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m MacDonald Polynomials
AC(q,I) = (C(q t)[X1 XN]GN - @z1 /\g(q"z‘)

» When n > N, basis of /\E(q.t) include elementary e,
homogeneous hy, power p, and Shur s, symmetric
functions.

» {H,\ | A F n} (modified, Garsia & Haiman) Macdonald
Polynomials: basis of A¢(q,y)
» Applications in wide variety of subjects
» "Generalisation” of Hall-Littlewood, Jack polynomials,...
» Kostka-Macdonald coefficients

H/1 - Z RA“(Q-, t)S)\

AFn

| Macdonald Positivity Conjecture
R
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KAH g,t) € N[qg, t], i.e. the Macdonald polynomials are Shur
positive
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bd 1! conjecture

Strategy to prove Shur positivity of Macdonald Polynomials

» Construction, for each 1, a bi-graded module M,, (Garsia
Haiman module), affording regular representation of &,

> FIM is image of the bi-graded character of this module by
Frobenius characteristic map

» Garsia and Haiman reduced this to the problem of showing
that Dim(M,) = n!

» Proved by Haiman in 2001, using tools from Algebraic
Geometry
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m The nabla operator

» Working on the Macdonald positivity conjecture, Garsia
and Haiman introduced the Gy-module DH,, of diagonal
harmonics
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» Working on the Macdonald positivity conjecture, Garsia
and Haiman introduced the Gy-module DH,, of diagonal
harmonics

» Conjecture:
F(DHp; q,t) = Vep

Where V is a linear operator defined by
VH, = T,H, Ty := q"MV )

(now proved using n! conjecture)
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b The nabla operator

» Working on the Macdonald positivity conjecture, Garsia
and Haiman introduced the Gy-module DH,, of diagonal
harmonics

» Conjecture:
F(DHp; q,t) = Vep

Where V is a linear operator defined by

VH, =T,H, T\ = q"M ")
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(now proved using n! conjecture)
» Conjecture: for each partition A\, Vs, is Shur positive:

» Shuffle conjecture (now theorem Carlsson & Mellit 2015)
gives a combinatorial interpretation of Ve,



m The delta operator and conjecture

The linear operator Ay
» Eigenoperator of Macdonald polynomials

A¢H, = f[B,)H,
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m The delta operator and conjecture

The linear operator Ay
» Eigenoperator of Macdonald polynomials

A¢H, = f[B,H,

» Generalisation of V, on /\g(q h

Ae :V

n
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» Delta conjecture (generalisation of the Shufle Conjecture)
gives a combinatorial interpretation of A¢, e, and:is still
open (Haglund, Remmel & Wilson 2016)
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DeDyck,, DeDyck,,
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The old g, t-square



m Loehr and Warrington 2006

Combinatorial interpretation of <(f1 )"~V pn, en)

Z qarea1 tbounce1 Z qarea1 tbounce1(P)
PcSQF PcsQl
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» Statistics generalize Catalan statistics
» Link with Delta conjecture

Theorem (M. D’Adderio, A.V.W.)

Ae, ,€n =(-1)""'Vpn

|t=1/q |t=1/q
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— Our new q, t-square is also about A, , en
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m The old and the new

» areay, areap generalise area and bouncey, bounce,
generalise bounce
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m The old and the new
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» areay, areap generalise area and bouncey, bounce,
generalise bounce

» We have

<Aen—1env en> _ <(_1)n71an7ef7> _
|t=1/g |t=1/q

2n 1
nja1+4q"

Z qarea1 —bounceq (P Z qareag —bounce,(P)

PcSQE PcSQE
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O
OO - = A A ad a2 NN
O

» a:= decorated peaks, b := decorated double falls
» Statistics areas and bounces
» Top peak is not decorated



m Link between our @, t-square and Decorated
Dyck paths

Z qareag(P)tbounceg(P) _ Z qarea3(P)tbounce3(P)
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The unifying language of decorated Dyck paths has many links
to existing work.

— More results on symmetric functions related to the Delta
conjecture
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m Link between D*") and SQE

Z qareazE(P)tbounceg(P): Z C’area(D)fbounce(D)
PeSQE DeDyck,,

+ Z qareag(P)tbounceg(P)
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m Link between D4'*? and SQV
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+ Z qareag(P)tbounceg(P)
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m Representation theory

p:6,— GL ( @ V(j’j))

(i,j))eNxN

» VU are p invariant
» Character
Xp=1trop:6,—=C

> We can decompose x, = > xg) ) and X =200

where ¢, € N (multiplicity) and x are the irreducible
characters of (p|yuy, V(")) (one per conjugacy class
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m Frobenius Characteristic map

F : Class(&p) — A¢

1
fr ol Z f(o)Pxo)

O'GGn

» Irreducible characters get sent to Shur functions

» If a symmetric function is the image of the character of a
representation by the Frobenius map then is must be Shur
positive because F is linear

» Bi-graded Frobenius characteristic map
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Fixpm Y aUF()
(7))



m Symmetric functions

Ak = K[Xq, ..., Xn]®N space of symmetric functions.
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» Shur functions s, form another basis and are the image of
the irreducible characters by the Frobenius map.
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Ag = é/\;
i=1

where A} is the space of homogeneous symmetric functions of
degree n.
» A lot of different basis for A%, indexed by partitions of n:
elementary e,, homogeneous hy, power symmetric p,.
» Link with representation theory of &,: the Frobenius
characteristic map:

F : Class(&p) — Ag

UNIVERSITE LIBRE DE BRUXELLES

» Shur functions s, form another basis and are the image of
the irreducible characters by the Frobenius map.

» Scalar product (,) on A} such that s are orthonormal —
F is an isometry
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