Orthogonal polynomials and Smith normal form
Alexander R. Miller
Universitat Wien
(with Dennis Stanton)

80th Séminaire Lotharingien de Combinatoire
Lyon, France
March 26, 2018



g-Catalan



g-Catalan

C, = #{ NC perfect matchings of [2n] }



g-Catalan

C, = #{ NC perfect matchings of [2n] } /\
~ 7N



g-Catalan

C, = #{ NC perfect matchings of [2n] } /\
~ 7N

Cn(q) — Z qnesting(m)



g-Catalan

(@@= NC fect matchi f [2

Cn(q) _ Z qnesting(m)



g-Catalan

C, = #{ NC perfect matchings of [2 /ﬂ
LIS e " ) A~ AN

Cn(q) _ Z qnesting(m)

Theorem (Bessenrodt—Stanley 2015) SSNF of

Go(q)  G(q) ... Giq)
G(q) Gla) ... GCuula)

Coi(q) Gl
Cn(q) Cn+1

exists over Z[q] and equals

diag (q(g), d® @ .. q(zz”))

Q) ... G
(@ ... Galq)



g-Catalan

C, = #{ NC perfect matchings of [2 /ﬂ
LIS e " ) A AN N

Cn(q) _ Z qnesting(m)

Theorem (Bessenrodt—Stanley 2015) SSNF of

G(q)  Gla) - G(a)
Cl(q) Cz(q) cee Cn+1(q)
: : . : (Ci+i(q))
Co-1(q)  Ga(q) ... GCon-1(q)
C(q)  Goi(q) ...  GCu(q)

exists over Z[q] and equals

diag (412, 40, 46), ..., 4(%)) diag(q(=) )



g-Catalan

C, = #{ NC perfect matchings of [2 /ﬂ
LIS e " ) A AN N

Cn(q) _ Z qnesting(m)

Theorem (Bessenrodt—Stanley 2015) SSNF of

Glg)  Gla) - Gi(q)
Cl(q) Cz(q) cee Cn+1(q)
: ; o, : A(GCi+i(q))
Co-1(q)  Ga(q) ... GCon-1(q)
Co(q)  Cori(q) ... Ca(q)

exists over Z[q] and equals

diag (a2, 40, 46), ..., 4(%)) diag(q(=) )



g-Catalan

C, = #{ NC perfect matchings of [2 /ﬂ
LIS e " ) A AN N

Cn(q) _ Z qnesting(m)

Theorem (Bessenrodt—Stanley 2015) SSNF of

Glg)  Gla) - Gi(q)
Cl(q) Cz(q) cee Cn+1(q)
: ; 5, : A(Ci+j(q) B
Co-1(q)  Ga(q) ... GCon-1(q)
Co(q)  Cori(q) ... Ca(q)

exists over Z[q] and equals

diag (a2, 40, 46), ..., 4(%)) diag(q(=) )



g-Catalan

C, = #{ NC perfect matchings of [2 /ﬂ
! r | ) A AN N

Cn(q) _ Z qnesting(m)

Theorem (Bessenrodt—Stanley 2015) SSNF of

Co(q) G(q) Co(q) SL..\(Z

Gi(q) G(q) ... GCui(q) /+( [i]‘)
5 S A(Cii(9)) B

Coo1(q)  Gi(q) ... Gan-a(q)

Ci(q)  GCui(q) ...  GCan(q)

exists over Z[q] and equals

diag (a2, 40, 46), ..., 4(%)) diag(q(=) )



g-Catalan

C, = #{ NC perfect matchings of [2 /ﬂ
! r | ) A AN N

Cn(q) _ Z qnesting(m)

Theorem (Bessenrodt—Stanley 2015) SSNF of

G(q) Glg) ... Gilq) SLns1(Z

Gl@) G - Gule) e
: : : A(Civj(q)) B

Co-1(q)  Gi(q) ... Gan-i(q)

G(q)  Gualq) ...  Culaq) I

exists over Z[q] and equals

diag (a1, 40, 46), ... 4(%)) diag(q(=) )



g-Catalan

(@@= NC fect matchi f [2

Cn(q) _ Z qnesting(m)

Theorem (Bessenrodt—Stanley 2015) SSNF of

G(q) Glg) ... Gilq) SLn+1(Z[q])
G(q) Gla) ... GCuula) VAN
: : : A(Ci+j(q)) B
Co-1(q)  Gi(q) - CGn-a(q)
G(q)  Gualq) ...  Culaq) I
exists over Z[q] and equals
diag (q(g) , q(g) , q(g) e q(zzn)) d|ag( q(ZZI) )

Theorem (Bessenrodt—Stanley 2015)

SSNF of (Civj+1(q)) = diag( (2 ) ) over Z[q]



Hankel matrix of moments



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n>0



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n>0

Poi1(x) = (x = bn) Pa(x) = AnPr—1(x), Po(x) =1, P_1(x) =0, and A\, #0



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n>0

Poi1(x) = (x = bn) Pa(x) = AnPr—1(x), Po(x) =1, P_1(x) =0, and A\, #0

(Orthogonal with respect to L(Pn(x)Pm(x)) for unique £ : K[x] = K, £(1) =1)



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n>0

Poi1(x) = (x = bn) Pa(x) = AnPr—1(x), Po(x) =1, P_1(x) =0, and A\, #0
(Orthogonal with respect to L(Pn(x)Pm(x)) for unique £ : K[x] = K, £(1) =1)

Moments of {Pn}

fin = L(x")



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n>0

Poi1(x) = (x = bn) Pa(x) = AnPr—1(x), Po(x) =1, P_1(x) =0, and A\, #0
(Orthogonal with respect to L(Pn(x)Pm(x)) for unique £ : K[x] = K, £(1) =1)
Moments of {Pn}

o= L) = 3 wt(P)

P&Motz,



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n>0

Poi1(x) = (x = bn) Pa(x) = AnPr—1(x), Po(x) =1, P_1(x) =0, and A\, #0
(Orthogonal with respect to L(Pn(x)Pm(x)) for unique £ : K[x] = K, £(1) =1)

Moments of {Pn}

o = L(x") = Z wt(P) /v_\
P&Motz,



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n>0

Poi1(x) = (x = bn) Pa(x) = AnPr—1(x), Po(x) =1, P_1(x) =0, and A\, #0
(Orthogonal with respect to L(Pn(x)Pm(x)) for unique £ : K[x] = K, £(1) =1)

Moments of {Pn}

po=L(x") = > wi(P) M
P&Motz,



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n>0

Poi1(x) = (x = bn) Pa(x) = AnPr—1(x), Po(x) =1, P_1(x) =0, and A\, #0
(Orthogonal with respect to L(Pn(x)Pm(x)) for unique £ : K[x] = K, £(1) =1)
Moments of {Pn} b,

o= L) = 3 wt(P)

P&Motz, bO



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n>0

Poi1(x) = (x = bn) Pa(x) = AnPr—1(x), Po(x) =1, P_1(x) =0, and A\, #0
(Orthogonal with respect to L(Pn(x)Pm(x)) for unique £ : K[x] = K, £(1) =1)
Moments of {Pn} b,

o= L) = 3 wt(P) il

P&Motz, bO



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n>0

Poi1(x) = (x = bn) Pa(x) = AnPr—1(x), Po(x) =1, P_1(x) =0, and A\, #0

(Orthogonal with respect to L(Pn(x)Pm(x)) for unique £ : K[x] = K, £(1) =1)

Moments of {P.}, ., by
> , 1
po=L(x")= > wt(P) L i i
P&Motz, bO



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n>0

Poi1(x) = (x = bn) Pa(x) = AnPr—1(x), Po(x) =1, P_1(x) =0, and A\, #0

(Orthogonal with respect to L(Pn(x)Pm(x)) for unique £ : K[x] = K, £(1) =1)

Moments of {P.}, ., by
> , 1
po=L(x")= > wt(P) L i i
P&Motz, bO

wt(P) = bob1 b2 AT A2



Hankel matrix of moments

Monic orthogonal polynomial sequence {Pn}n>0

Poi1(x) = (x = bn) Pa(x) = AnPr—1(x), Po(x) =1, P_1(x) =0, and A\, #0
(Orthogonal with respect to L(Pn(x)Pm(x)) for unique £ : K[x] = K, £(1) =1)
Moments of {Pn}

o= L) = 3 wt(P)

P&Motz,

wt(P) = bob1 b2 AT A2

Theorem (Miller-Stanton)

SSNF of (/L,'+j) = diag( ].7 A1, >\1A2, ey A2 -A,,) over Z[bo, bl, oo .,/\1,A2, 000



Some examples: moments that are g-
Catalan



Some examples: moments that are g-
Catalan

Theorem (Simion—Stanton) C,(q) = p, for

Pori(x) = (x = ¢*" = """ 11n01) Pa(x) — ¢ Po1(x)



Some examples: moments that are g-
Catalan

Theorem (Simion—Stanton) C,(q) = p, for

Pori(x) = (x = ¢*" = """ 11n01) Pa(x) — ¢ Po1(x)

Corollary Cni1(q) = pn for

Pnii(x) = (x — q2”(1 +q))Pn(x) — q4"71P,,,1(x)



Some examples: moments that are g-
Catalan

Theorem (Simion—Stanton) C,(q) = p, for

Pori(x) = (x = ¢*" = """ 11n01) Pa(x) — ¢ Po1(x)

Corollary Cni1(q) = pn for

Pnii(x) = (x — q2”(1 +q))Pn(x) — q4"71P,,,1(x)

This explains the Bessenrodt—Stanley results.



Some examples: moments that are g-
Catalan

Theorem (Simion—Stanton) C,(q) = p, for

Pori(x) = (x = ¢*" = """ 11n01) Pa(x) — ¢ Po1(x)

Corollary Cni1(q) = pn for

Pnii(x) = (x — q2”(1 +q))Pn(x) — q4"71P,,,1(x)

This explains the Bessenrodt—Stanley results.

i

Corollary SSNF of ( Ci+j(q)) = diag( q(22) ) over Z[q]



Some examples: moments that are g-
Catalan

Theorem (Simion—Stanton) C,(q) = p, for

Pori(x) = (x = ¢*" = """ 11n01) Pa(x) — ¢ Po1(x)

Corollary Cni1(q) = pn for

Pnii(x) = (x — q2”(1 +q))Pn(x) — q4"71P,,,1(x)

This explains the Bessenrodt—Stanley results.

Corollary SSNF of ( Ci+j(q)) = diag( q(22) ) over Z[q]

2i+1
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Toeplitz matrix of Laurent moments
Laurent biorthogonal polynomials {P,(z)}n>0

Pni1(z) = (z — bn) Pp(x) — z\nPn—1(x) Po(x) =1, P_1(x)=0

Orthogonality
L(Z*P.(1/2)) =0 0<{<n

determines
e = L(2") —o00 << o0

Combinatorics of moments: Schroder paths
2 A 2 A, bib;
bl bil 1,1 1,1
1 A A 1 M bo B /NA1bs b1
bo
1 2 3 4 5 1 2 3 4

Theorem (Miller-Stanton)

A1 Atk :t>\1/\2...>\n)

NF of (ui—j)ijm0 = diag (1, =7, T2, ..., £ "
SSNF of (pi—j)7 j=o0 d'ag( b1’ bibs bibs ... by

over Z[bo, by *, b1, by Y, oo A, Ao, ]
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(misg) = (6,
(- = ((z,27)

How about other combinatorial “Gram matrices”?
e O a set of Combinatorial objects
e (,):Ox0O—=K

Does G := ((x,y)) have a SSNF over K?

x,yeO
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Gram matrix of lattice

Theorem (Miller—Stanton) (q""’Ck(AVB)) has Z[q]-SSNF

A,BeN
diag ( qls(n,1) » 9(9 — Dlsnz) , --- > a(@—1)...(g— n+ lsnn )
Conjecture (Miller-Stanton) (qb'°°k<AVnnB>)A oo has ZIgl-SSNF
,BENC,

diog(s(@)n - so(@ln), s = [ ]I (q74cos2j +1)

1<j<k 1<i<(+1)/2
(i,j+1)=1

he = #{ Dyck paths of length 2n and height k }
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General conjecture
e = (a5

x,y€NCp

o VPANVAA

Theorem (Dahab 1993) det J,(q,6) = [],_, f(qd)™

fi(z) = H (z — 4cos’ k7—T|—il)

1<i<(k+1)/2
(i,k+1)

my = #{ Dyck paths of length 2n and height > k }

Conjecture (Miller-Stanton)
Jn(q,8) has SSNF over Z[q, 4] given by diag(si(q,)In,, - .., sn(q,9)s,)

hi = #{ Dyck paths of length 2n and height k }

s@9=T] II (q5—4cos2j:r_i1)

1<j<k 1<i<(j+1)/2
(i.j+1)=1
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pm(a)= ] (q—2cos k:{l)

1<j<k<m
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End



