TECHNISCHE
UNIVERSITAT

WIEN
Vienna{Austria

Promotion on oscillating and alternating tableaux and
rotation of matchings and permutations

Stephan Pfannerer, (Martin Rubey, Bruce Westbury)

Institute of Discrete Mathematics and Geometry
Vienna University of Technology

April 15, 2019



TECHNISCHE
UNIVERSITAT

WIEN
Vienna{Austria

Promotion alternating tableaux
rotation permutations

Stephan Pfannerer, (Martin Rubey, Bruce Westbury)

Institute of Discrete Mathematics and Geometry
Vienna University of Technology

April 15, 2019



Alternating tableaux

Definition (Alternating tableaux)

A GL,-alternating tableau A of length r and shape u is a
sequence of 2r + 1 weakly decreasing vectors in Z"

A:((Z):/’Loaul)"wﬂzrzlu’)

such that
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Alternating tableaux

Definition (Alternating tableaux)
A GL,-alternating tableau A of length r and shape u is a
sequence of 2r + 1 weakly decreasing vectors in Z"

A:((Z):/’Loaul)"wﬂzrzlu’)

such that
® 4?1 is obtained from 1% by adding 1 to an entry,

e 1212 is obtained from 2™+ by subtracting 1 from an entry.
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Alternating tableaux

Definition (Alternating tableaux)

A GL,-alternating tableau A of length r and shape u is a
sequence of 2r + 1 weakly decreasing vectors in Z"

A:((Z):/’Loaul)"wﬂzrzlu’)

such that
® 4?1 is obtained from 1% by adding 1 to an entry,
® 1?2 is obtained from p?+1 by subtracting 1 from an entry.

It is of empty shape, if p = 0.
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Alternating tableaux

Definition (Alternating tableaux)
A GL,-alternating tableau A of length r and shape u is a
sequence of 2r + 1 weakly decreasing vectors in Z"

A:((Z):/’Loaul)"wﬂzrzlu’)

such that
® 4?1 is obtained from 1% by adding 1 to an entry,

e 1212 is obtained from 2™+ by subtracting 1 from an entry.

It is of empty shape, if p = 0.

n=4r=4
A = 0000 1000 1001 2001 2011 2001 2011 2001 1001
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Alternating tableaux

Definition (Alternating tableaux)

A GL,-alternating tableau A of length r and shape u is a
sequence of 2r + 1 weakly decreasing vectors in Z"

A= 0=ppt, ... 17 = p)

such that
® 4?1 is obtained from 1% by adding 1 to an entry,
® 1?2 is obtained from p?+1 by subtracting 1 from an entry.

It is of empty shape, if p = 0.

n=4r=5
A = 0000 1000 1001 2001 2011 2001 2011 2001 1001 1000 0000
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Promotion and evacuation

In our context promotion and evacuation are shape and length
preserving maps on certain tableaux (SYT, alternating, oscillating,

)
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Promotion and evacuation

In our context promotion and evacuation are shape and length
preserving maps on certain tableaux (SYT, alternating, oscillating,

)

e generalising Schiitzenberger’s operators (using Henriques' and
Kamnitzer's Cactus groups)
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Promotion and evacuation

In our context promotion and evacuation are shape and length
preserving maps on certain tableaux (SYT, alternating, oscillating,

)

e generalising Schiitzenberger’s operators (using Henriques' and
Kamnitzer's Cactus groups)

e calculated via local rules (van Leeuwen, Lenart)

AN —— v
l l w=dompw(k+v—A)
K [

—
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Promotion and evacuation

In our context promotion and evacuation are shape and length
preserving maps on certain tableaux (SYT, alternating, oscillating,

)

e generalising Schiitzenberger’s operators (using Henriques' and
Kamnitzer's Cactus groups)

e calculated via local rules (van Leeuwen, Lenart)

AN —— v
l l w=dompw(k+v—A)
K [

A = 0000 1000 1001 2001 2011 2001 2011 2001 1001 1000 0000

—
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Promotion and evacuation

In our context promotion and evacuation are shape and length
preserving maps on certain tableaux (SYT, alternating, oscillating,

)

e generalising Schiitzenberger’s operators (using Henriques' and
Kamnitzer's Cactus groups)

e calculated via local rules (van Leeuwen, Lenart)

AN —— v
l l w=dompw(k+v—A)
K [

A = 0000 1000 1001 2001 2011 2001 2011 2001 1001 1000 0000
1000
0000

—
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Promotion and evacuation

In our context promotion and evacuation are shape and length
preserving maps on certain tableaux (SYT, alternating, oscillating,

)

e generalising Schiitzenberger’s operators (using Henriques' and
Kamnitzer's Cactus groups)

e calculated via local rules (van Leeuwen, Lenart)

AN —— v
l l w=dompw(k+v—A)
K [

A = 0000 1000 1001 2001 2011 2001 2011 2001 1001 1000 0000
1000 2000 2001 2101 2111 2101 1101 1100 1000
0000

—
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Promotion and evacuation

In our context promotion and evacuation are shape and length
preserving maps on certain tableaux (SYT, alternating, oscillating,

)

e generalising Schiitzenberger’s operators (using Henriques' and
Kamnitzer's Cactus groups)

e calculated via local rules (van Leeuwen, Lenart)

AN —— v
l l w=dompw(k+v—A)
K [

A = 0000 1000 1001 2001 2011 2001 2011 2001 1001 1000 0000
1000 2000 2001 2101 2111 2101 1101 1100 1000
0000 1000 1001 1101 1111 1101 1001 1000 1001

—
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Promotion and evacuation

In our context promotion and evacuation are shape and length
preserving maps on certain tableaux (SYT, alternating, oscillating,

)

e generalising Schiitzenberger’s operators (using Henriques' and
Kamnitzer's Cactus groups)

e calculated via local rules (van Leeuwen, Lenart)

AN —— v
l l w=dompw(k+v—A)
K [

A = 0000 1000 1001 2001 2011 2001 2011 2001 1001 1000 0000
1000 2000 2001 2101 2111 2101 1101 1100 1000
0000 1000 1001 1101 1111 1101 1001 1000 1001 1000 0000

—
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Promotion and evacuation

In our context promotion and evacuation are shape and length
preserving maps on certain tableaux (SYT, alternating, oscillating,

)

e generalising Schiitzenberger’s operators (using Henriques' and
Kamnitzer's Cactus groups)

e calculated via local rules (van Leeuwen, Lenart)

AN —— v
l l w=dompw(k+v—A)
K [

A = 0000 1000 1001 2001 2011 2001 2011 2001 1001 1000 0000
1000 2000 2001 2101 2111 2101 1101 1100 1000
prA= 0000 1000 1001 1101 1111 1101 1001 1000 1001 1000 0000

—
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First result

Theorem (P, Rubey, Westbury)

Let n > r. Then GLp-alternating tableaux of empty shape and
length r are in bijection with permutations of {1,...,r}.
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First result

Theorem (P, Rubey, Westbury)

Let n > r. Then GLp-alternating tableaux of empty shape and
length r are in bijection with permutations of {1,...,r}.The
bijection intertwines

promotion <>  rotation

evacuation <~ reverse—complement
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Rotation and reverse-complement

s rot T rcm
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Rotation and reverse-complement

s rot T rcm
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Rotation and reverse-complement

s rot T

rcm
8 /'5 .
‘ 1 7 i
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Rotation and reverse-complement
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Classical growth diagrams (Fomin)
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Classical growth diagrams (Fomin)
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Classical growth diagrams (Fomin)

) K— U

X C:T T
! X N— v
' X w =sort(k' + v —\)
' X
! X A—— M
0 X C:T XT
0 A— A

X
=A+e

) x H 1
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Classical growth diagrams (Fomin)

o K —
X CZT T
) 1
X \N— v
hoe X w =sort(k' + v —\)
o[ o %
e X A— M
o[ o > C:T X T
A— A
o[ o X
0 0 0 0 xl 1 1 1 1 nw=A+e
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Classical growth diagrams (Fomin)

0 1 2 K K
X CZT T
0 1 1
X \N— v
S X w =sort(k' + v — )
D <
T x A——H
o[ o o < C:T X T
A— A
0 0 0 1] 1 1 X2 2 2
p=A+e
I
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Classical growth diagrams (Fomin)

) 1 2[ 21 k K
X C:T T
0 1 1 11
X \N— v
0 0 0 1
X w =sort(k' + v —\)
0 0 0 1
X
o X1 A—— M
o[ o] o o] 1 1| 2| 3| 3 _
X = J1x]]
2 2 2 A— A
0 0 0 0 1 1 X
0 0 0 0 1 1 1 1 1 nw=A+e
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Classical growth diagrams (Fomin)

K — [
0 1 Xz 21| 211
C=T T
1) 1 1 11 111
X N— v
0 0 0 1 11
X w =sort(k' + v —\)
0 0 0 1 11
X
ol ol o 1 1| 1| 21| 31| 3t
X A— M
o o] o] 0| 1] 1] 2| 3| 3 c=
X B3
) 0 0 0 1 1 2 2 2 A—— A
X
0 0 0 0 1 1 1 1 1 nw=A+e
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Classical growth diagrams (Fomin)

2 21| o211] 221
1 11| 1| 21

0 1 11 21 %
0 1 11 X21 22 32 32
0 Xl 11 11 21 31 31
0 0 1 1 2 X3 3
0 1] 1 1 X2 2 2
0 0 ><1 1 1 1 1
0 (1] 0 0 0 0 0
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Classical growth diagrams (Fomin)

2 21| 211 221 222
1 1| 111 211| 221

0 1 11 21 22 32 42
0 1 11 X21 22 32 32
0 Xl 11 11 21 31 31
4 0 1 1 2 X3 3
0 1] 1 1 X2 2 2
0 0 ><1 1 1 1 1
0 1] 0 0 0 0 0

w =sort(k' + v —\)

Stephan Pfannerer, Martin Rubey, Bruce Westbury — Promotion and Rotation 6>



Classical growth diagrams (Fomin)

2 21| 211| 221 222 322
1 11| 111 211| 221 321| 421
0 1 11 21 22 32 42
0 1 11 X21 22 32 32
0 Xl 11 11 21 31 31
4 0 1 1 2 X3 3
0 1] 1 1 X2 2 2
0 0 ><1 1 1 1 1
0 1] 0 0 0 0 0

w =sort(k' + v —\)
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Classical growth diagrams (Fomin)

2 21| 211 221 222 322[ 422
1 11| 111 211| 221 321| 421
0 1 11 21 22 32 42
0 1 11 X21 22 32 32
0 Xl 11 11 21 31 31
4 0 1 1 2 X3 3
0 1] 1 1 X2 2 2
0 0 ><1 1 1 1 1
0 1] 0 0 0 0 0

w =sort(k' + v —\)
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Classical growth diagrams (Fomin)

Q
) K — [
0 1 ><2 21| 211] 221] 222] 322] 422
c= T T
) 1 1| 11| 111] 211 221| 321| 421
X N— v
) 0 0 1| 11| 21| 22| 32| _42
p = sort(k' + 1/ — \)
0 0 0 1 11 21 22 32 32 N = SOI’t(F\ZI +v — Ml)
X
0 0 0 T ] ] 21 ] =] [P
X A—— M
o[ o] o o] 1 1| 2| 3| 3 c =
X [T
o 0 0 0 1 1 2 2 2 A— A
X
0 0 0 0 xl 1 1 1 1 nw=A+e
A=p—e
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o0 o0 0 Ko\
1 X 0 C=J' l
2 X : U+——v
3 X | p = sort(x' + v/ — \)
4 X [0}
5 X , Ae— A
6 X ; C:l X J
Ho— X
7 X 1]
w=A+e
8 X )
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Growing again

( ) ( ( ) K A
1 l>< 0 0 1] ] 0 0 0 Cc = J' l
2X 1 1) [1] 1] 0 0 0 0 ,LL v
! _ / ARV
12 11 1 1 1 1 1 IX 0 H —SOI’t(H +v )\)
X
22 12 2 2 2 1 1 1 [
X A A
23 13 3 2 2 1 1 0
C =
X [1x]]
123 |113 |13 12 12 2 2 1 0
B )
. X
223 [123 |23 13 13 3 2 1 [
w=A+e
. X
224 124 |24 14 13 3 2 1 0
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Growing again

1 l>< 0 0 0 ] 0 0 0 Cc = J' l
2X 1 1) [1] 1] 0 0 0 0 ,LL v
! _ / ARV
12 11 1 1 1 1 1 IX 0 H —SOI’t(H +v )\)
X
22 12 2 2 2 1 1 1 [
evP
X A A
23 13 3 2 2 1 1 0
C =
X [1x]]
123 |113 |13 12 12 2 2 1 0
B— A
. X
223 [123 |23 13 13 3 2 1 [
w=A+e
) X | |
v (224 [124 |24 14 13 3 2 1 0
ev @
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Growing again

[1] 1 ><2 21 211 221 222 322 422

1 1 [ 0 [ 0 0 0 0
0 Xl 1 11 111 211 221 321 421

2 1 (1) 1] 0 [0) 0 (1) 1]
0 0 0 1 11 21 22 32 42

12 11 1 1 1 1 1 1 0
[1] 0 [1] 1 11 ><21 22 32 32

22 12 2 2 2 1 1 1 0
0 0 0 X 1 11 11 21 31 31

23 13 3 2 2 1 1 1 (0]

N
-

223 123 23 13 13 3
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Growing again

[1) 1 ><2 21 211 221 222 322 422

1 1 ] 0 [} 0 1] 0 0
[0] Xl 1 11 111 211 221 321 421

2 1 1) [1] 1] 0 0 0 0
0 0 [0] 1 11 21 22 32 42

12 11 1 1 1 1 1 1 0
[0] [0} [0] 1 11 ><21 22 32 32

22 12 2 2 2 1 1 1 U}
[0] [1} [0] ><l 11 11 21 31 31

23 13 3 2 2 1 1 1 (0]
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Growing again

N
[

11 11
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Growing again

00 10
1£>< 10
X 00 |10
_ X
11 111
X | -
120 |11
X N
11 21
2;< 21
X 11 10
X 00
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Alternating Tableaux, Promotion, Evacuation

A =000 100 101 100 000 100 101 111 112 111 101 201 202 201 101 100 000
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Alternating Tableaux, Promotion, Evacuation

A =000 100 101 100 000 100 101 111 112 111 101 201 202 201 101 100 000
100
000

—

I >

+ T<+—x

w=domg, (k+v—A)
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Alternating Tableaux, Promotion, Evacuation

A =000 100 101 100 000 100 101 111 112 111 101 201 202 201 101 100 000
100
000

—

I >

|

=X

w=sort(k+v—N\)
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Alternating Tableaux, Promotion, Evacuation

A =000 100 101 100 000 100 101 111 112 111 101 201 202 201 101 100 000
100 110 100 200 201 211 212 211 201 301 302 301 201 200 100
000 100 101 201 202 212 213 212 202 302 303 302 202 201 101

—

I >

|

=X

w=sort(k +v—N\)
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Alternating Tableaux, Promotion, Evacuation

A = 000 100 101 100 000 100 101 111 112 111 101 201 202 201 101 100 000
100 110 100 200 201 211 212 211 201 301 302 301 201 200 100
prA= 000 100 101 201 202 212 213 212 202 302 303 302 202 201 101 100 000

—

I >

|

=X

w=sort(k +v—N\)
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Alternating Tableaux, Promotion, Evacuation

A = 000 100 101 100 000 100 101 111 112 111 101 201 202 201 101 100 000
100 110 100 200 201 211 212 211 201 301 302 301 201 200 100
prA= 000 100 101 201 202 212 213 212 202 302 303 302 202 201 101 100 000
100 200 201 211 212 211 201 301 302 301 201 200 100
14
o

— 000 100 101 111 112 111 101 201 202 201 101 100 000
w=sort(k +v—N\)

I >

—
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Alternating Tableaux, Promotion, Evacuation

A = 000 100 101 100 000 100 101 111 112 111 101 201 202 201 101 100 000
100 110 100 200 201 211 212 211 201 301 302 301 201 200 100

prA= 000 100 101 201 202 212 213 212 202 302 303 302 202 201 101 100 000
100 200 201 211 212 211 201 301 302 301 201 200 100
000 100 101 111 112 11T 101 201 202 201 101 100 000

— v
l 100 110 111 110 100 200 201 200 100 110 100
L

000 100 101 100 101 201 202 201 101 111 101

I >

—

w=sort(k +v—N\)
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Alternating Tableaux, Promotion, Evacuation

A = 000 100 101 100 000 100 101 111 112 111 101 201 202 201 101 100 000
100 110 100 200 201 211 212 211 201 301 302 301 201 200 100

prA= 000 100 101 201 202 212 213 212 202 302 303 302 202 201 101 100 000
100 200 201 211 212 211 201 301 302 301 201 200 100
000 100 101 111 112 11T 101 201 202 201 101 100 000

— v
l 100 110 111 110 100 200 201 200 100 110 100
L

000 100 101 100 101 201 202 201 101 111 101
100 110 111 211 212 211 111 211 201
000 100 101 201 202 201 101 201 211
W= sort(n +v— )\) 100 200 201 200 100 200 201
000 100 101 100 000 100 101

I >

—
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Alternating Tableaux, Promotion, Evacuation

A = 000 100 101 100 000 100 101 111 112 111 101 201 202 201 101 100 000
100 110 100 200 201 211 212 211 201 301 302 301 201 200 100

prA= 000 100 101 201 202 212 213 212 202 302 303 302 202 201 101 100 000
100 200 201 211 212 211 201 301 302 301 201 200 100
000 100 101 111 112 11T 101 201 202 201 101 100 000

— v
l 100 110 111 110 100 200 201 200 100 110 100
L

000 100 101 100 101 201 202 201 101 111 101
100 110 111 211 212 211 111 211 201
000 100 101 201 202 201 101 201 211
W= sort(n +v— )\) 100 200 201 200 100 200 201
000 100 101 100 000 100 101
100 110 100 200 201
000 100 101 201 202

I >

—
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Alternating Tableaux, Promotion, Evacuation

A = 000 100 101 100 000 100 101 111 112 111 101 201 202 201 101 100 000
100 110 100 200 201 211 212 211 201 301 302 301 201 200 100

prA= 000 100 101 201 202 212 213 212 202 302 303 302 202 201 101 100 000
100 200 201 211 212 211 201 301 302 301 201 200 100
000 100 101 111 112 11T 101 201 202 201 101 100 000

— v
l 100 110 111 110 100 200 201 200 100 110 100
L

000 100 101 100 101 201 202 201 101 111 101
100 110 111 211 212 211 111 211 201

000 100 101 201 202 201 101 201 211

W= sort(,:-<u +v— )\) 100 200 201 200 100 200 201
000 100 101 100 000 100 101
100 110 100 200 201

000 100 101 201 202

100 200 201

000 100 101

I >

—
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Alternating Tableaux, Promotion, Evacuation

A = 000 100 101 100 000 100 101 111 112 111 101 201 202 201 101 100 000
100 110 100 200 201 211 212 211 201 301 302 301 201 200 100

prA= 000 100 101 201 202 212 213 212 202 302 303 302 202 201 101 100 000
100 200 201 211 212 211 201 301 302 301 201 200 100
000 100 101 111 112 11T 101 201 202 201 101 100 000

— v
l 100 110 111 110 100 200 201 200 100 110 100
L

000 100 101 100 101 201 202 201 101 111 101
100 110 111 211 212 211 111 211 201

000 100 101 201 202 201 101 201 211

W= SOrt(H +v— )\) 100 200 201 200 100 200 201
000 100 101 100 000 100 101
100 110 100 200 201

000 100 101 201 202

100 200 201

000 100 101

100

000

I >

—
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Alternating Tableaux, Promotion, Evacuation

A = 000 100 101 100 000 100 101 111 112 111 101 201 202 201 101 100 000
100 110 100 200 201 211 212 211 201 301 302 301 201 200 100
prA= 000 100 101 201 202 212 213 212 202 302 303 302 202 201 101 100 000
100 200 201 211 212 211 201 301 302 301 201 200 100
000 100 101 111 112 11T 101 201 202 201 101 100 000
100 110 111 110 100 200 201 200 100 110 100
000 100 101 100 101 201 202 201 101 111 101
100 110 111 211 212 211 111 211 201
000 100 101 201 202 201 101 201 211
100 200 201 200 100 200 201
000 100 101 100 000 100 101
100 110 100 200 201
000 100 101 201 202
100 200 201
000 100 101
100

000
I
<

>
(0]
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Alternating Tableaux, Promotion, Evacuation

A = 000 100 101 100 000 100 101 111 112 111 101 201 202 201 101 100 000
100 110 100 200 201 211 212 211 201 301 302 301 201 200 100

prA= 000 100 101 201 202 212 213 212 202 302 303 302 202 201 101 100 000
100 200 201 211 212 211 201 301 302 301 201 200 100
000 100 101 111 112 11T 101 201 202 201 101 100 000
100 110 111 110 100 200 201 200 100 110 100
000 100 101 100 101 201 202 201 101 111 101
100 110 111 211 212 211 111 211 201
8 000 100 101 201 202 201 101 201 211
! 1 100 200 201 200 100 200 201
000 100 101 100 000 100 101
\ 100 110 100 200 201
5 000 100 101 201 202
100 200 201
000 100 101
100
5 < 3 000

4 I

<

>
(0]

—
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Alternating Tableaux, Promotion, Evacuation

A = 000 100 101100 000 100 101 111 112 111 101 201 202 201 101 100 000
100110100 200 201 211 212 211 201 301 302 301 201 200 100

prA= 000 1007101 201 202 212 213 212 202 302 303 302 202 201 101 100 000
100 200 201 211 212 211 201 301 302 301 201 200 100
000 100 101 111 112 11T 101 201 202 201 101100 000
100 110 111 110100 200 201 200 1007110 100
000 100 101.100°101 201 202 201 101 111 101

s 100110 11T 217 212 21T 11T 211201
8 000 100 101 201 202 201 101 201 211
7 ) 1 100 200 201 200 100 200 201
000 100 101.100 000 100 101
/ \ 100110100 200 201
6 5 000 100°101 20T 202
100 200 201
000 100 101
100
S 3 000
4 Il

<

>
(0]
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Alternating Tableaux, Promotion, Evacuation

A = 000 100 101100 000 100 101 111 112 111 101 201 202 201 101 100 000
100110100 200 201 211 212 211 201 301 302 301 201 200 100

prA= 000 1007101 201 202 212 213 212 202 302 303 302 202 201 101 100 000
100 200 201 211 212 211 201 301 302 301 201 200 100
000 100 101 111 112 11T 101 201 202 201 101100 000
100 110 111 110100 200 201 200 1007110 100
000 100 101.100°101 201 202 201 101 111 101

™ 4 1007110 11T 21T 212 21T 11T 211201

8 000 100 101 201 202 201 101 201 211
7 ) 1 5 100 200 20T 200 100 200 201
000 100 101.100 000 100 101
/ \ 6 10011000 200 201
6 5 000 100°101 20T 202
100 200 201
000 100 101
100
S 3 8 000
4 Il

<

>
(0]
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Alternating Tableaux, Promotion, Evacuation

A = 000 100 101_.100 000 100 101 111 112 111 101 201 202 201 101 100 000
00]110,100 200 201 211 212 211 201 301 302 301 201 200 100

prA= 000]100%101 201 202 212 213 212 202 302 303 302 202 201 101 100 000
100 200 201 211 212 211 201 301 302 301 201 200 100
000 100 101 111 112 11T 101 201 202 201 101100 000
100 110 111 110100 200 201 200 1007110 100
000 100 101.100°101 201 202 201 101 111 101

™ 4 1007110 11T 21T 212 21T 11T 211201

8 000 100 101 201 202 201 101 201 211
7 ) 1 5 100 200 20T 200 100 200 201
000 100 101.100 000 100 101
/ \ 6 10011000 200 201
6 5 000 100°101 20T 202
100 200 201
000 100 101
100
S 3 8 000
4 Il

<

>
(0]
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Alternating Tableaux, Promotion, Evacuation

A =000 100 101,100 000 100 101 111 112 111 101 201 202 201 101 100 000

00]110,100 200 201 21T 212 21T 201 301 302 301 201 200 100
prA= 000]10

(=)

01 201 202 212 213 212 202 302 303 302 202 201 101 100 000

100 200 201 211 212 211 201 301 302 301 201 200 100
000 100 10T 11T 112 11T 101 201 202 201 101.100 000
100 110 11T 110,100 200 201 200 100110 100

000 100 101.100%101 201 202 201 101 1171 101

1007110 11T 211 212 211 111 211201

8 000 100 101 201 202 201 101 201 211
, 1 5 100 200 201 200 100 200 201
\ 000 100 101100 000 100 101

2

100110100 200 201

000 1007101 201 202

100 200 201

000 100 10T

100

5 < 3 8 000
4 I
<

>
(0]

—
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Alternating Tableaux, Promotion, Evacuation

A =000 100 101,100 000 100 101 111 112 111 101 201 202 201 101 100 000

00]110,100 200 201 21T 212 21T 201 301 302 301 201 200 100
prA= 000]10

(=)

01 201 202 212 213 212 202 302 303 302 202 201 101 100 000
100 200 201 211 212 211 201 301 302 301 201 200 100
000 100 101 111 112 111 101 201 202 201 101100 000
3 100 110 111 110100 200 201 200 100}110 100
000 100 101.100%101 201 202 201 101}111 101
1007110 11T 211 212 211 111211201
8 000 100 101 201 202 201 101J201 211
, 1 5 100 200 201 200 100[200 201
\ 000 100 101100 000100 101
2

100°110,100§200 201

000 1007101201 202

7 100[200 201

000100 101

100

5 < 3 8 000
4 I
<

>
(0]

—
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Alternating Tableaux, Promotion, Evacuation

A =000 100 101,100 000 100 101 111 112 111 101 201 202 201 101 100 000

00]110,100 200 201 21T 212 21T 201 301 302 301 201 200 100
prA= 000]10

(=)

01 201 202 212 213 212 202 302 303 302 202 201 101 100 000
100 200 201 211 212 211 201 301 302 301 201 200 100
000 100 101 111 112 111 101 201 202 201 101100 000
3_100 110 111 1102100 200 201 200 100}110 100
000 100 1011007101 201 202 201 101}111 101
4 1007110111 211 212 21T 11121201
01 201 202 201 101}201%211
, 1 5 100 200 201 200 100[200 201
\ 000 100 101100 000100 101
2

100°110,100§200 201

000 1007101201 202

7 100[200 201

000100 101

100
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<

>
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Alternating Tableaux, Promotion, Evacuation

A =000 100 101,100 000 100 101 111 112 111 101 201 202 201 101 100 000

00]110,100 200 201 21T 212 21T 201 301 302 301 201 200 100
prA= 000]10

(=)

01 201 202 212 213 212 202 302 303 302 202 201 101 100 000
100 200 201 211 212 211 201 301 302 301 201 200 100
000 100 101 111 112 111 101 201 202 201 101100 000
3_100 110 111 1102100 200 201 200 100}110 100
000 100 1011007101 201 202 201 101}111 101
4 100[110[11T 21T 212 21T 111217201
01 201 202 201 101}201%211
, 1 5 100 200 201 200 100[200 201
\ 000 100 101100 000100 101
2

100°110,100§200 201

000 1007101201 202

7 100[200 201

000100 101

100

5 < 3 8 000
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<

>
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Alternating Tableaux, Promotion, Evacuation

A =000 100 101,100 000 100 101 111 112 111 101 201 202 201 101 100 000

00]110,100 200 201 21T 212 21T 201 301 302 301 201 200 100
prA= 000]10

(=)

01 201 202 212 213 212 202 302 303 302 202 201 101 100 000
100 200 201 211 212 211 201 301 302 301 201 200 100
000 100 101 111 112 111 101 201 202 201 101100 000

3 100 110 111 110,100 200 201 200 100}110 100
000 100 101_100f101 201 202 201 101111 101
4 100]110J11T 21T 212 21T 111[217.201

8 000 100‘101 201 202 201 101J201f211

1 1 5 100 200 201 200 100}200{201

\ 000 100 101_100 000{100{101
2

100°110_100J200{201
000 100°101}201 202
7 100J200J201
000]1004101
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: 000
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<

>
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Alternating Tableaux, Promotion, Evacuation

A =000 100 101,100 000 100 101 111 112 111 101 201 202 201 101 100 000

00]110,100 200 201 21T 212 21T 201 301 302 301 201 200 100
prA= 000]10

(=)

01 201 202 212 213 212 202 302 303 302 202 201 101 100 000
2 100 200 201 211 212 211 201 301 302 301 201 200 100
000 100 101 111 112 111 101 201 202 201 101100 000

3 100 110 111 110,100 200 201 200 100}110 100
000 100 101_100f101 201 202 201 101111 101
4 100]110J11T 21T 212 21T 111[217.201

8 000 100‘101 201 202 201 101J201f211
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Alternating Tableaux, Promotion, Evacuation

A = 000 100 101100 000 100 101 111 112 111 101 201 202 201 101 100 000

1_100 %00 200 201 211 212 211 201 301 302 301 201 200 100

prA= 000[100F101 201 202 212 213 212 202 302 303 302 202 201 101 100 000
100 200 201 211 212 211 201 301 302 301 201 200 100

000 100 101 111 112 111 101 201 202 201 101100 000

3 100 110 111 110,100 200 201 200 100}110 100
000 100 101_100f101 201 202 201 101111 101
4 100]110J11T 21T 212 21T 111[217.201

8 000 100‘101 201 202 201 101J201f211

1 1 5 100 200 201 200 100}200{201

\ 000 100 101100 000{100{101
2

00]110,100}200]201
000[100%101 201|202
7 '100}200201
000[1004101
5 3 8 100
< 000
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>
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—
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Motivation from classical invariant theory

® G a group of matrices - GL,, SL,, SO,, Spin,, Spy,, G, ...

e V a CG-module - vector, adjoint representation, ...
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Motivation from classical invariant theory

® G a group of matrices - GL,, SL,, SO,, Spin,, Spy,, G, ...
e V a CG-module - vector, adjoint representation, ...
e (VEN6 . ={we V® . g.-w=w forall g € G}
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Motivation from classical invariant theory

® G a group of matrices - GL,, SL,, SO,, Spin,, Spy,, G, ...
e V a CG-module - vector, adjoint representation, ...
e (VEN6 . ={we V® . g.-w=w forall g € G}

The symmetric group &, acts on V&' via
CWMR--QW, = ‘/‘70*11®"'®M70*1r’

and this commutes with the diagonal action of G.
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Motivation from classical invariant theory

® G a group of matrices - GL,, SL,, SO,, Spin,, Spy,, G, ...

e V a CG-module - vector, adjoint representation, ...
e (VEN6 . ={we V® . g.-w=w forall g € G}

The symmetric group &, acts on V&' via
O"V_‘;1®.'.®VVI’:W0711®.'.®M70'*1r7

and this commutes with the diagonal action of G.

It would be nice to . ..

Find a (diagrammatic) basis of the space of invariant tensors
(V®r)€, that is preserved by the action of the long cycle.
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Background from representation theory

Consider the decomposition

Ve~ @ V(p)®™, where
HENT

® AT are the dominant weights of G,
® V/(u) is the irreducible rep. of G with dominant weight u,

® n, are the multiplicities.
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Background from representation theory

Consider the decomposition

Ve~ @ V(p)®™, where
HENT

® AT are the dominant weights of G,
® V/(u) is the irreducible rep. of G with dominant weight u,
® n, are the multiplicities.

The space of invariant tensors (V®7)€ is isomorphic to the direct
sum of the trivial (one dimensional) representations appearing in
the decomposition.

Stephan Pfannerer, Martin Rubey, Bruce Westbury — Promotion and Rotation




Crystal graphs

® A Crystal graph is a coloured digraph corresponding to a
representation (p, V).
® vertices: labelled with weights of p
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Crystal graphs

® A Crystal graph is a coloured digraph corresponding to a
representation (p, V).
® vertices: labelled with weights of p
e for an irreducible representation

® unique source vertex: highest weight vertex
® number of vertices: dimension of V
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Crystal graphs

® A Crystal graph is a coloured digraph corresponding to a
representation (p, V).

® vertices: labelled with weights of p

e for an irreducible representation
® unique source vertex: highest weight vertex
® number of vertices: dimension of V

® disjoint union of crystals <+ direct sum of representations
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Crystal graphs

A Crystal graph is a coloured digraph corresponding to a
representation (p, V).
® vertices: labelled with weights of p

e for an irreducible representation

® unique source vertex: highest weight vertex
® number of vertices: dimension of V

disjoint union of crystals <> direct sum of representations

tensor product of crystals <+ tensor product of representations
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Crystal graphs

A Crystal graph is a coloured digraph corresponding to a
representation (p, V).
® vertices: labelled with weights of p

e for an irreducible representation

® unique source vertex: highest weight vertex
® number of vertices: dimension of V

disjoint union of crystals <> direct sum of representations

tensor product of crystals <+ tensor product of representations

® vertices labelled with words ¢; ® --- ® ¢,
* wt(c; ® - ®¢c ) =wt(a) + -+ wt(c)
® source vertices: heighest weight words
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Crystal graphs

A Crystal graph is a coloured digraph corresponding to a
representation (p, V).

® vertices: labelled with weights of p

e for an irreducible representation

® unique source vertex: highest weight vertex
® number of vertices: dimension of V

disjoint union of crystals <> direct sum of representations

tensor product of crystals <+ tensor product of representations
® vertices labelled with words ¢; ® --- ® ¢,
* wt(c; ® - ®¢c ) =wt(a) + -+ wt(c)
® source vertices: heighest weight words

hww of weight 0 <> isolated vertices <+ invariant tensors
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Crystal graphs - Sp,,
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Crystal graphs - Sp,,

1®1
2®1i§®1$§®2$1®2ii®§
_ 1 _ 1 _
2 12—1l—2®1 2
1 — T~ 1 o
11 —=>1®2 1 }‘ RITI—11
\»2®2iz®2i§®§
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eneral goal

® hww are represented by certain tableaux (SYT, alternating,
oscillating, ...)
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eneral goal

® hww are represented by certain tableaux (SYT, alternating,
oscillating, ...)

® promotion and evacuation: weight preserving maps on hww
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General goal

® hww are represented by certain tableaux (SYT, alternating,
oscillating, ...)

® promotion and evacuation: weight preserving maps on hww

® action of the long cycle on invariants <> promotion on hww of
weight zero (Westbury)
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General goal

® hww are represented by certain tableaux (SYT, alternating,
oscillating, ...)

® promotion and evacuation: weight preserving maps on hww

® action of the long cycle on invariants <> promotion on hww of
weight zero (Westbury)

The general goal

Fix a representation. Find a diagrammatic basis of the space of
invariant tensors. Give an explicit bijection between hww of weight
0 and the basis, that intertwines

promotion <>  rotation.
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General goal

® hww are represented by certain tableaux (SYT, alternating,
oscillating, ...)

® promotion and evacuation: weight preserving maps on hww

® action of the long cycle on invariants <> promotion on hww of
weight zero (Westbury)

The general goal

Fix a representation. Find a diagrammatic basis of the space of
invariant tensors. Give an explicit bijection between hww of weight
0 and the basis, that intertwines

promotion <>  rotation.

Describe the action of evacuation.
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Thank you!



Appendix



Our goal revisited

The general goal

Fix a representation. Find a diagrammatic basis of the space of

invariant tensors. Give an explicit bijection between hww of weight
0 and the basis, that intertwines

promotion <>  rotation.

@ invariant tensors — symmetric group action
® diagram categories — rotation

© crystal graphs — promotion
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Standard Tableaux and RSK

P= 0 1 2 3 31 32 42 421 422

A sequence of partitions
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Standard Tableaux and RSK

P = 3 32 42 421 422

1 2 31
1] [ 1] []
- 0 o b [

==

A sequence of partitions
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Standard Tableaux and RSK

P= 3 31 32 42 421 422

g 1 2
(DDEIZ!l_l_l_IH_l_IHj_ILUH_JH__H

A sequence of partitions as a Standard Young Tableaux.

P = 3]6]

~
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Standard Tableaux and RSK

P= 3 31 32 42 421 422

g 1 2
(ZJDIZDI_l_l_IH_l_IHj_ILUH_JH ]

Q=0 1 2 21 211 221 222 322 422

A sequence of partitions as a Standard Young Tableaux.

p_|1]2]3]6]

~|
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Standard Tableaux and RSK

P= 3 31 32 42 421 422

g 1 2
(ZJDIZDI_l_l_IH_l_IHj_ILUH_JH ]

Q=0 1 2 21 211 221 222 322 422

A sequence of partitions as a Standard Young Tableaux.

p_|1]2]|3]6] o_|1][2]|7]8]

~|
w
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Standard Tableaux and RSK

P= 3 31 32 42 421 422

g 1 2
(ZJDIZDI_l_l_IH_l_IHj_ILUHJH ]

Q=0 1 2 21 211 221 222 322 422

A sequence of partitions as a Standard Young Tableaux.

o—|1]2]7]8]
5

P = 3]6]

SN N
w

RSK Correspondence (Robinson, Schensted, Knuth)

Bijection between permutations and pairs of SYT of the same
shape.
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Schiitzenberger Promotion and Evacuation

P =000 100 200 300 310 320 420 421 422
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Schiitzenberger Promotion and Evacuation

P = 000 100 200 300 310 320 420 421 422
prP = 000

!

I >

!

T}

K+v—2A)
K+ v —p)

u = domg

n

—~ —~

A= domGn
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Schiitzenberger Promotion and Evacuation

P =000 100 200 300 310 320 420 421 422
prP = 000 100 200 210 P20 320 321 322 422

!

I >

!

T}

K+v—2A)
K+ v —p)

u = domg

n

—~ —~

A= domGn
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Schiitzenberger Promotion and Evacuation

P =000 100 200 300 310 320 420 421 422
prP = 000 100 200 210 220 320 321 322 422
000 100 110 210 310 311 321 421 422

A— UV
Ll
K— W
= domeg, (K +v —A)
= domG ( +v )
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Schiitzenberger Promotion and Evacuation

P =000 100 200 300 310 320 420 421 422
prP = 000 100 200 210 220 320 321 322 422
000 100 110 210 310 311 321 421 422
000 100 200 300 310 320 420 421 422

A— UV
Ll
K— W
= domeg, (K +v —A)
= domG ( +v )
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Schiitzenberger Promotion and Evacuation

P =000 100 200 300 310 320 420 421 422
prP = 000 100 200 210 220 320 321 322 422
000 100 110 210 310 311 321 421 422
000 100 200 300 310 320 420 421 422

A— UV
J J' 000 100 200 210 220 320 321 322 422
K—

= domG ( +v )
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Schiitzenberger Promotion and Evacuation

P =000 100 200 300 310 320 420 421 422
prP = 000 100 200 210 220 320 321 322 422
000 100 110 210 310 311 321 421 422
000 100 200 300 310 320 420 421 422

A— UV

J J( 000 100 200 210 220 320 321 322 422

K —— 000 100 110 210 310 311 321 421 422
= domG ( + v )
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Schiitzenberger Promotion and Evacuation

P =000 100 200 300 310 320 420 421 422
prP = 000 100 200 210 220 320 321 322 422
000 100 110 210 310 311 321 421 422
000 100 200 300 310 320 420 421 422

A— UV

l J( 000 100 200 210 220 320 321 322 422

K —— 000 100 110 210 310 311 321 421 422
= domG,,( + v ) 000 100 200 300 310 320 420 421 422
= domG ( +v )
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Schiitzenberger Promotion and Evacuation

P =000 100 200 300 310 320 420 421 422
prP = 000 100 200 210 220 320 321 322 422
000 100 110 210 310 311 321 421 422
000 100 200 300 310 320 420 421 422

A— UV
l J( 000 100 200 210 220 320 321 322 422
K —— 000 100 110 210 310 311 321 421 422
= domg, (K +v —\) 000 100 200 300 310 320 420 421 422
— domG ( Y ) 000 100 200 210 220 320 321 322 422
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Schiitzenberger Promotion and Evacuation

P =000 100 200 300 310 320 420 421 422
prP = 000 100 200 210 220 320 321 322 422
000 100 110 210 310 311 321 421 422
000 100 200 300 310 320 420 421 422

A— UV
l J( 000 100 200 210 220 320 321 322 422
K —— 000 100 110 210 310 311 321 421 422
= domg, (K +v —\) 000 100 200 300 310 320 420 421 422
— domG ( Y ) 000 100 200 210 220 320 321 322 422

000 100 110 210 310 311 321 421 422
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Schiitzenberger Promotion and Evacuation

P =000 100 200 300 310 320 420 421|422
prP = 000 100 200 210 220 320 321|322|422
000 100 110 210 310 311321421 422

A— VUV 000 100 200 300 310{320(420 421 422
l J( 000 100 200 210220320 321 322 422
K —— 000 100 110|210|310 311 321 421 422
= domG,,( + v ) 000 100/200(300 310 320 420 421 422
= domg, ( Y ) 000{100{200 210 220 320 321 322 422

000|100 110 210 310 311 321 421 422

ev P =
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No whiteboard? No problem!

211

K —s U
111 C:T T
AN—— VU
11
. p =sort(k' +v — )
X
11 11
A— M
= 11x]]
A— A
u:)\+e1
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No whiteboard? No problem!

211

K —s U
111 C:T T
AN—— VU
11
r / Y
- w =sort(k' + v — )
X 11+1=21
11 11
A— M
= 11x]]
A— A
u:)\+e1
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No whiteboard? No problem!

211

K— U
111 C:T T
" & ATV
r / / /
- w =sort(k' +v' — )
X X
11 11
A—H
o= ]|x]]
A—> A
u:)\+e1
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No whiteboard? No problem!

211 K —— b

111 C:T T

) Lo N
’ / / /

- w =sort(k' +v' — )

X I %

11 11

1= & m=2 Dp—
o= ]1x]]

A—> A

u:)\+e1
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No whiteboard? No problem!

211

K —
111 s C:T T
) Lo N
; / / /
- w =sort(k' +v' —X)
X I %
11 11
1= & m=2 Dp—
| iR
lllza > [(IT11=3
A—> A
u:)\+e1
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No whiteboard? No problem!

211 2 K — U
111 s C:T T
) Lo v
; / / /
- w =sort(k' +v' —X)
X 2 X
11 11
1= & m=2 Dp—
| iR
1112@ > [(IT11=3
A— A

N
[y
[y
|
T~
Il
w
[y
=
I
>
_.I_
P
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No whiteboard? No problem!

211 2 K — U
111 s C:T T
) Lo v
; / R
o[ - w =sort(k' +v' —X)
X
11 11
1= & m=2 Dp—
| iR
1112@ > =3
A— A

"
D:H

i\
Bt
=

I

>

:

N

1

I
H
¢
H
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No whiteboard? No problem!

211

111

11

11 21

31 K —s I
c:T T
3
/ )\—>I/
<_> 2 21
2+21—-2=21 ulzsort(ﬁ_//_"_y/_)\/)
2 21
X
L m=2 S —
LT - 1]
< =
A—— A
« HH =31 p=A+e
& =2
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No whiteboard? No problem!

211

111

11

11 21

31 K —s
c:T T
3 31
, 3421 —2=31 \ y
A 2 21
p =sort(k + v —X)
2 21
X
& m=2 o —
. 1
< =
A—> A
« HH =31 p=A+e
& =2
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No whiteboard? No problem!

211

111

11

11 21

31 32

H
e

H 4

N

1

T
an
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31+31—-3=32

|

R—E

K
c=|
A

p =sort(k + v —X)

|

A—H
= 1[x]1

A— A
u:)\+e1



No whiteboard? No problem!

211 [ 2 K r K
111 N C:T T
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No whiteboard? No problem!

211 31 32 K— [
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No whiteboard? No problem!
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Thank you!
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