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k-INDIVISIBLE NONCROSSING PARTITIONS
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Dedicated to Christian Krattenthaler on the occasion of his 60th birthday.

ABSTRACT. For a fixed integer k, we consider the set of noncrossing partitions,
where both the block sizes and the difference between adjacent elements in a
block is 1 mod k. We show that these k-indivisible noncrossing partitions can be
recovered in the setting of subgroups of the symmetric group generated by (k+1)-
cycles, and that the poset of k-indivisible noncrossing partitions under refinement
order has many beautiful enumerative and structural properties. We encounter
k-parking functions and some special Cambrian lattices on the way, and show
that a special class of lattice paths constitutes a nonnesting analogue.

1. INTRODUCTION

1.1. Classical noncrossing partitions. For an integer n > 0, a (classical) noncross-

ing partition of the set [n+1] def {1,2,...,n+1} is a set partition whose blocks

have pairwise disjoint convex hulls when drawn on a regular (n+1)-gon with
vertices labeled clockwise by [n+1] (Figure 1 illustrates some examples).
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FiGUure 1. The leftmost image represents the noncrossing par-
tition (1 2 7)(3 4 5 6)(8)(9 11)(10)(12). The middle image
then illustrates the computation of its Kreweras complement
(1)(26)(781112)(3)(4)(5)(9 10), shown on the right.

Recall that the symmetric group &, is generated by the set of transposi-
tions {(i j)}, <i<j<nt1 and the noncrossing partitions NC,, 11 are naturally iden-
tified (by sending blocks to cycles) with the elements occurring as prefixes of
reduced factorizations of the long cycle (1 2 ... n+1) into transpositions [5].
Noncrossing partitions lie at the intersection of many seemingly unrelated areas
of mathematics—for more information, we refer to the surveys [3,23,27].

Key words and phrases. noncrossing partition, Hurwitz action, parking function, Cambrian lattice,
nonnesting partition.
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1.2. k-Indivisible noncrossing partitions. Fix integers k,n > 1. Throughout this

article we write

N1,

and we denote by Sy the subgroup of Gy generated by the set of all (k+1)-
cycles.

The previous construction of noncrossing partitions as prefixes of reduced fac-
torizations of the long cycle into transpositions naturally generalizes to Gy as

the set NCy of elements occurring as prefixes of reduced factorizations of the

cycle cy def (12 ... N)into (k+1)-cycles. In reference to Edelman and Arm-

strong’s k-divisible noncrossing partitions (noncrossing partitions whose block sizes
are all divisible by k) [1,10], we call the elements of NCy the k-indivisible non-
crossing partitions. Our first result characterizes NCyx as a condition on block
sizes, explaining the nomenclature “k-indivisible.”

Recall that the Kreweras complement of a noncrossing partition w € NCy is
defined as the coarsest noncrossing partition Krew(w) € NCy that can be drawn
on the dual N-gon without intersecting w (see Figure 1 for an illustration).

Theorem 1.1. Fix k,n > 1 and write N = nk + 1. The following are equivalent.
(i) w is a k-indivisible noncrossing partition on [N].
(i) w is a noncrossing partition on [N] and all cycles in both w and its Kreweras
complement Krew (w) have lengths 1 mod k.
(iii) w is a noncrossing partition on [N, all its cycles have lengths 1 mod k, and if i < j
are consecutive in a cycle of w, then j —i =1 (mod k).

We prove Theorem 1.1 in Section 3.3. Note that the k-indivisible noncross-
ing partitions recover the ordinary noncrossing partitions when k = 1 (so that
the congruence constraint on the lengths of blocks is trivially satisfied), and the
constructions of [25] when k = 2.

This combinatorial description allows us to enumerate NCy.

Theorem 1.2. The cardinality of NCyy is

2 (N+n
N+1\ n )’
1.3. The k-indivisible noncrossing partition poset. As with the classical non-
crossing partitions, the set of k-indivisible noncrossing partitions is naturally or-
dered by refinement. We denote this poset by NCy k. In contrast to when k = 1,

NC i is generally not a lattice. Nevertheless, we prove the following formula for
its zeta polynomial at the end of Section 4.

Theorem 1.3. For k,n > 1, the number of g-multichains of NCyx is

g+1 (Ng+n
Ng+1 n '

ZN;k(q + 1) =

The remainder of the paper is devoted to generalizing enumerative results,
objects, and bijections from the classical noncrossing partition lattice (obtained
by specializing k to 1) to NC .
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1.4. k-Parking functions. In Section 5, we give a bijection from the maximal
chains of NCy to k-parking functions, generalizing [30, Theorem 5.1].

1.5. Cambrian lattices. In Section 6, we give a bijection from the maximal chains
of NCy up to commutation equivalence, to (2k+2)-angulations of a convex 2N-
gon following [24]. This construction recovers an instance of a 2k-Cambrian lattice
from [32].

1.6. Nonnesting partitions. In Section 7 we construct the k-indivisible nonnesting
partitions as the order ideals of a subposet of a triangular poset. These are shown
to be in bijection with the k-indivisible noncrossing partitions.

1.7. Open problems. We conclude in Section 8 with some open problems: we
conjecture that AVC is EL-shellable, and we conjecture many enumerative prop-
erties of a certain poset whose elements are the g-multichains of NC .

2. PRELIMINARIES

2.1. Hurwitz Action. Let G be a group and let n > 1. The i-th standard generator
o; of the braid group B, sends (g1, 82,...,92) € G" to

(81,82, -+ 8i-1,8i+1, 811 8i&i+1, §i42s-- -+ §n) € G

Its inverse ch-_l sends (g1,82,---,8n) € G" to

(81,82, -, 8i-1,8i8i+18; '+ &irGi2s---,§n) € G™.

This is a group action of B, on G", and it is clear that it does not change the
product of such a tuple. We call this the Hurwitz action.

2.2. k-Absolute order. Let K > 1 be an integer, and let &g be the symmetric
group on [K]. For k > 1 let Cgy be the set of all (k+1)-cycles of &g and let
Sk < 6k denote the subgroup generated by Cgy. If k is odd, then &g = &g;
if k is even, then G is the alternating group 2k on [K].

It will be useful to have some notation regarding multiplication by cycles. Let
(i j) be a transposition. If w € &g has two distinct cycles containing i and j,
we may write w = w'(s;)(s;) where s; and s; are sequences ending with i and j,
respectively. Then w - (i j) = w'(s; s;), and we say that we join the two cycles.
More generally, given m disjoint cycles of w, we may join them in a new cycle by
multiplying by an m-cycle having exactly one element in common with each of
them. The inverse operation is called cutting a cycle.

Let /: &g — IN be the map that assigns to w € Sk, the minimum length of
a factorization of w into (k+1)-cycles. The k-absolute order is the following partial
order on Sy :

w<gw ifand onlyif £ (w)+ b (wlw') = ().

Since the set of (k+1)-cycles is a full Sg-conjugacy class, the map /j is invariant
under Gg-conjugation by [25, Proposition 2.3]. We are only aware of simple
formulas for ¢ for k € {1,2,3}. For example, for k = 1, if we let cyc(w) denote
the number of cycles of w € S, then ¢1(w) = K — cyc(w). For k = 2, we have
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0r(w) = K — ocyc(w) where ocyc(w) denotes the number of odd cycles of w € Ag
[25]. Some general bounds for ¢ are given in [16].

2.3. (1 mod k)-Permutations. There is a subset of elements of Gy for which ¢
has a similarly simple form.
Definition 2.1. A permutation w € S, is 1 mod k if—when written as a product

of disjoint cycles—all cycles of w have length 1 mod k. We denote by 6%1;{ the set
of all (1 mod k)-permutations.

Lemma 2.2. A permutation w € Sy is 1 mod k if and only if {(w) = KiC{C(w).

In particular this specializes to the above mentioned well-known fact that
{1 (w) = K — cyc(w) for any permutation w.

Proof. Let w € Sy, and let t be a (k+1)-cycle. Note that t can be written as a
product of k transpositions, and so by analyzing the cut and join possibilities, we
obtain that cyc(wt) > cyc(w) — k. Furthermore, equality holds if and only if t has
at most one element in common with each cycle of w—in this case wt is obtained
from w by joining the k+1 cycles of w that have a common element with t. Now
fix a minimal factorization of w into (k+1)-cycles. By induction, starting from the
fact that the identity permutation has K cycles of length 1, the previous inequality
implies that any w € &gy satisfies cyc(w) > K — kli(w), and equality occurs if
and only if w was built by joining k+1 cycles at a time, as described above.

In the case of equality, w is 1 mod k since joining k + 1 cycles of length 1 mod k
gives back another cycle of length 1 mod k. Conversely, every 1 mod k permu-
tation can be written as a product of K_%C(w)
factoring each of its cycles as follows:

elements of Cg,, for instance by

(ar1az ... agee1) = (a1 - agp1) - (kg - A2kg1) - (B_1ykgr -+ Askp1). O

The covering relations < of the partial order < in which the top element

(1)

belongs to & are particularly simple to describe.

Corollary 2.3. Let w € 6%1;( and u € Sy Then one has u <y w if and only if u can

be obtained from w by cutting one cycle of w into k + 1 cycles of length 1 mod k.

Proof. This is an immediate corollary of the proof of Lemma 2.2. O
Corollary 2.4. Ifw € 6}3;{ and u <, w, then u € ('5}(1_;(, ulw <y wand ulwe 6}3;{

Proof. That u € Ggl){ follows from Corollary 2.3 by induction. So fix a reduced
factorization w = tl’ “ty-- -t with t; € Cgy for i € [I] such that u = 15 - - - ts for
some s € [I]. Now, tsi1tsio - -t = u~'w. The Hurwitz action allows us to write
W= tsiq - ft)th - - - ] for certain t; € Cyy, so that u™lw <j w as well. O

3. k-INDIVISIBLE NONCROSSING PARTITIONS

3.1. k-Indivisible noncrossing partitions. For k,n > 1 and N = kn + 1, we fix

the long cycle ¢y def (12 ... N). Notice that cy € 6;&?,{, so that l;(cy) = n by

Lemma 2.2.
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Definition 3.1. The k-indivisible noncrossing partitions are the elements of

NCy & {wedni|w <gen}

We denote the corresponding poset by NC .« def (NCnk, <k). For k =1, the
poset NC, 111 = NCy41 is isomorphic to the lattice of noncrossing partitions of
[n+1] [5]. Figure 2 illustrates NC for n = 3 and k = 2.

FIGURE 2. The poset NC7,.

Remark 3.2. Let H§<l-)k be defined as the poset of all partitions of [K] with block
sizes congruent to imod k. Some history and results regarding these posets is
summarized in [35, Examples 4.3.4 and 4.3.5, Exercise 4.3.6, and Remark 4.3.7]—
and we are not aware of any substantive results beyond i = 0, 1.

The lattices Hg?,;( first appeared in [33], and were subsequently studied by Stan-
ley and Sagan in [26,29]. The corresponding noncrossing partitions were consid-
ered by Edelman [10], and extended to finite Coxeter groups by Armstrong [1].

The posets Hg,)( were studied in [9]. However, as far as we know, the cor-
responding noncrossing partitions have not previously been considered. On the
other hand, the study of the maximal chains in NCy is a classical problem, for
example when phrased in the language of transitive factorizations and cacti. We
revisit some of the combinatorics related to these maximal chains in Sections 5
and 6.

3.2. The Kreweras complement. As in Section 1.1, we graphically represent w €
NCy as the convex hull of the cycles of w on a regular N-gon whose vertices are
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labeled clockwise by [N]. The terminology “noncrossing partition” is justified by

the fact that no two convex hulls intersect in this representation.

. . . f
The Kreweras complement of w € NCy is the noncrossing partition Krew (w) &

w~lcy. In the graphical representation, this can be visualized by drawing the
convex hulls of w on a 2N-gon labeled clockwise by {1,1,2,2,...,N, N}, where
the blocks of w use only the non-barred vertices. Then Krew(w) corresponds to
the coarsest noncrossing partition that can be drawn using the barred vertices
without intersecting the blocks of w (see Figure 1). The following is immediate
from Corollary 2.4.

Corollary 3.3. For any w € Sy, w <y cn implies Krew(w) <y cn; that is, NC is
stable under Kreweras complementation.

3.3. Combinatorial characterization of k-indivisible noncrossing partitions.

Theorem 1.1. Fix k,n > 1 and write N = nk + 1. The following are equivalent.
(i) w is a k-indivisible noncrossing partition on [N].
(ii) w is a noncrossing partition on [N], and w and Krew (w) are 1 mod k.
(ili) w is a noncrossing partition on [N|, w is 1 mod k, and if i < j are consecutive in
acycle of w, then j —i =1 (mod k).

Observe that the additional conditions on cycles in (ii) and (iii) are vacuous if
k =1, so the claim is trivial in this case.

Proof. (i) = (ii). We assume w <; cy. Since ¢y € GS-)k/ by Corollary 2.4, we

have w, Krew (w) € GS?,{. Now £y (w) + £, (Krew(w)) = n which can be written

as 1(w) + ¢1(Krew(w)) = nk by Lemma 2.2. This means that w <; cy, that is, w
is a noncrossing partition.

(ii) == (iii). Let w € NCy; such that both w and Krew(w) are 1 mod k. Let
i,j be two consecutive entries in a cycle of w with i < j. We want to show that
j—i=1 (mod k). This is trivial if j = i + 1, and we will assume by induction that
this holds for any consecutive entries i1 < j; in a cycle of w such that j; —i; <
j —i. Consider the maximal (with respect to nesting) cycles of w that are between
i and j: their number is a multiple of k because this number is one less than the
length of a cycle of Krew(w), which is 1 mod k. Order these cycles 1,02, ..., (uk
so that max({,) < min({,+1). In fact, if a, = min(g,) and b, = max({y), we
have b, = apr1 —1 for p = 1,...,mk — 1, with boundary conditions a; =i +1
and b,,x = j — 1. We can therefore write

mk
j—i= ) (bp—ap)+1+mk
p=1
By induction each {, satisfies the cycle conditions in (iii), which immediately
implies by —a, = 0 (mod k). Therefore the expression above for j — i is 1 mod k
as desired.

(iii) = (i). Given w a noncrossing partition satisfying the modk conditions
of (iii), we want to prove w <y cy. If w = cy we are done, so we suppose that
w # cy. We will construct a w’ € Sy such that w < w’ and @’ also satisfies

(ii).
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Consider the cycle (o of w containing 1, Jop = (1 < up < -+ < Ugy 41) With
up = 1. Since w # cy, either there exists g € [kr1] such that u; 1 —us > 1, or
u; = i for all 7, in which case pick ¢ = u; = kry +1 < N and set u;41 = N + 1.
Now consider the maximal cycles from left to right (y,...,{; between u, and
Ugi1, SO d > 1by our choice of g . For 1 < p < d, write ap, b, for the minimal and
maximal elements of {;, so that we get

d
Ugpr —ug =Y (bp —ap) +1+4d.
p=1
Now we have by, —a, = 0 (mod k) as above. Since u;11 —uy; = 1 (mod k), it
follows that d is a multiple of k, and so d > k because d > 1. Now (o{7 - - - (-
(up by ... by) is an increasing cycle that is derived from joining (o, 1, ..., (k-
Thus w' = w- (up by ... by) satisfies all conditions in (iii), so by induction we
have w’ <y cn. Moreover, we have w <, w’ by Corollary 2.3, so that w <; cy. O

Remark 3.4. Theorem 1.1 implies that the name “k-indivisible noncrossing par-
tition” for the elements of NCy is indeed justified: every such element corre-
sponds to a noncrossing partition of [N]. This property is not a priori clear from
Definition 3.1.

As such, each cycle of w € NCyx can be written such that its entries form an
increasing sequence of integers.

Theorem 1.1 implies that AVCyx is an interval in (Sy, <g).

Corollary 3.5. The poset NC y is an induced subposet of NC.1: for all w,w’ € NCp,
w <y w' ifand only if w <; w'.

Proof. The reader may find it helpful to consider the graphical representation of
Krew given in Figure 1. Let w,w’ € NCny. By Theorem 1.1, each of w, w/,
Krew(w), Krew(w') is 1 mod k.

Assume first that w <, @', that is, fx(w) + (w™'w') = £ (w'). Then by
Theorem 1.1 which applies to all three permutations due to Corollary 2.4, we get
élgcw) + fl(w:w/) _ fl(lz*’/)

, which after multiplying by k tells us precisely w <; w'.

Conversely, assume w <; w'. Because w,w’ € NCyy, this simply means that
the supports of the cycles of w are included in those of w’. We can thus assume
without loss of generality that w’ consists of a single cycle. Moreover, because
of the invariance of ¢; under conjugation, we can even assume w' = ¢y =
(12 ... N') for N\ = mk+1 with m < n. So we have w <; ¢}, and w is a
noncrossing partition on [N’]. By Theorem 1.1, using the characterization (ii), it
follows that w <j cyr, which achieves the proof. O

4. ENUMERATIVE PROPERTIES OF K-INDIVISIBLE NONCROSSING PARTITIONS

For integers n, p,r > 1, let us define the Raney number by

def 7 np+r
Ran(n,p,r) = np—l—r( pn )

The specialization Ran(#,2,1) recovers the Catalan number n%rl(%f), while

Ran(n, p,1) recovers the Fuf—Catalan number m (*M.
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The Raney numbers satisfy the following Catalan-like recurrence.

Lemma 4.1 ([15, p. 202, Equation (5.63)]). For integers n,p,r,s > 1 we have
n
Ran(n, p,r+s) = ) Ran(i,p,r) -Ran(n —i,p,s).
i=0
Remark 4.2. Let us say that a plane rooted tree is k-divisible if each vertex has
0 mod k-many children. It is (k+1)-ary if every non-leaf vertex has exactly k + 1
children.

It is well known that k-divisible trees with kn + 1 vertices are enumerated by
the FuB—Catalan number Ran(n,k+1,1). Such trees T are in bijection with (k+1)-
ary trees T’ with n non-leaf vertices. Indeed, start at the root of T. If it has no
children, it must be that n = 0, and we set T’ = T. Otherwise, by assumption,
the root of T has ik children. We keep the first k of them, and add a new root
child to which we attach all the remaining (i — 1)k root children. We now proceed
inductively, until we obtain the desired tree T’. This process is clearly reversible
(and thus bijective), by contracting along right-most children.

4.1. Cardinality.
Theorem 1.2. The cardinality of NCp is

2 N
Ran(n,k+1,2) = N—l—l( :lrn)

Proof. We will prove this bijectively (see Corollary 4.8 for another proof); the
reader is invited to look at Figure 3 which illustrates the bijection.

We first map w € NCy to the factorization ¢y = w - Krew(w) and apply a
classical bijection due to Goulden and Jackson [13, Theorem 2.1]. Since they are
reduced, factorizations of the form w - Krew(w) are in bijection with the set of
plane edge-rooted trees with N edges and N + 1 vertices each of degree 1 mod k,
with vertices alternately colored white and black. The white vertices correspond
to cycles in w, and the black vertices to the cycles in Krew(w) as follows. Starting
from the root edge (moving from white to black), we walk around the tree (keep-
ing the tree to our right). Each of the N edges of the tree is encountered twice,
and we label them by the order in which they are visited when moving from
a white to a black vertex. Reading the cyclic sequence of edge labels clockwise
around the white vertices recovers the cycles of w; and similarly for the black
vertices and Krew (w).

Break this tree into two by deleting the root edge, and root both of the result-
ing trees using the vertex adjacent to the deleted root edge. Since both w and
Krew(w) are 1 mod k, each of the vertices in the resulting pair of trees has a mul-
tiple of k many children. By Remark 4.2, the resulting trees are counted by an
appropriate Fufi—Catalan number, from which we conclude that

1) |NCp

n
=) Ran(i,k+1,1)-Ran(n — i,k +1,1).
i=0

Hence, |[NCy | satisfies the recursion given in Lemma 4.1, and by checking the
initial condition, we see that |[NCn| = Ran(n,k + 1,2) as desired. O
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F1cure 3. Illustration of the bijection from Theorem 1.2 for n = 8§,
k=23and w = (11415162021 22)(23 45910 11) € NCps3.
On the left is the plane, edge-rooted bicolored tree corresponding
to w - Krew(w), in the middle the pair of 3-divisible trees with a
total of 26 vertices, and on the right the pair of 4-ary trees with a
total of 8 non-leaf vertices.

Remark 4.3. Recall from [10] that k-divisible noncrossing partitions are counted by
Fufi—Catalan numbers, too. Therefore, (1) essentially states that any k-indivisible
noncrossing partition can be broken into a pair of k-divisible noncrossing parti-
tions.

4.2. Multichains. A g-multichain in NCyy is a tuple (w1, wy, ..., wg) € (Snx)?
with wy <p wy <g -+ < wy <gon-

Lemma 4.4. Each g-multichain (uq,uo, ..., ug) in NCyy corresponds bijectively to a
factorization v1v; - - - vy 1 = cn such that

01(v1) + b1 (v2) + - + El(qurl) = kn,
and v; € GS?kfori €lg+1].

Proof. Let ug = id and u,41 = cy, and define v; = u; u; for i € [g+1]. We
immediately see that v1v; - - - v;11 = cy. Moreover, since u; <y u;,1 we conclude
from the definition that ¢, (v; 1) = ¢ (u;y1) — £k (u;). We obtain

q+1 q+1
Yo b)) = Y (i) — be(ui1)) = be(uger) — Le(uo) = b(en) — Le(id) = n.
i

i=1

We conclude from Corollary 2.4 that v; € GS)k and the final claim follows then
from Lemma 2.2. Conversely, given a factorization v1v; - - - 441 = cy, it is easily
checked that setting u,, := v --- vy, for m € [q] gives the desired g-multichain

(u1,up, ..., ug). O
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Let C = (wy,wy, ..., wy) be a g-multichain in NCyy, and let wy = id, wy41 =

cn. We define the rank jump vector of C by r(C) et (r1,72,--,7q+1), where r; =
U(w;) — b (wi—1) for i € [g+1]. We write Zynyx(q+ 1) for the number of g-
multichains of NC .

Theorem 4.5. The number of g-multichains of NCyy that have the rank jump vector

(rl,rQ,...,rqH)is
17 1 N N—(k—1)r
—TIRan(ri,1—-kN) = —[[—— .
Ng an(ri 1=k N) NEN—(k—l)ri< r; )

Proof. Let C = (wy,wo, ..., wy) be a g-multichain with rank jump vector r(C) =
(11,72, .., 7q41), where r; = £ (w;) — £ (w;_1). By Lemma 4.4, C corresponds to

a factorization v1v; - - - v, 1 = cn, where v; € 65\},),{ and r; = {(v;) fori € [q+1].

(i)
j
cycles of size kj + 1, for j > 1, then [20, Theorem 5] implies that the number of
factorizations is

By Lemma 2.2 we have r; = ¢1(v;)/k. If we suppose that v; has exactly p

g+l 1 kn —kr;+1
Nqun—kr-H( () 00 )
i=1 i Pi1 /Py -
(@ ()

where r; = }; jp](.i). We now sum over all such sequences (p;”’, p,’,...) by using
[20, Lemma 4] and find that the number of all such factorizations is

g+1 . g+1 1 (1 )
NTT] 1 (kn— (k—l)r,) _ ll—[ N (N 1-(k 1)r,>‘
i kn—kri+1 T N 7 N —kr ri
This formula is equivalent to the formula in the statement. O

Corollary 4.6. The number of maximal chains of NCy is N"~1, and the number of
elements of NC of rank 1 is

(N— (k1)) <15— (k—1)(n 1)) O

Proof. Maximal chains of NCy; correspond by definition to (# — 1)-multichains
with rank jump vector (1,1,...,1), while elements of rank I correspond to 1-
multichains with rank jump vector (I,n — I). The result now follows from Theo-
rem 4.5. O

Remark 4.7. The result on the number of maximal chains of AVCy has been ob-
tained before by Goulden and Jackson in [14, Corollary 5.1], and was later ex-
tended by Biane in [4, Theorem 1].

4.3. Zeta polynomial and Mébius function. We may now conclude Theorem 1.3.
Theorem 1.3. For k,n > 1, the number of g-multichains of NC Nk 18

_q+1 (Ng+n
~ Ng+1 n )

ZN;k(q +1)
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Proof. In order to determine Zy (g + 1), we have to sum the formula from Theo-
rem 4.5 over all possible rank jump vectors. Recall from [25, Lemma 5.5] that for
integers a,a1,ay,...,a,,b,n witha = a; +a, + - - - + a, we have

r
) | [Ran(n;, b,a;) = Ran(n, b, a).
nyt+np+-+ny=ni=1
We obtain

ZN;k(q+1) = NHRan(ri,l—k,N)
i=1

ritrptee g =n

1 g+1
N ) [ [Ran(r;, 1 -k, N)

51 +1’2+"'+7’q+1 =n i=1

_ Ran(n,1—-k,(g+1)N)
B N
=Ran(n,gk+1,9+1)

_g+1 (Ng+n 0
- Ng+1 n '

Specializing Theorem 1.3 at ¢ = 1 gives a second (non-bijective) proof of The-
orem 1.2.

Corollary 4.8. The cardinality of NCn is Ran(n, k +1,2).

Proof. Every element of NCy can be regarded as a 1-multichain of NCp. The
claim thus follows by plugging in g = 1 into Theorem 1.3. O

Since NCy is a poset with a least and a greatest element, we can define the
Mobius invariant of NCx; which is the value y(NC ) of the Mobius function of
NC i applied to id and cy. See also [31, Sections 3.8 and 3.12].

Corollary 4.9. The Mobius invariant of NCy is

n
(NCyx) = (~1)"Ran(n, 2k, 1) = Z(nkll : (Z”kn+ 1).

Proof. The numbers Zn4(q7) can be regarded as evaluations of a polynomial
over the integers. It follows for instance from [31, Proposition 3.12.1(c)] that
H(NCNx) = Znx(—1). The claim follows from application of Theorem 1.3, by
using the equality (%) = (—1)?(*™?™1) for positive integers a, b. O
4.4. m-Divisible k-indivisible noncrossing partitions. In the spirit of [1,10] we
define a partial order on the set of multichains of NCyy. For an m-multichain
C = (x1,x2,...,xm) of NCyx we define the delta sequence 6,(C) = (do; d1, ..., dm),
where d; = x;° 1xi+1 for 0 < i < m, and where we denote by x( the identity and
by x;,11 the long cycle cy.

For two such multichains C,C’" with 6,(C) = (do;dy,...,dw) and 6,(C") =
(dyd;, ..., d},) set C <y C'if and only if d; > d/ for 1 < i < m. Let NCy}
denote the corresponding poset.



12 HENRI MUHLE, PHILIPPE NADEAU, AND NATHAN WILLIAMS

An earlier version of this article contained Corollaries 4.11-4.13 as conjectures.
C. Krattenthaler has suggested the following generalization of Theorem 4.5 to us.

Theorem 4.10 (C. Krattenthaler). The number of g-multichains of NC (m that have the
rank jump vector (r,72,...,7441) is
g+1

%Ran(rl, 1—k N) [ [Ran(r;, 1 —k mN)
i=2

s () e (),

Proof. Following [20, Corollary 12], any such multichain corresponds to a unique
factorization

@ e =) G0 o) o) (e o)

into elements from NC I\T » where

Gy + Y6 (o) =kn
7

with £; (1) = kry and

A (vgi)) + 0 (véi)) R 4] (v,(é)) = kr;

forie {2,3,...,q+1}.
First suppose that {1 (v ](Z)) =ks ](.l), with the sj(l)’s fixed, such that

@3) s sd s =,

fori € {2,3,...,q+1}. The number of factorizations (2) satisfying (3) is according
to Theorem 4.5 precisely

1 q+1 m 1
4) NRan r1,1—k,N) llljl—[Ran ,1—kN).

The desired number of multichains is now obtained by summing (4) over all
possible s]<l)’s for which (3) holds. In view of Lemma 4.1 we conclude that this
number is

1 q+1

Ran(r, 1=k N) g Ran(r;, 1 —k,mN). O

We obtain the following corollaries.

Corollary 4.11. For k,m,m > 1, the number of g-multichains ofJ\/C;\le is

mq +1 (qu+n>

ZNC () (9 +1) =Ran(n,mkq+1,mq+1) = wNg 1 .
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Proof. We need to sum the formula from Theorem 4.10 over all possible rank jump
vectors using Lemma 4.1, and obtain

1
ZNC%E(GI +1) = ;Ran(n,1—k N+ gmN).

This formula is equivalent to the formula in the statement. O
Corollary 4.12. For k,m,n > 1, the number of maximal chains in NC;TIZ is m"N"~1,

Proof. This follows from Theorem 4.10 by setting g =nand r; =0and 1, =13 =

O

=t =1,

Observe that NC;TIZ has several minimal elements when m > 1. Let /\//E(A',",z
denote the poset that is created from NC g\']"]z by adding a least element. Let /\TC&”,Z

denote the poset that is created from NC (ATIZ by merging all minimal elements into
one.

Corollary 4.13. We have

P‘(//\/E%TZ) = (-=1)" 'Ran(n, km,m — 1) = (-1)"1 m—1 <Nm — 1>,

Nm—1 n

as well as

;1(]\75\71,2) = (-1)" (Ran(n,k(m +1),m) — Ran(n, km, m — 1))

_ 1y (N(m—ir—nl)—l (N(m +nl) - 1) - gqm__ll (Nmn— 1)) .

Proof. As explained in the proof of [1, Theorem 3.7.7], we have y(f\/E(AT,Z) =

Z, om (0), and the claimed formula follows from Corollary 4.11. The formula
Nk

for u (WZ(\T,Z) follows also from Corollary 4.11 using an argument verbatim to the
one in [2, Section 3]. O

For k = 1, the first equality in Corollary 4.13 is [1, Theorem 3.7.7], and the
second equality is [2, Theorem 3].

Remark 4.14. Corollary 12 of [20] can be used to further refine Theorem 4.10 by
prescribing the block structure of the first element of such a chain.

5. MAXIMAL CHAINS OF AVCyx AND k-PARKING FUNCTIONS

5.1. Maximal chains and the Hurwitz action. Let us denote the set of reduced
factorizations of cy = (12 ... N) into (k+1)-cycles by Facty(cy); by construc-
tion, these are in bijection with maximal chains in NCpy; see also Lemma 4.4.
Since Cyy is invariant under &y-conjugation, the Hurwitz action is a bijection
on the set of reduced factorizations of w € Sy into (k+1)-cycles.

Theorem 5.1. For k,n > 1 the braid group B, acts transitively on Facty(cn ).

Proof. This is a special case of [21, Theorem 5.4.11]. One may also give a direct
inductive proof as in [25, Proposition 6.2] for the case k = 2. O
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We write the entries of a cycle in a factorization t = tity---t, € Facty(cn)
in increasing order as t; = (tj; < tjp < --- < tj};1), which is well defined by
Remark 3.4. A factorization t € Facty(cy) is non-decreasing if t17 < tpq < --- <
tni-

Lemma 5.2. For k,n > 1 there is an action of the symmetric group &, on Facty(cy)
which restricts to the permutation action on the set of smallest elements of each factor

{ti,l }?:1-

Proof. Such an action is known to exist for k = 1, see [6,30]; we generalize it here.
Consider the simple transposition s; = (i i 4+ 1), and a factorization t = t1tp - - - t,,
in Facty(cy). The action of s; on t is defined as follows: it acts as the Hurwitz
operator 0; if t;; < tj1+11; as the inverse Hurwitz operator 0'1-_1 if tj1 > tiy11; and
as the identity if t;; = t;111.

One verifies that s; transposes the values of t; ; and ¢ 1: this uses the fact that
the product t;t; 1 is an increasing cycle. From this, one easily checks that one can
extend this to an action of the symmetric group by showing that the defining
relations of &,, hold. O

5.2. k-Parking functions. We proved in Corollary 4.6 that the maximal chains of
NC . are enumerated by N" 1. In this section, we generalize Stanley’s bijection
in [30] between maximal chains in the noncrossing partition lattice and parking
functions. In recent work, J. Irving and A. Rattan found the same generalization
of Stanley’s bijection. We thank them for bringing [17,18] to our attention at
CanaDAM 2019.

For k,n > 1 define a k-parking function of length n to be any permutation of
an integer tuple (aq,ay,...,a,) satisfying 1 < a; < k(i —1) +1 for i € [n]. We
write Py for the set of all k-parking functions. We call (a1,a2,...,a,) € Py
non-decreasing if ay < ap < --- < ay.

It is a routine application of the cycle lemma (and follows from [36, Theorem 1])
that the number of k-parking functions of length 1 is N"~1. Note also that there
is an obvious &;-action on Py, obtained by permuting the entries.

Theorem 5.3. For k,n > 1, the map from maximal chains in NCy to k-parking func-
tions

¢: Factk(cN) — PN;k
tity -ty = (b1, b0, b))
is a bijection.

Proof. We give a proof based on the k = 1 case from [6]. It is enough to show that
¢ is a bijection between non-decreasing factorizations of cy and non-decreasing k-
parking functions—indeed the map is clearly equivariant with respect to the sym-
metric group actions on parking functions and on factorizations from Lemma 5.2.

We show by induction on n that, if t1t, - -, € Facti(cy) is non-decreasing,
then (t11,t21,...,t,1) is a non-decreasing k-parking function. To prove this, we
first claim that if t1t; - - - t, € Facty(cny) with 17 <tp7 < --- < t,1, then we must
have

b1 =tha—1="-- =t —k.
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Since we may write the factorization
fip - tyog = oty !
= (1 2 ... N)(tn,k+1 R ) tn,l)
= (1 2 ...ty tn,k+l+1 R N)(tn,1+1 R tn,Z) <o (tn,k+1 R tn,k+1)/

where the last factorization is into disjoint cycles, each of ty,¢,,...,t,_1 must
have support in the set {1,2,...,t,1,t,5+1 +1,...,N} (by [6, (F)]). Therefore,
each cycle (t,;+1 ... t, ;1) is trivial, from which the claim follows.

By induction, (t11,t21,...,t4—11) is a non-decreasing k-parking function of
length n — 1. By assumption we have t,,_11 < t,1, and since t,,1 +k = t, ;1 <
kn+1we conclude t,, 1 < k(n—1)+1. Thus, (t11,t2,1,...,ts1) is a non-decreasing
k-parking function of length #. 0

6. CAMBRIAN LATTICES

Letu = uquy - - -, and v = 010, - - - v, be two reduced factorizations of ¢y into
(k+1)-cycles. We say that u and v are commutation equivalent if u can be obtained
from v by a sequence of Hurwitz moves on adjacent cycles with disjoint support
(so that each move acts as a commutation).

Theorem 6.1 ([14, Theorem 5.5]). The number of reduced factorizations of cy
into (k+1)-cycles up to commutation equivalence is the Fufi-Catalan number
Ran(n,2k+1,1).

Remark 6.2. This result was proven for k = 1 by Eidswick and Longyear [11,22],
while Springer solved a more general factorization problem in [28].

More recently, such factorizations for k = 1 were considered in the context of
the associahedron by McCammond [24], which led us to develop the combina-
torics of this section.

There is another well-known set with this same cardinality.

Theorem 6.3 ([34]). The number of (2k+2)-angulations of a convex 2N-gon is given
by Ran(n,2k+1,1).

Following [24, Section 3], we now describe a bijection between the objects of
Theorem 6.3 and Theorem 6.1.

Theorem 6.4. For k,n > 1, there is a bijection © between the commutation equivalence
classes of reduced factorizations of (12 ... N) into (k+1)-cycles, and the set of (2k+2)-
angulations of a convex 2N-gon.

Proof. Let t = tyty---t, € Facty(cy). We visualize t by drawing the convex
hulls of the factors ¢, tp, ..., t;, on a convex polygon with N labeled vertices.
Since t is a minimal factorization of cy, these convex hulls intersect pairwise in
at most one vertex, and every vertex is contained in at least one convex hull. If
we were to label these hulls with the order in which the factor appeared this
would be a bijection—forgoing these labels records only the commutation class
of the factorization: for every vertex at which at least two convex hulls meet,
we can determine the order of the corresponding factors by taking the order
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12 1B 14
11 15
10 16
9 1 &
8 2
7 3
6 5 4
inverse Hurwitz move]
12 1B 1
11 15
10 16
9 1 &
8 2
7 3
6 5 4

F1Gure 4. Illustration of the bijection ® from Theorem 6.4 for
n=>5andk = 3.

counterclockwise around the vertex inside the polygon. This produces a partial
order on the convex hulls, every linear extension of this partial order is a reduced
factorization of cy, and any two linear extensions differ only by a commutation
of letters.

We now perform a procedure very similar to the Kreweras complement on
these unlabeled convex hulls. Insert a vertex labeled 7 in between a and a + 1
(where we identify N + 1 and 1). When two convex hulls intersect in a vertex 4,
there is a unique vertex b that lies “opposite” to a between the convex hulls
intersecting in a. Connect a and b by a line segment, which we call a diagonal.
Two diagonals are adjacent if they intersect a common convex hull. Removing
the convex hulls leaves only the diagonals, which by construction form a (2k+2)-
angulation ©(t) of a 2N-gon.

Conversely, any diagonal connects an even and an odd node in a (2k+2)-
angulation of a convex 2N-gon. The convex hulls of the odd vertices in each
(2k+2)-gon now give the factors in a commutation class of a factorization from
Factk(cN). U]

Proposition 6.5. A Hurwitz move on a commutation-class of a reduced factorization
corresponds to rotating a diagonal in the corresponding (2k+2)-angulation one step.

Proof. Let t = tytp - - - t, € Facty(cy), and choose i € [n — 1] such that t; and #; 1
do not commute. Then there is a unique integer a which belongs to both t; and



k-INDIVISIBLE NONCROSSING PARTITIONS 17

ti11. Let b be the unique vertex in between the convex hulls of t; and t;, 1 visible
from a. Moreover, let b; denote the smallest element of ¢; greater or equal to b+ 1,
and let b; 1 denote the biggest element of ¢; 1 less or equal to b.

Now, 0; is obtained by removing a from t; and adding b, in the appropriate
position (thus obtaining t;:ltiti+1), and by exchanging the order of these two
factors. Analogously, (7171 is obtained by removing a from t;;1 and adding b; in
the appropriate position (thus obtaining titi+1t;1), and by exchanging the order
of these two factors.

In view of the bijection ® from Theorem 6.4 the (2k+2)-angulations O(t) and
O(o;t) (respectively ©(c; 't)) differ by only shifting a unique diagonal. More
precisely, the diagonal connecting a and b in ©(t) is replaced by the diagonal
connecting b; 1 and @ — 1 in ©O(o;t) (respectively by the diagonal connecting b;
and @ in @(U[lt)). Hence, the action of o; (respectively 0'171) corresponds to
shifting a diagonal in counterclockwise (respectively clockwise) direction under
0. O

In [32, Section 6.6], a lattice was constructed parametrized by a Coxeter group
W, a Coxeter element ¢ € W, and an integer m; the m-Cambrian lattice of W with
respect to the orientation c. In the case where W = &, and c is given as the
product of the simple transpositions in lexicographic order, the corresponding
m-Cambrian lattice was realized combinatorially in [12, Chapter 3] as a lattice
on (m+2)-angulations of a convex (mn+2)-gon, where the cover relations are
given by rotating a diagonal one step clockwise. Let us refer to this lattice as the
(m, n)-Cambrian lattice.

Corollary 6.6. The (2k, n)-Cambrian lattice is isomorphic to the poset whose elements
are the reduced factorizations of cy up to commutation equivalence, with the cover rela-
tions given by Hurwitz moves.

Proof. Consider the (2kn + 2)-gon from the proof of Theorem 6.4, labeled clock-
wise by the numbers 1,1,2,2,..., N, N. We replace these labels as described in
[12, Section 3.2] starting from N. Under this substitution, the reduced factoriza-
tion

(1,2,...,k+1) - (k+1,k+2,...,2k+1)--- (N—k,N—k+1,...,N)
corresponds to the (2k+2)-angulation of the (2kn 4 2)-gon that is minimal in the
(2k, n)-Cambrian lattice, and the reduced factorization

(k+1,k+2,...,2k+1) - (2k+1,2k+2,...,3k+1) - - (1,2,...,k, N)

corresponds to the (2k+2)-angulation of the (2kn 4 2)-gon that is maximal. The
claim then follows by Theorem 6.4 and Proposition 6.5. O

Figure 5 illustrates Corollary 6.6 for n = 3 and k = 1.

7. NONNESTING PARTITIONS

We also find analogues of the above construction in the world of nonnesting
partitions. Consider the triangular poset defined by

Ak dlef ({(a,b) [1<a<b< K},j>,
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FiGure 5. For k = 1 and n = 3, the (2,3)-Cambrian lattice re-
alized as a lattice of reduced factorizations of (1 2 3 4) up to

commutation equivalence (left), and realized as a lattice of quad-
rangulations of an 8-gon (right).

where (a,b) < (¢, d) if and only if 2 > cand b < d.

We define Ay to be the induced subposet of Ay_(;_q) that consists of all
pairs (a,b) with a =1 (mod k). For k = 3 and n = 4 the poset A33 is shown in
Figure 6.

We call an order ideal of Ay a k-indivisible nonnesting partition, and we write
NNy for their set; for k = 1 we get the usual nonnesting partitions. We may
equivalently view k-indivisible nonnesting partitions as north-east paths from
(0,0) to (N,n + 1) that stay above the boundary path by et UR(URF)". Here
we use the letter U to indicate north-steps (U for up), and the letter R to indicate
east-steps (R for right).

Let Pyx denote the set of all such paths. Recall that a k-Dyck path of height n
is a north-east path from (0,0) to (kn,n) that stays weakly above the boundary
path (URF)". Let us write Dﬁlk) to denote the set of all k-Dyck paths. It follows
from [7] that the cardinality of Dflk) is the Fu—Catalan number Ran(n, k +1,1).

Theorem 7.1. For k,n > 1, the set of order ideals of Any is in bijection with the set
of pairs of k-Dyck paths whose heights sum to n. Consequently, we have |NNyy| =
Ran(n, k+1,2).

Proof. In terms of paths, this bijection is a standard decomposition that we detail
here for completeness. For p € Py we say that p touches by at step i, if the
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FIGURE 6. The poset A3z inside Aq;. It has 340 = Ran(4,4,2)

order ideals.
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i-th east steps of p and by agree. Every path in Py, touches by at steps
N—-k+1,N—k+2,...,N.
Now let p € Py and fix the smallest i € {0,1,...,n} such that p touches by

at step ik + 1. We break p in two pieces, by removing the first north-step and the
(ik+1)-st east-step. Let p; and p, denote the resulting paths. Clearly, p; is a north-
east path from (0,1) to (ik,i 4+ 1) that stays weakly above R(URK)(=DyR(*-1),
and p is a north-east path from (ik +1,i+ 1) to (N,n + 1) that stays weakly

above (URX)"~!. Since i was chosen minimal p; does not touch by at jk+1

for j < i, which means that p; in fact stays above (UR)!. Thus, p; € D

Py € Dflkj ;- We have just established

k k
[Pral = 3 D] |23

n
=) Ran(i,k+1,1)-Ran(n —i,k+1,1).
i=0

Moreover, it is easily checked that for n = 1 we have

By Lemma 4.1, we find that the numbers |73N;k‘ and Ran(n,k + 1,2) satisfy the
same recurrence relation with the same initial conditions, and must therefore be

equal.

Figure 7 illustrates the decomposition from the proof of Theorem 7.1.

|Pri1x| =2 =Ran(L,k +1,2).

and

O
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p € P35 J_Di
’—I

b€ DY — p2 €Dy
FiGure 7. Illustration of the decomposition in the proof of Theo-

rem 7.1 for n = 6 and k = 5. By construction, the path p; never
enters the light-gray boxes.

Corollary 7.2. For n > 2 and k > 1 we have

n—1 :

Ran(n,k+1,2) = ) (—1)0+D) <(n a ?k+ 2> Ran(n —i,k+1,2).

i=1
Proof. We have argued in Theorem 7.1 that the order ideals of Ay are in bijection
with north-east paths weakly above the boundary path UR(URF)". If we flip such
a path together with the boundary path along the bottom border and rotate it by
90 degrees clockwise, we see that order ideals of Ay are in bijection with north-
east paths weakly above (U*R)"UR. Note that for such a path, the first k steps
must be north-steps, and the last step must be an east-step, so that we can forget
these steps. Consequently, the order ideals of Ay are in bijection with north-east
paths weakly above R(UFR)"~1U.

In view of [19, Theorem 10.7.1] the number of such paths is given by the de-

terminant of the matrix

n—jk+2
My = ((( ) )) .
j—i+1 1<ij<n

By Laplace expansion we see that for n > 2 the determinant of M,, ; satisfies
the recursion given in the statement, and from Theorem 7.1 we conclude the
result. O

Remark 7.3. The set of k-Dyck paths of height 7 is classically in bijection with the
set of (k+1)-ary trees with n non-leaf vertices. The bijections described in Theo-
rem 1.2 and Theorem 7.1 thus extend to a bijection from NCyx to NNyx.

8. OPEN PROBLEMS

8.1. EL-shellability. From a topological point of view, the lattice ACy.; of non-
crossing partitions is particularly interesting: its order complex is a wedge of



k-INDIVISIBLE NONCROSSING PARTITIONS 21

Catalan-many spheres. This was established by Bjorner and Edelman [8, Re-
mark 2] by showing that NMCy, admits a particular edge-labeling. Such an EL-
labeling induces a shelling of the order complex, from which the mentioned prop-
erty follows.

We have attempted to extend this result to NC ., but many natural choices for
such a labeling did not have the desired properties. Nevertheless, we still pose
the following conjecture.

Conjecture 8.1. The poset NC admits an EL-labeling. Consequently, the order com-
plex of NC . with least and greatest elements removed is homotopic to a wedge of spheres.

8.2. Other types. We give some conjectures for extending the combinatorics of
this article to type B. Fix simple reflections sg,s1,...,5k,—1 in the hyperoctahe-
dral group of type By, with (sgs1)* = 1. Analogously to the symmetric group,
we group the transpositions of the factorization ¢ = spsy - - - sx,,—1 of the linear
Coxeter element as

t=(s0---sk1) - (Sk- - sk—1) * (Spn—k** Sn—1)-
Conjecture 8.2. The Hurwitz orbit of t contains k"~ 'n" elements.

We can take elements that occur as prefixes of the factorizations in the Hurwitz
orbit of t to form the type B, k-indivisible noncrossing partitions.
k=) type By, k-indivisible noncrossing partitions. The
l)‘H‘Z*l)
—1 .

Conjecture 8.3. There are 2(

zeta function of the restriction of the absolute order to those elements is q("“f1
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