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GENERALIZED SYLVESTER FORMULAS
AND SKEW GIAMBELLI IDENTITIES

SOICHI OKADA

ABSTRACT. We obtain a common generalization of two types of Sylvester formulas for
compound determinants and its Pfaffian analogue. As applications, we give generaliza-
tions of the Giambelli identity to skew Schur functions and the Schur identity to Schur’s
skew Q-functions.

1. INTRODUCTION

Determinant and Pfaffian formulas for general matrices are a powerful tool in proving
relations among special functions and in evaluating specific determinants and Pfaffians.
For example, in [7], we applied the Cauchy—Sylvester formula for compound determinants
to give a transparent proof of the evaluation of the determinant involving BC,-type
Jackson integrals. Furthermore, in [5], we found a variant of the Cauchy—Sylvester formula
and obtained product evaluations of determinants of classical group characters. The aims
of this paper are to establish a common generalization of two types of Sylvester formulas
for compound determinants and its Pfaffian analogue, and to obtain symmetric function
identities by applying these generalized formulas.

Given a matrix X = (z;;) and sequences I = (iy,...,i,) of row indices and I’ =

(41, - - ., i) of column indices, let X ,) be the p x ¢ matrix obtained from X by picking

I
up the rows indexed by I and the columns indexed by I’, i.e.,

I
(I') Yiosts ) | casp 122

For two sequences I and .J, we denote by I LI.J the concatenation of I and J, and, if J is a
subsequence of I, then we denote by I\ J the sequence obtained by removing the entries of
J from I. For example, (1,3,4) U (2,6) = (1,3,4,2,6) and (1,3,4,2,6) \ (3,2) = (1,4,6).
Then the Sylvester formula and its dual version (the Jacobi formula) are stated as follows.

Proposition 1.1. Let X be a matrix and let K" and K’ be sequences of row and column
indices of the same length.

(1) (SYLVESTER [17]) For sequences I = (iy,...,1,) of row indices and I' = (i}, ..., i;,)
of column indices, we have

det (detX (((fg))uulfé»lga’%p — det X (]] ¥ g) . <detX (If{(,))p_l. (1.1)
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(2) (Jacosr [8]) For sequences J = (ji, ..., j,) of row indices and J" = (ji,..., ;) of
column indices, we have

det (detX (é}{k 8;;; Eg,))lwm - <detX (; . g,))q_l Cdet X (fg) L (1.2)

Let X, I, J, K, I') J/, K’ be as in Proposition 1.1, and let L and L’ be sequences

of row and column indices of the same length. If the submatrix X ( I{uu [[((,E[L,) of X

is non-singular with inverse matrix Y, then we can use Jacobi’s complementary minor
formula [8] to rewrite (1.1) in terms of Y as

(D)o, (e G 2)

. o . . JUKUL Y\ .
which has the same form as (1.2). Similarly, if the submatrix X (J’ UKL L’) is non-

singular with inverse matrix Z, then (1.2) can be written as

UL JUuL L\
det (2 (Us) >) :detZ< )-(detZ( )) .
( ((jg)l_lL 1<a.8<q JUL L
In this sense, Equations (1.1) and (1.2) can be regarded dual to each other.
One of the main results of this paper is the following theorem, which is a common

generalization of (1.1) and (1.2). In fact, we can recover (1.1) (respectively (1.2)) by
specializing ¢ = 0 (respectively p = 0) in (1.3).

Theorem 1.2. Let X be a matrix and I, J and K (respectively I’, J" and K’) sequences
of row (respectively column) indices of length p, ¢ and r. We define a (p + ¢) X (p + ¢q)

matrix X = (fa,5)1ga,5§p+q by

_ (i) UJ UK .

wp = det X , f1<a,B<p,
Pap = € ((ifg)l_lJ’LlK’ flzafzp
§a7P+BZthX (Za)l—lg}]llilgj(ﬂl»ul{)’ ifl<a<pandl<p<gq,

JUK

Tpiap = det X Cifl1<a< d1<p8<p,
e = <ig>u<J'\<j;>>UK'> HlEesamdi=isr
~ (J\ (s)) UK .
Tpiaprs = —det X T\ UK ] ifl1<a,pB<q.
\ Ja

Then we have

~ p+q—1
det X = (—1)?det X (Ilig) - (detX (fﬁg)) . (1.3)
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For example, if [ = I' = (1,2), J = J' = (3,4), K = K’ = (5), then Equation (1.3)
reads

1,3,4,5| |1,3,4,5| |1,4,5] |[1,3,5
1,3,4,5| 2,3,4,5| |3,4,5] [3,4,5
‘2,3,4,5‘ '2,3,4,5‘ ‘2,4,5 2,3,5
1,3,4,5| 12,3,4,5| |3,4,5] [3,4,5 2+2-1
det (1) 1,2,5‘ '3,4,5 |
3,4,5 3,45 |45 |35 1,2,5] 3,45
1,4,5 2,4,5 4,5 4,5
3,4,5 3,4,5] 14,5 |3,
1,3,5 2,3,5 3,5 3,5
where 7’.,1""’2.5’ stands for det X Z,l”lf’>
(P (P
Knuth [10] gave Pfaffian analogues of the Sylvester and Jacobi formulas in Proposi-
tion 1.1. For a skew-symmetric matrix Y and a sequence I = (iy,...,%;) of row/column

indices, we write Y (/) for YV <§>

Proposition 1.3. Let Y be a skew-symmetric matrix and K be a sequence of row /column
indices of even length.

(1) (KnuTH [10, 2.5]) For a sequence I = (iy,...,%) of row/column indices of even
length [, we have
Pf(PfY((z’a, ig) U K)) —PIY(IUK)- (PEY(K))"". (1.4)
1<a<p<l
(2) (KnuTH [10, (2.7)]) For a sequence J = (j1,. . ., Jm) of row/column indices of even
length m, we have
Pf(PfY((J\ (as ) U K)) b= (PEY(TL K)™*7 PEY(K). (1.5)
1<a<pB<m

Another main result is the following common generalization of (1.4) and (1.5). If m =0
(respectively I = 0), then Equation (1.6) reduces to (1.4) (respectively (1.5)). Note that
Hirota [4] gave the special case | = m.

Theorem 1.4. Let Y be a skew-symmetric matrix. Let [, m and n be nonnegative
integers with the same parity, and let I, J and K be sequences of row/column indices
of Y of length I, m and n respectively. We define an (I + m) x (I + m) skew-symmetric

matrix ¥ = (?ja”g) by

1<a,B<l4+m
Yap = PIY ((ia,ip) U J U K), ifl<a<p<l,

Yotrp = PIY ((ia) U (J\ (Jp))UK), ifl<a<land1<p<m,
Uivares = PEY((J\ (o jo)) UK), if1<a<p<m

Then we have B
PIY =PIY(TUK)- (PtY(JuK)) "2 (1.6)

As an application of our generalized Sylvester formula (Theorem 1.2), we give an ex-
tension of the Giambelli identity to skew Schur functions, which expresses a skew Schur
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function s/, in terms of a determinant of skew Schur functions of the form +s,,,. Simi-
larly, we use the generalized Knuth formula (Theorem 1.4) to obtain a generalization of
the Schur identity to Schur’s skew ()-functions, which expresses a skew Q-function @y,
in terms of a Pfaffian of skew @Q-functions of the form £@), .

This article is organized as follows. In Section 2, we prove Theorem 1.4 by using a
Pfaffian analogue of the Desnanot—Jacobi identity. In Section 3, we derive Theorem 1.2
from Theorem 1.4 by using a relation between determinants and Pfaffians. Applications
to symmetric function identities are provided in Sections 4 and 5.

2. PROOF OF THEOREM 1.4

Recall a definition and some properties of Pfaffians (see [6] for details). Given an
2m x 2m skew-symmetric matrix A = (aij) the Pfaffian of A, denoted by Pf A,

is defined by

1<i j<2m’

PfA = Z SEI(T) Ar(1),7(2) A (3),m(4) * * * Ar(2m—1),m(2m)
WEFQm
where F5,, is the subset of the symmetric group Ss,, given by

Fo={m € Sop:m(1) <m(3) < -+ <m(2m —1), m(2i — 1) < 7(24) (1 <i<m)}.
For example, if 2m = 4, then we have
Pt A = aipa3s — ai13a24 + a14a93.
For a 2m x 2m skew-symmetric matrix A and a 2m x 2m matrix 7', we have

Pf (TAT) = detT - Pf A.

Hence the Pfaffian is alternating in the sense that Pf (as(;),0(j)) = sgn(o) Pf (a; ;) for any
permutation o € Ss,,.

One key ingredient of the proof of Theorem 1.4 is the Pfaffian analogue of the Desnanot—
Jacobi formula, which is a special case of the basic identity in [10].

Lemma 2.1. (See e.g. [10, (1.1)].) Let A be a skew-symmetric matrix with rows/columns
indexed by (1,2,...,2m). For row/column indices i < j < k < [, we have

Pf A% . Pf AP — PEAY . Pf AP + Pf AY - PEAYY = Pf A - Pf AWM, (2.1)

where A+ denotes the skew-symmetric matrix obtained from A by removing rows and
columns with indices %1, . .., %p.

First we show the following identities, which are special cases of Theorem 1.4.

Lemma 2.2. Let Y be a skew-symmetric matrix. Let (a,b,c,d) and K be sequences of
row/column indices.

(1) If the length of K is even, then we have
PtY((a,b,c,d) UK)-Pf(K) —PtY((a,d) UK)-PtY((b,c) UK)
+PEY((a,c) UK) -PEY ((b,d) UK) = PEY ((a,b) UK) - PEY ((c,d) U K). (2.2)
(2) If the length of K is odd, then we have
PtY((a,c,d) UK) -PEY(())UK) — PfY((a,b,d) LK) -PfY((c) U K)
+PtY((a,b,c) UK) -PtY((d)UK) =PfY((b,c,d) UK) - PfY((a) UK). (2.3)
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Proof. The first identity (2.2) is a restatement of Lemma 2.1. We shall prove the second
identity (2.3). Let e be the first entry of K and let K’ = K \ (e) be the remaining
sequence. If we write [i1,...,4,] = PTY((i1,...,i,) U K’), then the left hand side of (2.3)
is written as

la,c,d,e]-[b,e] —[a,b,d,e]-[c,e] +[a,b,c.e]-[d, e

By using Lemma 2.1, we have
[a,c,d,e] - [0] = [a,c]-[d,e]
la,b,d,e] - [0] = [a,b] - [d,e]

[a7 d] ' [07 6] + [a’v 6] ' [07 d],
[a’v d] : [bv 6] + [CL, 6] : {bv d]7

[CL, b7 ) 6] ’ [m = [CL, b] ’ [67 6] - [CL, C] ’ [b7 6] + [0’7 6] : [ba C]v
where [(] = PfY(K’). Hence the left hand side of (2.3) is equal to
1
m ’ [aa 6] ([b7 C] ’ [dv 6] - [ba d] ’ [07 6] + [b7 6] ’ [C, d])a
which turns out to be equal to [a, €] - [b,¢,d,e] = PfY ((a) UK)-PfY((b,¢,d) U K) again
by using Lemma 2.1. O

Proof of Theorem 1.4. For three sequences I, J and K, we denote by Z(I, J, K) the (I +
m) X (I +m) skew-symmetric matrix given by

(PfY((ia, is) U J L K)) (PfY((ia) U (J\ (js) U K)) I<a<i

(PEY((\ s ) U K) -

where [ and m are the lengths of I and J respectively. We proceed by induction on [ and
m.

First we consider the case where [ > 4. In this case, we apply Lemma 2.1 to the matrix
A=Y =Z(1,J,K) with (i,j,k,1) = (1,2,3,4). By using the induction hypothesis on [,
we have

YF = Pt Z(I\ (g, ig), J, K)
= PEY((T\ (i ip)) UK) - (PEY(JUK)) T (1 <a<p<a),

1<a<p<l

Z(I,J,K) =

1<a<f<m

and
Y1234 = P Z(I\ (i, ia, i3, 14), J, K)
— PEY((I\ (in, da, i3, ia)) U K) - (PEY (J U K))70Fm7270
Hence we see that
Pt Z(1,J,K)

(e o
= —— - 11,13)) U . 19,14)) U
PEY((I\ (i 2, 25, 1)) U K) | ppy (1N iy, i) U K) - PEY((I\ (i, i5)) U K)

x (PEY (J U K)) T

Again by applying Lemma 2.1 to A = Y(I U K), we obtain the desired formula (1.6) for
Z2(1,J, K).
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Next we consider the case where m > 4. In this case we apply Lemma 2.1 to the matrix
A=Y =7(1,J,K) with (i,j,k,1) = (I + 1,0+ 2,1l + 3,1 +4). We see that

Y8 = Z(1, I\ (as 38)s (o Jg) U K) i (a, 8) = (1,2), (2,3) or (3,4),
ylhbeziesiit Z(I, T\ (J1, s J3, Ja), (s J2, Jas Ja) LK),
and
o YIHLIHS jg equal to the matrix obtained from —Z(I,J \ (j1,73), (j1,J43) U K) by
multiplying the (I + 1)st row/column (corresponding to js) by —1,
o V24 ig equal to the matrix obtained from —Z(I,J \ (j2,74), (J2,J4) U K) by
multiplying the (I + 2)nd row/column (corresponding to js) by —1,
o YVITLIH g equal to the matrix obtained from Z(I,J \ (ji,J4), (j1,74) U K) by
multiplying the (I + 1)st and (I + 2)nd rows/columns (corresponding to j, and j3)
by —1.
Hence, by using the induction hypothesis on m, we have
Z(1,J,K)
PEY(I'U (j1,j2) U K) - PEY (I U (js, ja) U K)
—PEY/(I'U (j1,j3) U K) - PEY (I U (j2, ju) U K)
+PEY (IU (j1,72) W K) - PEY (T U (j2, j3) U K)

- 1
PEY (I U (41, J2, Ja, ja) U K)

x (PEY (Ju k)™

Again by using Lemma 2.1 to A = Y (I U (41, jo, J3,ja) U K) with (i,7,k,1) = (I + 1,1 +
2,1+ 3,1+ 4), we obtain the desired formula (1.6) for Z(1, J, K).
Now it remains to show the cases where

(I,m)=(1,1), (2,2), (1,3), (3,1) and (3,3).
The case (I,m) = (1, 1) is trivial. The case (I,m) = (2, 2) follows from (2.2) and the cases
3

(I,m) = (1,3) and (3,1) follow from (2.3) in Lemma 2.2. Hence it is enough to consider
the case (I,m) = (3,3).
Letl=m=3,1=(a,b,c), J = (d,e, f), and write (i1,...,0,) = PIY ((i1,...,im)UK).

Then we have

0 <a/7b7d7e7f> <a/7c7d7€7f> <a7e7f> < 7d7f> <a7d76>

0 (bye,dye, f) (bye, f) (bd, f) (bd,e)

Z([’ J’ K) — 0 <Cv gv f> <Cv<?7>f> <C><z; 6>
0 (d)
0

We apply Lemma 2.1 to this matrix, say W. It follows from (2.3) that
PEW'? = (c) - (d,e, f), PEW" =(b)-(d,e, [), PEW?>®=(a)(d,e, f).
Moreover, it follows from (2.2) that
Pf W3 = (a,b,d) - (d,e, f), PfW>**'=(a,c,d)-(d,e,f), PEW"* = (bcd)-(de,f).
Hence, again by using (2.3), we see that
PEWH2 . PEW? — PEWYS . PEW4 + PEW . PEIW2?
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= <d,6,f>2 ’ (<a> ’ <b7 ) d> - <b> ’ <Cl, Gy d> + <C> ’ <Cl,b, d))
= <d767 f>2 ’ <a’7 b7 C> ’ <d>
Since Pf Wh234 = (d), we conclude that
PEW = (a,b,¢) - (d,e, ) = PEY ((a,b,¢) UK) - (PEY ((d, e, f) U K))®,
This completes the proof of Theorem 1.4. 0
3. PROOF OF THEOREM 1.2

In this section we derive Theorem 1.2 from Theorem 1.4. Some determinant formu-
las can be deduced from Pfaffian formulas by using the following fundamental relation
between determinants and Pfaflians.

Lemma 3.1. (See e.g. [6].) Suppose that m + n is even. If M is an m x n matrix, then

we have =)
O M (=D det M, ifm=n
Pf = ’ ’ 3.1
<_tM O) {0, if m # n. (8:1)
More generally, if S is an m x m skew-symmetric matrix and M is an m X n matrix, then
we have )
S M (-D)(2)det M, ifm=n
pPf = ’ ’ 3.2
(_tM O) {O, if m <n. (3:2)

Proof of Theorem 1.2. We put
A:X(;,), BzX(j,), PZXG(’)’
CzX(IJ,), D:X(:]],>, Q:X(Kj/),
vr (). sox(5) rox(8)

that is,
I/ J/ K/
I (A B P
X=J|C D Q@ |,
K\R S T

and consider the following 2(p + ¢ + ) X 2(p + ¢ + r) skew-symmetric matrix Y with
rows/columns indexed by I U ' U J U J UK U K"

I r J J K K
I /O A O B O P
' -4 0o —c 0O R O
s_J| 0 ¢ o D o Q
~J|-B 0 - O —'S O
K|l o R O S o T
K'\-P O —Q 0 —T O

We apply Theorem 1.4 to the sequences I=IUl' J=JUJ and K = K UK.
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We compute the entries of the matrix Y given in Theorem 1.4. By permuting row/
columns and then by using (3.1), we see that, for 1 < «, 8 < p, we have

PEY ((iq,ig) UJ U K)

Oq+r+2 X <(Z6¥7 Zﬂ/) U J/U K)
r J UK
= (1" Pf o
_t x (Za,Zﬁ)UJUK O
J UK’ g+r
pu— (]7
PEY ((ia, i) U J U K)
(iq) LU J U K)
Ogitr X (AN
_ (—1)#rHa+) py o ((z’ﬁ) UJ UK
i x (io) UJUK O
(i) UJ UK g+l
= (=17 e () det X ((ﬁfﬁ) e ?) 7
]
PEY ((il,, i) U J U K)
JUK
Ogir x|, .
= (—1)*Falatn) pf e ( (Ww ig) UJ L K))
X JUK O
(if, ) U UK’

:(]7

where O,, denotes the n x n zero matrix. Similarly, for 1 < a <pand 1 < 3 < ¢, we have

PEY () U () ) L) = ()5 derx (U W GTV DDA

PEY ((ia) U (J\ (j)) U K) =0,

PEY (i) U (J\ (js)) U K) =0,

PEY (i) U (T\ (j5)) UK) = (=1)7 - (=1)("2") det X <%) g (j,fg,ﬁ» 1 K,> :
and, for 1 < o, <gq,

PEY ((J\ (o ds)) U ) = 0,
PEY (7 G d5) U R) = (17 ()5 derx (1B EY,
PEY((J\ (44, 45) U K) = 0.

If we put
o) U J UK
detX<(.Z°‘> )) ,
( (i) U J UK | <aB<p

V= (detX <(ia) - %]J’lil(féé)) ) K))1<a<p 1<p<q

Gl SM >

U
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JUK
V= @“XQ> (' (7)) U K ’
1<a<p,1<B<q

Pt g S Rl

W = (detX <((:]]’ s Ezagg ll:'l g/))lmﬂq’

then the matrix ¥ in Theorem 1.4 is given by

@) eU eV O
v _ —e'U @) @) (—1)2V’
| =V @) @) (- tew |
O —(=1)eV" — (=1t @)
where ¢ = (_1)qr+(q-§’“)_ By permuting rows/columns and using Lemma 3.1, we have
Y — (—1)2e+a) . (—1)("39) eU eV
PfY ( 1) ( ) det ( ( )qz-jtvl _( q 1EtW
_ (1) (i) s () qﬂma( )

Since we have

PEY(TUR) = (- W“()th([uK)

I' UK’

T e _(_ q7‘+‘1'g" Jl_lK
PIY(JUK) = (—1)7*( hmx<fuw)

we obtain

(_1)q(p+q)+(Pﬁq)+(p+q)(w+(qZT))JrQ(qH) det X

pt+q—1
_ pr+(PE7)+(p+a-1)(ar+(737)) TUK ) JUK
(—1) 2 ) det X 'L K det X UK )

Now, by noticing the congruence

+ +r r+
pq+(p2q>+q7‘+(q2 >—|—rp+( 2p) =0 mod 2,

we complete the proof of Theorem 1.2. O

From Theorem 1.2 we can derive the following formula due to Bazin [1].

Corollary 3.2 (BAzIN [1]). Let n and p be positive integers such that p < n. If Z is a
matrix with columns indexed by (1,2,...,n), and I = (i1,...,4y), J = (J1,...,Jp), and
K are sequences of row indices of length p, p, and n — p respectively, then we have

det (det Z ((iO) |(_|1§t2],\ (j,ﬁn))u K) ) 1<a,8<p

ez (40 ) (a2 (0 305,)) 7 oo
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Proof. We apply Theorem 1.2 to the matrix X = (x;;) with rows indexed by I U J U K
and columns indexed by (1,...,p,1,...,p,p+1,...,n), whose entries are given by

T3 =z iH1<7<p,
Tij = Zij, if 1 S j S n.

Let I'=(1,...,p), J'=(1,...,p), K" =(p+1,...,n). Then we have

det X (E ))ou{Lng) 0 (1<a<pl<i<p),

detX((ia)uf]J,L%)) )—dtZ( J\jﬁ))UK> (1<a,8<p),

d“X<()(jafbuKJZ@ﬂ_UHd“Z(mégém> (1<i,j<p),
daX(ﬁE?):daZ(@g%?m),

det X (;, E g,) =det Z ((1’é7l—|[i n)) .
Hence we have
b (e
. - 22y 1<a,B<p
(51.7]-(—1) det Z ((1’27...,n))>1<i,j<p *
— (~1)det Z <(1£LIK n)) ‘ (detZ ((1guK n)))Qp_l'

By permuting columns in the determinant of the left hand side, we see that the left hand
side is equal to

det

C
<
/
<
=
[
~
~—
A
2
@
A
i

(—1)7" det (det Z ((i“) (1,2,.. n)

T p
VP (-1) JUK
s (anz (395 )Y

By cancelling the common factor, we obtain the Bazin formula (3.3). O

Remark 3.3. As is shown in [12], many determinant identities (including (1.1), (1.2)
and (3.3)) are easily derived from Turnbull’s identity. The generalized Sylvester formula
(1.3) too is a special case of Turnbull’s identity. For example, if X is a 7 X 7 matrix and

=I'=(1,2,3),J=J = (4,5), K = K' = (6,7), then we can use the tableau notation
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Ty Ty Tg T7 1 X9 I3 4 5) Tg X7

1]

of [12] to write (1.3) as
2

2 3 x4 x5 TG T7

2 3

]w—13$4x5x6x7
2’:1:'—3‘554375956:57:
2 3
2

s Tg X7
3 ZE41‘6 Ty

where x1,...,x7; are the column vectors of X and 1,...,7 are the column vectors of the
7 x 7 identity matrix.

Ty Xy Tg Iy

1 1
1 1 2 3
1 1 2 3 x4 x5 26 27
1 1 2 3

Ty X5 Te X7

4. SKEW GENERALIZATIONS OF THE GIAMBELLI IDENTITY

In this section, we use the generalized Sylvester formula (Theorem 1.2) to obtain a skew
generalization of the Giambelli identity to skew Schur functions.

A partition of a nonnegative integer n is a weakly decreasing sequence A = (Ay, Ay, ... )
of nonnegative integers such that |A\| = Y., A\; = n. The length, denoted by I(\), of a
partition A is the number of nonzero entries of \. We sometimes write A = (A1, e, A ,\))
by omitting the Os at the end. We identify a partition A of n with its Young diagram,
which is a left-justified array of n cells with \; cells in the ith row. We denote by () the
empty partition (0,0,...) of 0. Given a partition A, we put

pA) =#{i: N\ =i}, a=N—1i, Bi=XN—-i (1<i<p),

where X, is the number of cells in the ith column of the Young diagram of A\. Then we
write A = (a1, ..., ap)|B1, -, Bpoy) and call it the Frobenius notation of A.

Let sy be the Schur function corresponding to a partition A, and s/, the skew Schur
function associated to a pair of partitions A and p. Note that sy = sy and s,/, = 1
and that s/, = 0 unless \; > p; for ¢ > 1. (Refer to [13, Chapter I] for details on
Schur functions.) Giambelli [2] gave a formula which expresses any Schur function as a
determinant of Schur functions of hook shapes (a|b), and Lascoux and Pragacz [11] gave
a generalization of the Giambelli identity to skew Schur functions.

Proposition 4.1. (1) (GiaMBELLI [2]) For a partition A\ = (ay,..., a0, ..., Bp),
we have
sy = det (S(O‘i|f3j))1§z‘,j§p’ (4.1)
(2) (Lascoux, Pracacz [11]) If A = (a1,...,0|B1,...,0p) and p = (71,. .., V4|01,
..,0,) in Frobenius notation, then we have

<S(C¥i|ﬂj)>1<ij<p (hai*%) 1<i<p

Sx/p = (—1)%det 1si=a || (4.2)
(eﬂj—&) 1<i<q 0

1<j<p
where hy, (respectively ey ) is the kth complete (respectively elementary) symmetric
function and h; = ¢, = 0 for k£ < 0.

We apply Theorem 1.2 to give another generalization of the Giambelli identity to skew
Schur functions. In order to state the identity, we extend the definition of skew Schur
functions as follows.
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Definition 4.2. Given two nonnegative integer sequences a = (aq,...,q®,) and § =
(B1, ..., Bp) of the same length p and a partition p, we define s(45)/, by putting

(S(Qi\ﬁj)> 1<i j<p <hai*’Yj> 1<i<p

1<j<q

(66]-—52-) 1<i<q O

1<j<p

S(alg)/u = (—1)" det

)

where p = (71,...,7l01,...,d,) in Frobenius notation.

If the entries of a (or ) are not distinct, then s(q5)/, = 0. Otherwise, if o and 7 € S,
are permutations such that a,q) > -+ > ayp) and G-y > -+ > Br(p), then by (4.2)
we have s(q5)/, = sgn(o7)sy/,, where A is a partition given by the Frobenius notation
A= (@), Q)| Br1)s - - - Br(p))- Then we have the following skew generalization of
the Giambelli identity.

Theorem 4.3. If two partitions A and p are represented as A = (o, ..., a0, ..., 05p)
and i = (71,...,7%l01,...,0,) in Frobenius notation, then we have
S\

(S(aim,...ﬁj,.-wq|51,~.,5q)/u 1<i<p

(8(0417’71,-~~,’Yq\5j,51,---,5q)/ﬂ)
1sjsa | (4.3)

1<i,j<p

= (—1)7det

(8(71,...,’)&1lﬁj,&l,...,(g;...,&q)/u) 1SZ§q O
1<j<p

where the symbol @ means that a is removed from the sequence.

If o = 0, then (4.3) reduces to the Giambelli identity (4.1). Note that the nonzero
entries of the determinant (4.3) are of the form +s,,, with v/u a border strip, ie., a
connected skew Young diagram containing no 2 x 2 block of cells. Since these entries are

skew Schur functions skewed by a fixed partition u, our determinant formula (4.3) is not
a case of the border strip determinants given by Hamel-Goulden [3].

Proof. Apply Theorem 1.2 to the matrix

<3(ailﬁj)> 1<ij<p (3(ai|5j)> 1<i<p hO‘i_’Yj 1<i<p

1<j<q 1<j<q
X = (568 ) 1<i< (Swwr) hoi—;
T2 1< j<q © 7 1<ii<q
€8j—6i | 1<i<q (65j*5i>1<. ,< O
1<5<p =hI=a

withI=I'=(1,...,p),J=J =(p+1,...,p+q¢ and K = K' = (p+q+1,...,p+2q).
Then by definition we have

(YUJTUK
det X ((]) UJuK - (_1)q8(06i771,---ﬂq\5j7517---75q)/ﬂ’

JU(J\(p+yJ) UK
det X <( JU( >(uK ) ) = (= 1) S (i 10T val 1) 100

JUK )

det X ((i)U(J\(p+j))uK

=(=1)4 ~
(=1) S (Y1 seeerVaBis01 8 i) [ 07
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TUK
dert (I N K> = (=) 55 /0 = (1) 5/,

JUK
det X (J L K) = (—1)q8(7‘5)/u = (—1)‘18#/# = (_1)(1'

(J\N(p+i) UK
(J\(p+J)UK

the s X s zero matrix, we see that

(N @+ UKY _
e (7 () 0) =0

Since X ( ) is a (2s — 1) x (2s — 1) matrix whose bottom-right block is

Hence, by applying Theorem 1.2, we obtain the desired identity. ([l

Remark 4.4. As is shown in [14], Theorem 4.3 is obtained by using the Giambelli-
type determinant formula for the expansion coefficients of the T-function 7(z) of the KP
hierarchy ([14, Theorem 1.1]) and the fact that 7(x) = ), sx/u(y)sx(2) is a solution of
the KP hierarchy.

5. SKEW GENERALIZATIONS OF THE SCHUR IDENTITY

In this section we use Theorem 1.4 to obtain a skew generalization of the Schur Pfaffian
identity for Schur @-functions.

A partition A is called strict if Ay > Ay > -+ > Ny). Let @y be the Schur @-function
corresponding to a strict partition A, and @)/, the skew @Q-function associated with a pair
of strict partitions A and u. Note that @y = Qx, @/, = 1 and @/, = 0 unless \; > p;
for all 7. See [13, Chapter III, Section 8| for details on Schur @Q-functions.

Schur [15] defined the Schur @Q-function corresponding to any strict partition as a Pfaf-
fian of Schur @-functions corresponding to strict partitions with at most two rows, and
Jézefiak and Pragacz [9] gave a generalization of Schur’s identity to skew @Q-functions.

Proposition 5.1. For sequences a@ = (ay,...,qq) and 5 = (S, ..., B;n) of nonnegative
integers, let S5 and Tj be [ x m matrices defined by

Sg = (Q(aiﬁj)> T/g = (Q(Oéifﬁmﬂfj))
where we use the conventions

Qupy = Qe Qo) = Qe = Qua)» Qo) =0

for positive integers a and b, and @),y = 0 for a < 0. Then we have the following Pfaffian
identities:

St > I e R

(1) (ScHUR [15]) If A is a strict partition, then we have

o {Pfsg, if I(\) is even,
)\:

: 5.1
PfSY, if I(A) is odd, 51)

where A = ()\1, ce 7)\l(/\)) and )\0 = (/\1, .. .,)\I(A),O).
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(2) (JOZEFIAK, PRAGACZ [9]) For two strict partitions A and u, we have

Sy T
Pf _t%)\ O") ,if I(\) +1(p) is even,
QA/,u = S/\M T (52)
Pf b]’:/\ 50> , i L(A) + 1) is odd.
110

We find another generalization of the Schur identity (5.1) to skew Q-functions. To state
the identity, we extend the definition of skew @Q-functions as follows.

Definition 5.2. Given a nonnegative integer sequence « of length [ and a strict partition
i, we define (), /, by putting

pf %m %) , if I+ 1(p) is even,
Qasu = !
pe( Sa T if I +1(p) is odd
_tj—yﬁo O Y :u °

We note that, if [ 4+ (p) is odd, then we have

S¢ T\ 5% T;°
~T% O ) \-T 0)’

where a® = (o, ..., q,0). If the entries of o are not distinct, then @/, = 0. Otherwise,
if 0 € S; is a permutation such that a,) > -+ > ayq), then Qn/, = sgn(o)Qx/, with
A = (), %q)). Then we have the following skew-generalization of Schur identity
(5.1).

Theorem 5.3. For strict partitions A and p, we have

(Q(Ai,/\j,m ..... #m)/u> 1<i <l (Q(/\i,m ,,,,, Bgseens us)/#> 1<i<l
Q/\/N = Pf t( - 1<j<s 7 (53)

Qxpn e Fjoebts) /1 ) 1<4<i 0
1<5<s

where | = [(\), m = [(p) and s = m or m + 1 according to whether [ 4+ m is even or odd.

If =0, then (5.3) reduces to the Schur identity (5.1).
Proof. We put [ = 1(X\) and m = [(u).

First we consider the case where [ = m mod 2. In this case we apply Theorem 1.4 to
the (I 4 2m) x (I 4+ 2m) skew-symmetric matrix

Syosy I
Y=|-sy Sy 1K,
—Tr =T O

with I = (1,...,0), J=(+1,....,0+m)and K = (I+m+1,...,1+2m). Then by
definition we have
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Since Y((J\ (I +14,l+ 7)) U K)is a (2m — 2) x (2m — 2) skew-symmetric matrix whose
bottom-right block is the m x m zero matrix, we have PfY ((J\ (I +1i,l+ 7)) UK) =0
by (3.2). Also we have

PEY(IUK)=Qxp PIY(JUK)=Q =1

Hence, by applying (1.6), we obtain (5.3).
Next we consider the case where [ Z m mod 2. In this case, we apply Theorem 1.4 to
the (I4+ 14 2m) x (I + 1 + 2m) skew-symmetric matrix

Sy Sy Ty
Y=|[-t9 5o 18|,
)\0
=Ty =Tr O
with I =(1,...,0+1), J=(14+2,....l+4m+1)and K =(l+m+2,...,0+2m+1)
and A\;;1 = 0. Then by definition we have

.....

If 1 <4 <, then by moving the 2nd column/row to the (m + 1)st column/row we see
that

S(iivul 7777 tu‘m) T(Aiz.u'l 7777 )U'Tn)
PEY((i,l + 1)U JUK) = (—1)™ Pf _%ggw ----- pm) 7 (B 0)

IRy L2 RYEESY Nm)
(K1t ,0) 0
= <_1)mQ()\i7M1r~-,l~"m)/l’"
If 1 < j <'m, then by moving the 1st row/column to the mth row/column and by noting
Qnir—py) = 0 for 1 <k < m, we have

Hence by using (3.2), we have PfY((I+ 1)U (J\ (I+ 1+ 7)) U K) = 0. Also we have
PIY(TUK)=Qyp PIY(JUK)=Qu = 1.
Therefore by applying (1.6), we obtain
Qx/p = PLY,

where the entries of the skew-symmetric matrix Y = (@J) are given by

1<i,j<l+m+1

Yig = Qg pit o) 100 if 1 <i,5 <lI,

Yiirr = (=)™ Qi pir i)/ 1 <0<

Yiir14i = QOuiriirum)/pr it 1< <land 1 <5 <m,
G =0, 1+l <ij<l+m-l.

By pulling out the common factor (—1)™ from the (I 4 1)st row/column and moving the
(I + 1)st row/column to the last row/column, we see that

PIY = (—1)™ - (—1)™
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<Q(>\ia/\jaula---7ﬂm)/u>

(Q()\inul7---7lTj7---7ﬂm+1)/N 1<i<l

cpr| 1<i i<l 1<j<m+1
- <Q()\i:,ul7--~7l/l\j7~~~:ﬂm+1)/ﬂ 1<i<l 0
1<j<m+1
This completes the proof of Theorem 5.3. 0

Remark 5.4. (This remark is due to A. Nakayashiki.) Theorem 5.3 can be also obtained
from the theory of the BKP hierarchy by using the same idea as in [14] (see Remark 4.4).
We fix a strict partition p and consider a formal power series of the form

@) =Qu(3) + 260, (5)-

where A runs over strict partitions with |[A\| > |u| and = = (xy, 23, 25,...) is the so-
called Sato variables, i.e., x; = p;/i in the symmetric function language. Then Shigyo
[16, Theorem 3| proves that 7(x) is a solution of the BKP hierarchy if and only if the
coefficients &, satisfy the following Pfaffian formulas:

(go\i%\jvﬂlv---allm)> 1<ij<i
_t —
(&Ai,m,...,uﬁ--,us)) 1<i<l 0

1<5<s

(£(>\i7ﬂlv---aﬁ\j7---7ﬂs)) 1<i<i

& =Pf 1<j<s

Y

where [ = [(X), m = [(u), and s = m or m+ 1 according to whether [ 4+ m is even or odd,
and we use the convention that {, . a,) is alternating in a1, ..., a,. By using the fact
that @, (x/2) is a solution of the BKP hierarchy [18], we can show that

m(z) = ) Quu(¥)Qa (g) =Qu (g) exp (Z m:nyn) :

where n runs over all positive odd integers and y = (y1,¥s,¥s,...) is another set of
variables, is a solution of the BKP hierarchy. Applying Shigyo’s formula to this special
solution 7(z), we obtain the generalized Schur identity (5.3).
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