1,−1) = 0, ζ ⊔⊔ (−2,−1) = −1, ζ ⊔⊔ (−1,−2) = 0, and

γ−1,−1 = −Γ−1(2) + 5Γ−1(3) − 7Γ−1(4) + 3Γ−1(5) = 11/24,

γ−2,−1 = Γ−1(2) − 11Γ−1(3) + 31Γ−1(4) − 33Γ−1(5) + 12Γ−1(6) = −73/120,

γ−1,−2 = Γ−1(2) − 9Γ−1(3) + 23Γ−1(4) − 23Γ−1(5) + 8Γ−1(6) = −67/120.

6
HπY (tx1)∗ =

∑
n≥0 Hyn1

tn = exp(−
∑

n≥1 Hyn (−t)n/n).



Candidates for associators with rational coefficients
Υ := ((H• ◦ πY ◦ R•)⊗ Id)DY and Λ := ((Li• ◦R• ◦ π̂Y )⊗ Id)DX ,
Z−
γ := ((γ• ◦ πY ◦ R•)⊗ Id)DY and Z−

⊔⊔
:= ((ζ ⊔⊔ ◦ R• ◦ π̂Y )⊗ Id)DX ,

where, the morphism of algebras π̂Y is defined, over an algebraic basis, by
∀l ∈ LynX − {x0}, π̂Y Sl = πY Sl and π̂Y (x0) = x0

(such that LiRπ̂Y x0
(z) = log(z) and then ζ(Rπ̂Y x0) = 0).

Hence, Z−
⊔⊔

∈ Z〈〈X 〉〉 and Z−
γ ∈ Q〈〈Y 〉〉. One also has

Theorem (Associators with rational coefficients)
∆ (Υ) = Υ⊗Υ and ∆ ⊔⊔ (Λ) = Λ⊗ Λ,

∆ (Z−
γ ) = Z−

γ ⊗ Z−
γ and ∆ ⊔⊔ (Z−

⊔⊔
) = Z−

⊔⊔
⊗ Z−

⊔⊔
,

and all constant terms are 1. It follows then

Υ =

ց∏

l∈LynY

e
HπY RΣl

Πl and Λ =

ց∏

l∈LynX

e
LiRπ̂Y Sl

Pl ,

Z−
γ =

ց∏

l∈LynY

e
γπY RΣl

Πl and Z−
⊔⊔

=

ց∏

l∈LynX

eζ ⊔⊔ (Rπ̂Y Sl
)Pl .

Moreover, for any g ∈ G, there exists a morphism of linear substitution,
σg , and a Lie series C ∈ LieC〈〈X 〉〉, such that Λ(g) = σg (Λ)e

C .

THANK YOU FOR YOUR ATTENTION


