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ON THE POSITIVITY CONJECTURE FOR FINITE ABELIAN p-GROUPS

C. P. ANIL KUMAR

ABsTRACT. For a partition A = (A" > A5? > A8? > ... > AP¥) and its associated
finite R-module Ay = @5, (R/m R)P, where R is a discrete valuation ring,
with maximal ideal generated by a uniformizing element 7z, having finite residue
field k = R/m'R = IF;, with at least three elements, the number of orbits of pairs

ma(q) = [Ga\ (Ar x Ay)|

for the diagonal action of the automorphism group G, = Aut(A,), is a poly-
nomial in g with integer coefficients. The positivity conjecture states that these
coefficients are in fact non-negative. In this article, we prove this conjecture.

1. Introduction

The automorphism orbits in finite Abelian groups have been understood quite
well for over a hundred years (see [7, 3]). The combinatorics of automorphism
orbits in Abelian groups is also studied by K. Dutta and A. Prasad [5] and by
C. P. Anil Kumar [1, 2]. Some other authors who have worked on this subject are
S. Delsarte [4], M. Schwachhofer and M. Stroppel [8], B. L. Kerby and E. Rode [6].
In this article we focus on a conjecture for finite Abelian p-groups called the
positivity conjecture about the total number of orbits of pairs. This conjecture
is stated as Conjecture 1.1 below in the context of finite modules over discrete
valuation rings where a finite Abelian p-group is naturally a finite module over
the ring of p-adic integers. This was initially jointly conjectured by C. P. Anil
Kumar and Amritanshu Prasad in [1].

Let Ag denote the set of all sequences of the form

(1.1) A= (AL AR, AR,

where Ay > Ay > --- > Ay is a strictly decreasing sequence of positive integers
and p1, 02, ..., Pk are positive integers. We allow the case where k = 0, resulting
in the empty sequence, which we denote by ©@. Let R be a discrete valuation
ring with maximal ideal generated by a uniformizing element 7t having finite
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residue field k = R/7'R. Every finite R-module is, up to an isomorphism, of
the form

(1.2) A= 6D (R/n/\iRyi

for a unique A € Ay.
Now we state the positivity conjecture which originally appeared in [1].

Conjecture 1.1. Let A = (A" > AD* > A% > ... > AP¥) € A be a partition
and R be a discrete valuation ring with maximal ideal generated by a uniformizing
element 7t having finite residue field k = R/ t'R = ¥, with at least three elements. Let
Ay = @i'(:l (R / thi R) P1 be its associated finite R-module and G, be its automorphism
group. Let ny(q) be the number of orbits of pairs in A, x Ay for the diagonal action
of Gy on Ay x Ay. Then ny(q) is a polynomial of degree A1 with non-negative integer
coefficients.

1.1. Results Known about the Positivity Conjecture. We already know the fol-
lowing:
(1) The number n,(q) is a polynomial in g with integer coefficients (cf. [1,
Thm. 5.11]).
(2) The degree of n1)(g) is A1, the highest part of A (cf. [1, Thm. 5.11]).
(3) The polynomial 1, (q) satisfies 1, (q) = n,2(g), where

A2 — (/\Ilnin(Pl,z) > Afznin(szz) S /\;(nin(szz))

(cf. [1, Cor. 4.5]).
So, for the computation of the polynomial 11, (), any part of the partition which
repeats more than twice can be reduced to two. Here in this article we prove the
positivity conjecture.

1.2. Strategy of the Proof of Conjecture 1.1. We say an element a € A, is of
height zero if the equation 2 = px has no solution for x € A,. The set of height
zero elements in the group A, is invariant under the action of G,. We show in
Section 4 that, for a nonempty partition A,

(1.3) n}(q) = |Ga\ ({Height Zero Elements} x A, )|

is also a polynomial in g with integer coefficients. The strategy of the proof of the
conjecture is as follows. We establish “coupled” recurrence relations between the
polynomials 1, (g) and 79 (q), expressing these in terms of the 1,(g) and n%(q)
for y C A (containment of Young diagrams), with coefficients in Z>[g]. The
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initial conditions of n9(g) for A = @ being defined as 1 and for A = (1) it is q
then establish the required positivity of 1, (q) by induction (Theorem 4.17).

For a partition A = (A{' > A8? > AL > ... > AP¥) € Ag such that p;, = 2, that
is, Aj, is repeated for some 1 < iy < 2, using the lattice decomposition J (P, )
given in Theorem 3.4 into two disjoint sublattices 7 (P,) and J (P, ), we associate
two particular smaller partitions # and v. Then Theorem A for the repeated part
case establishes the relation 1, (q) = n,(q) + n,(q). Analogously, Theorem 4.5
establishes the following relation among the height zero polynomials: if A;; > 1
then 1 (q) = n),(q) +ny(q) and if A;; = 1, that is, ip = k, Ay = 1 then 1} (q) =
i (q) + 1 (q)-

In Theorem 4.2, for a partition A = (A{' > A5? > A% > ... > APF) € A,
we establish 1, (q) = n3(q) + nu(q) + n5,(q) if Ax > 1, where = ((Ay — 1)1 >
o> (A, = 1)) and ny (q) = n§(q) +2n,(q) if Ay = 1, where p = (A1 —1)°* >
-+ > (Ag_q — 1)P-1). In particular if A has distinct parts then  also has distinct
parts in both cases.

In Theorem 4.9, we express 1 (q) for a partition A which has all its parts
distinct as a polynomial combination of njy(q) for partitions u which has all
its parts distinct such that 4 C A with coefficients of the combination being
polynomials in g with nonnegative integer coefficients.

Combining the recurrences obtained in Theorems A, 4.2, 4.5, 4.9 we prove
Conjecture 1.1 in Theorem 4.17.

Remark 1.2. The recurrences obtained in Theorems A, 4.2, 4.5, 4.9 allow a rapid
computation of the polynomials 1, (q), 13 (g) for A € A,.

2. Preliminaries
In this section we present some preliminaries about finite R-modules.
2.1. Orbits of Elements. For the present purposes, the combinatorial descrip-
tion of orbits due to K. Dutta and A. Prasad [5] is useful. We recall the notation
and some of the results in [5] here for the case of finite R-modules.
It turns out in the case of finite R-modules, that, for any module A,, the G,-

orbits in A, are in bijective correspondence with certain classes of ideals in a
poset P, which we call the fundamental poset. As a set

(2.1) P={(v,]) | ve NU{0},] € N,0<v<lI}.
The partial order on P is defined by setting

(v,1) < (v,I')ifand only if v >0 and | —v < 1" — 7',
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Let J(P) denote the lattice of order ideals in P. A typical element of A, is a
column vector of the form x = (x,.,,), where i runs over the set {1,...,k}, and,
for each 7, 7; runs over the set {1,...,p;}. To x € A,, we associate the order ideal
I(x) € J(P) generated by the elements (v(x,,,,), A;) for all pairs (i,r;) such that
x).r. # 0in R/ R. Here for any x € A,,v(x) denotes the largest I for which
x € 7' A, (in particular, v(0) = o).

A key observation is the following theorem.

Theorem 2.1. Let Ay, Ay be two finite R-modules. An element y € A, is a homomor-
phic image of x € A, if and only if I(y) C I(x). Moreover for x,y € Ay, they lie in
the same Gy-orbit if and only if I(x) = I(y).

Note that the orbit of 0 corresponds to the empty ideal.
For A € Ay, let J(P,) denote the sublattice of J(P) consisting of ideals such
that max I is contained in the set

(2.2) Pa={(v,)|0<0v<Il=A;,1<i<k}.

Then the G,-orbits in A, are in bijective correspondence with this set J (P, ) of
order ideals. The lattice [ (P, ) is isomorphic to the lattice 7 (P, ) of order ideals
in the induced subposet P). For each order ideal I € [J (P, ), we use the notation

(AN ={xe A [I(x) =TI}

for the orbit corresponding to I.
A convenient way to think about the ideals in P is in terms of what we call
boundaries: for a positive integer I define the boundary valuation of I at ! to be

9;I = min{v | min(v,1) € I}.

We denote the sequence {9;I} of boundary valuations dI and call it the boundary
of I.

For an order ideal I C P let max I denote the set of maximal elements in I.
The ideal I is completely determined by max I: in fact, taking I to max I gives a
bijection from the lattice 7 (P, ) to the set of antichains in P,.

An alternative description for (\A,)7 is

(Ar)] ={x = (xr,r.) € Ax | v(xp,r,) = 9p ] for all A; and r; and for

(0x,1,A;) € max I we must have max{v(x,,,,) | forall r;} =9, I}.
Ti
For an ideal I € J (P, ) with

max [ = {(vy,11),...,(vs,15)}
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define an element e; of A, a column vector whose co-ordinates are given by

7'_(07, if /\i = l] and 7’]' = 1,
(2-3) At =

0, otherwise.

For the R-module A, the functions x — I(x) and I — e; induce mutually
inverse bijections between the set of G,-orbits in A, and the set of order ideals
in ._7 (PA)

For an ideal I € J (P, ), define

(An)r= [ (AV)].

JCI

This is a submodule of A, which is G-invariant. The description of (\A,); in
terms of valuations of co-ordinates and boundary valuations is as follows:

(Ax)r = {x = (xa,) [ o(xa,,) = 9x 1}

Such a module (A,); given by an ideal I € J(P,) is called a characteristic
submodule. The G, orbits in 4, are parametrized by the finite distributive
lattice J (P) ). Moreover, each order ideal I € J(P,) gives rise to a characteristic
submodule (A)); of A,. The lattice structure of J(P,) gets reflected in the
poset structure of the characteristic submodules (A, ); when they are partially
ordered by inclusion. For ideals I,] € J (P, ), we have

(Ax) iy = (Ax)r + (Ax)y and (Ax)iny = (Ax) 0 (Aq)).

The map I — (A)); gives an isomorphism from J(P,) to the poset of G,-
invariant characteristic submodules. In fact, when the residue field k of R has
at least three elements then every Gj-invariant submodule is a characteristic
submodule. Therefore [J(P,) is isomorphic to the lattice of G-invariant sub-
modules (cf. [6]).

2.2. Stabilizer of e;. By the description of G,-orbits in A,, every G,-orbit of
pairs of elements (x1,x2) € A) x A, contains a pair of the form (e, x) for some
I € J(Py) and x € A,. Then the G,-orbits of pairs in A, x A, which contain
an element of the form (ej, x) for some x € A, are in bijective correspondence
with (G, )j-orbits in A,. Here we give a description of (G, ); which facilitates
the classification of (G, ) -orbits in A).

The main idea here is to decompose A, into a direct sum of two R-modules
(this decomposition depends on I):

(2.4 Ay = Ay & Ay,
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where A,/ consists of those cyclic summands in the decomposition 1.2 of A,
where e; has non-zero co-ordinates, and A )/ consists of remaining cyclic sum-
mands. With respect to this decomposition we have

er = (e}, 0).

The reason for introducing this decomposition is that the description of stabilizer
of ¢} in the automorphism group G,/ of A,/ is quite nice (see [1, Lemma 4.2]).
The stabilizer of ¢} in G/ is

(Gy)1 = {idAA, +u | u € Hom(A,/, A,/) satisfies u(ej) = 0}.

Every endomorphism of A, can be written as a matrix of the form (§} §12)
where g11 - 'AA/ — A)\/,gzz : ‘AAN — A)\”/g12 : AAN — ‘AA/’gﬂ : AA/ — ‘AA”'

The stabilizer of e; in G, consists of matrices of the form

l'dA/\/ +u g2
821 822
where u € Hom(A,/, A,/) satisfies u(ej) = 0,812 € Hom(A,r, A,/) is arbitrary,

g21 € Hom(A,/, A,r) satisfies g21(e7) = 0 and g € G,» = Aut(A,n) is invert-
ible. For this see [1, Thm. 4.4].

2.3. The Stabilizer Orbit of an Element. Let (G,); denote the stabilizer of
e € Aj). Write each element x € A, as x = (x/,x”) with respect to the de-
composition 2.4 of A,. Furthermore, for any x' € A,/ let X’ denote the image
of x"in A}/, = A,/\Re}. The partition A'/1 is completely determined by the
partition A’ and the ideal I N Py, € J(P)ys (see [1, Lemma 6.2]).

Now we describe the stabilizer (G, ) -orbit of x € A,.

Theorem 2.2. Given x,y € Ay, y = (y',y") lies in the (G, )-orbit of x € A, if and
only if the following conditions hold:

(2.5) y ex' + (-AA’)I(?)UI(x")
and
(2.6) y" € (Ay) e + (Ay)

’(AAH)}((X”) + (AA“)I(Y/) .

For the proof of this result see [1, Thm. 5.1].

The size of the orbit is (A1) U1
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2.4. Overview of Section 3. In this section we state and prove in Theorem A,
the case of a repeated part and how to express n,(q) = nu(q) + ny,(q) for
suitable partitions u,v C A. The advantage of this theorem is that, by us-
ing this repeatedly, 1, (g) can be expressible as the sum of polynomials 1,(q)
corresponding to partitions ¢ C A which have all its parts distinct. This is
mentioned in Theorem 3.2. The important ingredient in proving Theorem A
is the decomposition Theorem 3.4, where the lattice 7 (P,) with a part A;, in
A is decomposed in two parts £ = {I € J(Py) | max(I) N Po,) = @} and
M =A{I € J(Py) | max(I) N Povy) # @}. Here L turns out to be isomorphic
to J(Py) and M turns out to be isomorphic to J(P,) for the same suitable
partitions u and v. Now Theorem A follows by proving three lattice identi-
ties in Equations (3.1), (3.2), (3.3) given in Theorems 3.6, 3.7, 3.8, respectively.
Theorems 3.6, 3.7 follow directly and their proofs are not long. The proof of
Theorem 3.8 turns out to be a bit technical and long.

2.4.1. Overview of Proof of Theorem 3.8. First we illustrate Example 3.9 for A =
(Ap = 41 > A3 = A2 = 22) with repeated part A;, = Ay = 2 for iy = k supporting
the identity in Equation (3.3) given in Theorem 3.8. Then we prove required
Propositions 3.10, 3.11, 3.12, 3.13, 3.16, 3.18, 3.19, 3.20 which are useful in the
proof of Theorem 3.8 especially in establishing the identity in Equation (3.3).

Proposition 3.10 describes for an I € M, I; = ¢(I) € J(P,), where ¢ is as
described in Theorem 3.4(2), the partition A’/I and the partition v'/I; and the
relation between them. It also describes some properties with respect to the
parts A;; =1 which are adjacent to the repeated part A;, in A. It is an observation
that A;; is never a part of A’/I.

Proposition 3.11 introduces a new partition A"’ which is obtained by inserting
Aj, into the partition A’/I. Then it considers the subset N' = {J € J(Pyn) |
max(J) NP Ai) # @} and describes a lattice homomorphism ¢ : N' — J (P, ,)
by exactly describing max(¢(])). This homomorphism ¢ called the lower lattice
homomorphism.

Proposition 3.12 describes another lattice homomorphism called the upper
lattice homomorphism ¢ : N' — J (P, ). Actually this proposition introduces
new partitions A" obtained by inserting both A; 41 into A"’ (if either of them

is not a part of A”’) and v"”

obtained by inserting A;, — 1 into v'/I; (if it is not a
part of v'/1;). Then the map ¢ is described as a composition of certain maps in
Proposition 3.12.

Proposition 3.13 makes it clear as to why the lattice homomorphisms ¢, ¢ are

lower and upper lattice homomorphisms as in Remark 3.14. It proves that for

any J € N, max(¢(J)) € max(¢(]))-
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Proposition 3.16 describes a lattice homomorphism ¢ : J (P,r;1,) — N in the
reverse direction which again is obtained as a composition of certain maps. As
in Remark 3.17 if A;; — 1 is a part of v'/I;, that is, v'/I; = v" then the maps
§:N — J(Pyyy)and ¢ : J(P,/1,) — N are inverses of each other.

Proposition 3.18 explores the relationship between the following two ideals:

e The ideal L € M which can be written as L = [JUK], fora | € A with
max(]) = max(f)\P()\iO) and

KeR = {T S j(PA//) | max(T) ﬂp(/\io) 7é @}

with [J],, = [K], -
e The ideal (L) = L1 € J(P)).
For K; = ¢(K) € J(P,), where ¢ : R — J(P,») similarly defined with
respect to A’ and v", for J; = ¢(]), J5 = &(J), Proposition 3.18 proves that [K;], U
[1]v = [K1]v U [J3]y = L1 = (L) = (][] UK],) among many consequences. In
this sense the map 1 is nicely behaved.

Proposition 3.19 is similar to previous proposition. But here we start with
ideals J; € J(Py,) and Ky € J(P,r) with Ly = [J4]y U [Kp]y € T (Py). The
proposition gives the unique ideal L € M such that ¢(L) = L; and constructs
ideal K € R as K = ¢~ 1(Kz) U [({(u, Ay) })]ar with K3 = ¢(K) € J(P,»). Now,
if J5 = ¢(Ja) with J = J5 U [({(u, Aj,)})]a», then we actually find | € N and if
J1 = ¢(]),J3 = &(J) then the proposition proves [Ki], U [J1]y, = [Ki]y U [J3]y =

L1 = [J4]y U [K2]y among many consequences.
" e |AL /] |A /]
Proposition 3.20 compares the cardinalities of A A ‘ and A and also com-
A/ v /Iy

pares the cardinalities |(.Ay)r| and |(Ay)r, |-

Now all Propositions 3.10, 3.11, 3.12, 3.13, 3.16, 3.18, 3.19, 3.20 lead to a nice
proof of the identity in Equation (3.3) given in Theorem 3.8. In order to prove
Equation (3.3), the main identity we prove is Equation (3.21). In order to prove
Equation (3.21) the key ingredient that we prove is Equation (3.16). Note that
Equation (3.16) links the expressions involving partitions A, A’, A’ /I,A”, A" and
ideals I, f, K in its left-hand side to expressions involving partitions v, vi,v' /L, v
and ideals Iy, 1, J3, J4, K2, K;. Once we prove Equation (3.16) using the previous
propositions, Equations (3.21), (3.3) follow.

2.5. Overview of Section 4. Section 4 introduces the height zero polynomial
defined in Equation (1.3) and proves a number of “coupled” recurrences involv-
ing 1, (q) and n3(g). These finally lead to the proof of positivity conjecture as
outlined in Section 1.2. The recurrences are given in Theorems A, 4.2, 4.5, 4.9
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which we have briefly described in Section 1.2. The details of Theorem 4.9 is not
described which we describe now.

2.5.1. Overview of the Proof of Theorem 4.9. First we illustrate Example 4.10
supporting Theorem 4.9. Then we prove Theorems 4.11, 4.12, 4.13, 4.14, 4.15
to prove Theorem 4.9. All these theorems prove lattice identities with various
conditions in order establish Theorem 4.9. These lattice identities present them-
selves when we are estimating the sum

0 X4
= ¥ y o b
1€J0(P) \JET(P,1 ), KET (Pyn) X7 1K

This sum splits into two parts as given in Equations (4.7), (4.16). Theorem 4.11
proves Equation (4.7). Equation (4.16) further splits into two sums further giving
identities in Equation (4.17) and Equation (4.18). These identities are proved by
proving Equations (4.8), (4.9), (4.10), (4.11) in Theorems 4.12, 4.13, 4.14, 4.15,
respectively.

3. Statement and Proof of the Theorem in the case of Partitions with a
Repeated Part

We state the theorem.
Theorem A (THE REPEATED PART CASE). Let
A=A > A2 > A8 > o> AP € A
be such that p;, = 2 for some ip with 1 < iy < k. Let
p= (A > AR > > A Afo"o = AL > AL > s AR S ),
Let
v=((M=2)"> (A2 =2)72 > > (A = 2)P0" = (A — 1)
Pig+1 Ok— 0
> NSa > > A > AR,
Let
na(q) = 191 \Ax < Axl,mu(9) = [Gu\Au x Aul,

Then we have

(9) = |G\ Ay x Ayl

na(q) = nu(q) +nu(g).
Example 3.1. e IfA=(A3)=(12) thenip=1,u=(1),v=2.
elfA=(A=2>A3=1})thenip=2,p=(2>1),v=0.
e IfA=(A7=22> A =1)thenip=1pu=(2,1),v=(1).
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e IfA=(A2=22>A3=12)and iy =1 thenp = (2 > 12),v = (1%).

eIfA=(A2=22>A3=1%)andip=2thenp = (22>1),v = .

eIf A = (A2 =4>2A3=3>A]=2*)andip = 2 thenpu = (4> >
3 > 22),v = (22 > 22 > 22) = (2°). Alternatively, we can choose v? =
(2min(6:2)) = (22) for the computation of the polynomial 1, (q) = n,2(q),
as any part of the partition which repeats more than twice can be reduced
to two.

As a consequence of Theorem A we have the following theorem.

Theorem 3.2. Let A = (A{' > A? > AP > ... > AP¥) € A be a partition.
Let ny(q) = |Ga\\Ax X Ay|. Then we have that ny(q) is expressible as the sum of
polynomials n,(q) corresponding to partitions p which have all its parts distinct. As
a consequence if ny,(q) is a polynomial with nonnegative integer coefficients for any
partition u which has all its parts distinct then n)(q) is a polynomial with nonnegative
integer coefficients for any partition A € Ag in general.

Proof. This theorem follows by applying repeatedly Theorem A and reducing the
number of repetitions of any part in any partition, which occurs more than twice
to two (cf. [1, Cor. 4.5]). |

Example 3.3. Let us illustrate Theorem 3.2 with an example where A = (32 >
22 > 12). First we have

i ”(3>22>12)(Q) = Ni3>2>12)\4 (9) + ”(12)(‘7/)
® 1n322-12)(9) = 135251)(q )+ n)(q).
® n2512)(9) = N(2512)(9) + 1(12)(9)-
® np212y(9) = n>1)(q) +”®(Q)
o n12)(9) = n()(q) +no(q).
So
”(32>22>12)(‘1) M (3522512)(9) + 1(22512)(9)

)
n32512)(7) +112)(9) + 12512y (7) +142)(9)
n(352512) () + 1(2512)(9) + 2112y (q)

(3>2>1)(Q) +n1)(q) +np>1)(q) + ne(q) +2(nn)(q) +np(q))

= N(3>251)(9) + 1251)(q) +3n(1)(9) + 3nz(q).
We prove another important theorem and state a few other required theorems

—  —r

before proving Theorem A.

Theorem 3.4. Let A = (A" > AB2 > AL > ... > AP%) € Agand A, beapart of A for
some1 <ig <k Letp= (A > A2 > ... > APZO > A > > AR > AR

and let
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v= (=27 > (A =2)% > - > (Ayq —2)P0 > (A, — 1)
> A.polojf > > AR S AR,
(1) Consider the subset L C J (Py) of ideals given by
L={I€ J(Py)|max(I)N P = @}.
Then L is a sublattice. It is isomorphic to the lattice J (P,) with the lattice
isomorphism being
ILe J(Py) — INP, € J(Py,).
(2) Consider the subset M C J (Py) of ideals given by
M= {1 J(P) | max() NPy, ) # @) = T(P\L.
Then M is a sublattice. It is isomorphic to the lattice J (Py) with the lattice
isomorphism being
p:I1eM—J=(max(])) € T(Py),

where max(]) is given as follows. Let

K={(v-1,A-2)|(v,A) € max(I),A > A;;}
U{(v,A) | (v,A) € max(I),A < A;} C Py
(Note thatv —1 < A — 2 for (v,A) € max(I),A > A;,.) Let max(I) NPy, =
{(u,Aiy)}. Then

max(])

~JKU{(w Ay = 1)}, if KU{(w,Ajy — 1)} is an antichain,
K, ifu=Aj, —1orif KU{(u, Ay, — 1)} is not an antichain.

Proof. Assertion (1) is clear and immediate. We prove assertion (2). We first

show that K is an antichain. Let (v,A), (w, u) € max(I),A > A, u < Aj. We

know that (u,A;)) € max(I). Sowe have v > u > w,A —v > Ajy —u > u—w,

which impliesv -1 > w,(A —2) —(v—1) = A—v—1 > u—w. Hence (v —

1,A —2), (w, u) are not comparable with each other. Therefore K is an antichain.
Given an ideal I € M, we obtain | = (1) directly as follows:

J={(v—=1,A=2)|(v,A) € LA>Aj,v+1<A}
U {(U/Aio - 1) | (U/)‘io) €Lv 7£ Aio - 1}
U{(v,A) | (v,A) € LA < Ay}

For this direct definition of | = ¢(I), the set max(J) is precisely given as
in the statement of the theorem. This is because of the following facts. Let
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max([I],)) = {(a;,A;)} if it is nonempty and define a; = A; if max([I],,)) is
empty for 1 <i < k. We have a;, = u and it follows that since (u,A;,) € max(I),
we have

max([I](y, 41)) = {(# + 1A, + 1)}, max([[, —1)) = {(4,Aiy = 1)}
and

ai,—1—12>a;, =u,Ajy —aj, — 12> Aj 41— aj,41.
Using this and from the definition of |, we observe that
max([]](Ai_z)) ={(a; — 1,1 —2)}
for all A; > A, max([J](5,)) = {(ai,A;)} for all A; < A; and
maX([]]()\iO,l)) = {(aj,, Ai, — 1)}
Since I is an ideal in J (P, ) we have
a1 2> ay 2 -+ 2 a1 2y > Ajg4q =+ = A1 = g,
M—ay 22 A1 — a1 2hjy — aiy 2 Ajgy1 — Ajgy1 = 000 2 A — age
Now we observe that
m—1>a—-1>---2>a;, 1—12a;, > a;41> 2> ar_1 > a,
M—ap =122 A1 —aj;1—12A —a;,—1
> Nig41 — ig41 =+ ° = A — A
So J is indeed an ideal in 7 (P,). Now it is easy to check that max(J) is precisely
given as in the statement of the theorem. Moreover we observe that (a;,, A;, —
1) = (u, A, — 1) € max(]) if and only if
aig—1 —1>aj, =u,Ajy —aj, —1> Aj 41— aj,41.
Now the bijection ¢ : M — J(P,) is clear as we can define | from I and

define I from |. It is also clear that ¢ is a lattice isomorphism. This proves the
theorem. |

Example 3.5. We give three examples here to Theorem 3.4(2). Let A = (/\% =41 >
Ay = AL =21). Thenv = ((A —2)! =21 > (Ax — 1)! = 1'). Then the bijection
is given as
max(I), I € J(Py),max(I) NP # D LN max(]), ] € J(Py)
{(1,4),(0,2)} «— {(0,2)}
[(0.2)} «— {(0,1)}
[(2,4),(1,2)} «— {(1,2)}
{(1,2)} +— @.
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Let A= (Al =5 > A=A, =21). Thenv = (A, = 2)1 =3 > (A4, — 1)1 =11),
Then the bijection is given as

max(I), I € J(Py), max(I) NP # O LN max(]), ] € J(Py)

Let A=A =3">A=A =21). Thenv = (A1 —=2)' =11 > (A -1 =
11) = (12). Then the bijection is given as

max(I), 1 € J(Py), max(I) N Pyy,) # @ <X max(]), ] € T (P.)

{(0,2)} «— {(0,1)}
{(1,2)} «— @.
Now we introduce some notation in order to state three important lattice iden-
tities.
(1) Let A = (A > AB2 > A > oo > /\’,zk) € Ag be such that p;; = 2 for some

1<ip<k.
io— ip—1 i
(2) Let p = (A" > AR > oo > AP0 > A0 = Al > A > s
Pi— o
AR > AL,
(3) Letv = (A1 —2)" > (A2 =2)f2 > -+ > (Ajp—1 —2)P0 ! = (A, —1)fo >
Pig+1 Ok— 0
Migpr > > NS > A0,
(4) For I € j(PA),] i~ j(PA//I),K € j(PAN), let

Xtk ={(, ") € Ay | I(X) = 1(x") = K}
and
alyx = | (Ay) ok ® ((Ay)k + ()]
(5) For Iy € J(Py), 1 € T (Pyy1,), K1 € T (Pyr) let
Xp ok = A" € A | 1F) = 1o, 1(x") = Ki}

and

“?1,]1,1(1 = (Ay/)]ll\JKl @ ((A”//)I*(l + (‘A‘u”)fl)
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(6) Similarly, for Iy € J(Py), 1 € T (Pyr/1,), K1 € T (Pyr), let
XYk = {0, x") € Ay | T(®) = o, 1(x") = K1}

and

lxllllJLKl - (Av/)hUKl b ((Av”)l*q + ("41/’)]1>
(7) Depending on the context we will know to which of the two items (5)
and (6) the ideals Iy, J1, K1 belong.

Now we partition the set 7 (P, ) into two parts as: J(Py) = £ U M according

to Theorem 3.4, where

L ={I€ J(Py),max(I)N Py,

0

) =2}
and
M = {I € J(P,\),max(l) ﬂp(/\io) 7§ @}
For I € M we partition the set J (Py//;) X J (Pyr) into two parts as
j(P/\//I) X j(PA//) = M} L Mz,

, where

0

M = {(],K) € J(Pyy1) x T (Par) | max({J]y, y) = max([K], ) or

max ([]] (/\io)) < max([K] (/\io)),max(K) N P()"'o) = @}
and

Mi = {(I,K) € J(Pary1) x I (Par) [ max([J]a,)) < max([K], )) and

max(K) N P()\io) 75 @}
Similarly we partition the set 7 (P,) into two parts as: J(P,) = SU T, where
S ={I € J(P,),max(I) NPy = @}

and
T = {I € J(Py),max(I) N Py, ) # D}

Now we state the three lattice identities in the following three theorems.

Theorem 3.6. Using the notation as above we have
(3.1)

A lad
’XI,],K‘ _ ‘Xllzthl
v x By oy Bl
IeL \JeJ (P, ) KeT(Pyn) “LJK LeS ]1€J(P”//11),K1€J(Py//) I, J1.K4

At
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Theorem 3.7. Using the notation as above we have

u
’X ‘Xh J1.Kq

LJK S
(3-2) )y ( X ) ) =) < )y (x"—)
IeM (],K)GM} I],K 11€T ]16‘7(13’4//11 ),K1€L7(P”//) L,1,K

Theorem 3.8. Using the notation as above we have

(3-3) Z( y Xi“): y ( Y ‘Xvﬁ,h,fq
( hed(

e M \(],K)eM? X11K LeJ (Py) Pvl/ll),Klej(P,,u) YLK )

We prove Theorem A first and then prove Theorems 3.6, 3.7, 3.8 subsequently.

Proof of Theorem A. First we observe that for an ideal I € J(Py) = J(Py) we
have the following data. The partitions A’, A", the canonical form e; = (e}, 0)
with e} € A/, the partition A’ /1 associated to Ay = A,/ /Re}, the stabilizer
subgroup (G, )1 € G, of the canonical form ej.

Letx = (¥, x") € Ay @ Ayn = Ay. For¥ € Ay let I[(X') = ] € J(P, /I)
and K = I(x") € J(Py»). Let zx?J’K be the size of the (G, ); orbit of x = (x/,x")
which is the cardinality of the valuative set

(AA’)]UK D ((A,\”)}z + (A,\”)]) - AA’ D AA” = AA-

Let Xf\,],K = {(«/,x") € Ay | I(Z') = ], [(x"") = K}. Then the number of (G,);
orbits in A, is a polynomial in g4 with integer coefficients and is given by

X
mi@) =1G)\A = Y ¥ ‘;”’.

]EJ(PA//I)KGJ(P/\//) I/]/K

We also have

) = Y (I W T X;“‘).

1T (Py) ) €J (Pynr) I,],K

Similarly the number of (G,); orbits in A, is a polynomial in g with integer
coefficients and is given by

X
m(@) =[G\ = Y % ’,ﬁ““.

JET (P, )KET () XL1k

We also have

#
’XI 1K

nu(q) = Z ( Z oc”, )
1eJ (P, ) ]Gj( ) J(P//) I],K
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For an ideal I € J (P, ), the number of (G,); orbits in 4, is a polynomial in g
with integer coefficients and is given by

Xtk
(@) = 1G)NAN = Y Y
]ej(Pv//l)KeJ(Pvu) LJK
We also have
X7 1K
no(g) = z( 3 _’>
JeJ (P,

IeJ(Py) /I),KEJ(PV//) IJ/K

Theorem A follows if we establish the identity in Equation (3.1) and the fol-
lowing identity:
(3-4)

XI]K
;- ( v )
IeM \JeJ( €J (Pyn) I]K

/\/I)

XI]K X7k
p( xRy P
IeT ]EJ( ) j(P ") I,],K IeJ(Py) ]EJ( ) j(P ") IJ/K

Theorem 3.6 proves the identity in Equation (3.1). The identity in Equa-

tion (3.4) is obtained by summing the identities in Equations (3.2) and (3.3).
Theorem 3.7 proves the identity in Equation (3.2) and Theorem 3.8 proves the
identity in Equation (3.3). Hence Theorem A follows. [

3.1. Proofs of Theorems 3.6 and 3.7.

3.1.1. Proof of Theorem 3.6.

Proof. We consider the case of ideals I € J(Py) = J(Py) such that max(I) N
P(,,) = ©. For such an ideal I, we have A =/, A" differs from p” by an extra

part A;,, that is, the isotypic part of A” corresponding to A;; is Afoio = /\120 , whereas

1907
the isotypic part of u” corresponding to A; is /\pio_1 = /\1 We have J (Pyr) =
j(Pu) WealsohaveA/I—y/I ‘A)\/I_'A /ReI Au/Re} = AT

Let ] € J(Py ;) = j(Py ) and K € J(Py») = J(Py) be such that

max([]](AiO)) > maX([K]()\io))

that is, either max([K](Aio)) = @ or if max([K](AiO)) = {(w,Aq)} and
max([]](AiO)) = {(v,Aj,)} then v < u. Choose u = if max([K],, ) =Q

10

and v = A; if max([]](/\io)) = max([K](AiO)) = @ . Then we have
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(Ay )i+ (Ayg| =g

(Ay)iok = (A

(A + (A

Hence
A —
“?\]K = (‘7 0 U) “’;,],K-
Now, ifmax([ I, ) = max([K], 0)) thatis, v = u and if max(K) ﬂp(/uo) =Q,
that is, (u,A;,) & ma x(K) then the isotypic component of (A,r)k corresponding

to A, is (R /m YR )P0 and the isotypic component of (Ayu)}z corresponding
to A, is 7(R /"R )P L. Hence we have

= (o) g = (%07) [ Xt ]

In this case, we therefore have

A
‘ X11.k

‘XI I, K’ ‘XI J, K‘
) K "‘1,],I< -

If max([]](%)) = max([K](Aio)), that is, v = u and if max(K) N Pory) # Q,
that is, (1, A;,) € max(K) then the isotypic component of (A, )} corresponding
to Ay, is (R/ MR )i — (R /M0 R)Po and the isotypic component of
(A”//)I*( corresponding to A; is i (R/ MR ™! — ptt Y (R /Mo R )P Let
K1 € J(Pyr) be such that

max(Ky) = max(K)\{(#, Ajy)}-

Here, we consider ideals L € J(Py») such that

Ky CLCK.

Now (Ayn)i, € (A1) € (Ayr)k and max(K) = max(Ky) U {(u,A;))} implies
that max(K;) € max(L).

Conversely, given any L € J(Py») such that max([]] (/\io)) > max([L] )‘fo))'
there is exactly one K € J(Pyr) such that

{(v,A4g)} = max([J]n, ) = max([Kn, )) = {(#,A;)},

and K; C L € K where K; € J(Py») is such that max(K;) = max(K)\{(u,A;,)}.
The ideals K and K; are obtained from L in a unique manner as follows. The
set max(Kj) is obtained from max(L) by excluding those elements from max(L)
which are comparable with (u,A;,). The set max(K) = max(Ky) U {(u,A;,)} is
an antichain and the ideal K is generated by this antichain. Clearly we have
Ki CLCK.
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Now, for any such L with K3 € L € K we have UL = JUK in the big
fundamental poset P as defined in 2.1, because (1, A;,) € ], max(K;) € max(K) N
max(L). Hence

(Ay)jur = (Ay)juk-
We also have in this scenario that, max(K)\[J]y» = max(L)\[J]y» implying
‘(,A //L+ // |—| //K+ )]‘.
Therefore

Similarly we have

(A )jur = (A jok | (A)E + (A, ’_’ k(A
Hence
(X’;,],L = D";,],K forall K1 C L C K.

Moreover we have

A A Ai — o A—
(3-5) &1L = X1 K = (q 0 u) "‘l;,],K = (‘7 0 M) “’;,],L'
Now we observe that
|_| (Ayn)L = Product of two sets = Ty x T»
K CLCK

and
| ] (A,)L = Product of two sets = 51 X 5y,
K1CLCK
where S; = T; and T,,S, are products of sets of the form 77/(R/m*R)f such
that the isotypic component of T, corresponding to A;, is 7" (R / Yo R )P, the
isotypic component of S, corresponding to A;, is 7#(R/ mtoR )P and the
remaining isotypic components of T, matches with the remaining isotypic com-

ponents of S;. Hence we have |T;| = (q/\iofu> |S2].

So
_ <q/\0 u

So we obtain by combining Equations (3.5) and (3.6),

Ll X3

KyCLCK

| | X’I‘J,L .

KyCLCK

(3-6)

A
L XI,],L

u
U Xir
K{CLCK

K{CLCK

A H
‘XIJ,L’ B ‘XIJ,L‘

A A 7 7
KiCLCK &1L XT ] K T 1K KyCLCK X771
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Now we consider the case | € J(Py/ ;) = (Pﬂ//l) and K € J(Pyr) = J(Pyr)
such that
max(([J)n, ) < max(([K]y, )

that is, if max([/],, ) {(v,Ay)} and max ([K], M) ) = {(w,Ajy)} then v > u or
max([]](/\io)) @ and max K]( ) = {(u,A))} # @. Here we have

(Ay)juk = (Ay)juk
and if (u,A;;) ¢ max(K) then

(A )i+ (A | = g7 (A )i+ (A [ (Az] = g0 (40
So we get
w)pk = (q%_u> oy ko X%]K‘ = ( ) ‘XI]K’
Therefore
o] _ X
"‘1,],1< “I,J,K -
Now, if (u,A;,) € max(K), then
<q(/\i0_”)Pi0 _ q(/\io_”_l)Pio)
(Ao Ao = [ i ey | (A (401
(Aig=wpiy _ f(Aig—u=1)p;
T T Ui i) W TPV}

<q(Ai0—u)(Pi0—1) _ q(AiO—u—l)(Pio—l))

So we get
L <q()\i0—u)Pi0 _ q()‘io_u_l)Pi()) ,
LK (q()\iofu)(l)z’ofl) _ q(Aiofufl)(Piofl)> 11K

<q()‘i0_”)Pi0 _q()\io u— )P10>

‘X%]K‘ - <q()\i0—u)(pi0—l) _q()\io u— )p,0_1> ‘XI]K"
Therefore again
X X
o))k - ik

Hence we have, for a fixed I € J(Py) = J (Py) such that max(I) N P Ag) = @

A 74
‘XI,],K‘ B ’XI,],K‘
Dl Y )
JeT (P, )KET (Pyn) LK ]eJ(P”,/I),KeJ(Pﬂ//) LJK

AT
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Upon summation over I € J(Py) = J(Py) such that max(I) N P Ay) = O the
identity in Equation (3.1) follows. |

3.1.2. Proof of Theorem 3.7.

Proof. Now we consider the case when max(I) N P M) #@,1 € J(Py). We have
to prove the identity in Equation (3.2).

Foranideal I € J(Py) = J(Py), max(I)N P()‘io) # @ we have A’ = y/ with the
isotypic part corresponding to A;, being )\110. We also have A” differs from p” by

a part A;, that is, the isotypic part of A" corresponding to A;, being /\plo A}O

igs
and there is no isotypic part of " Corresponding to A;,. We also have A/ =
,u/Iand.Aﬂ/I—A /Rep= Ay /Rep= A, .

First we observe that ideals K € J(Pyr) such that max(K) N P Ay) = @ are in
bijection with ideals L € J(P,) using Theorem 3.4(1). The bijection being

K — L = KN P,» with max(K) = max(L).

Let] € J(Py ;) = J(Py//l),K € J(Py»). We define two ideals now, that arise
from K. Let Ky € J(Pyr) be such that max(K;) = max(K)\P,, y C Py Let Ky =
KNPy € J(Pyr). If max(K) N P(?\io) = @ then max(Kj) = max(Kz) = max(K)
and K1 = K, Ky N Py = Kp. If max([K] ()‘io)) = {(u, Aj,) } and max(K) NPy, + O
then we have max(K) = max(Ky) U {(u,A;)} and max(K;) € max(Kp). In
general max(Kj) need not be equal to max(Kj).

Suppose

@ # {(v,Aig)} = max({J](p, )) = max([K]y, y) = {(u,Aig)} # O,
that is, v < u. Choose v = A;; if max([/](, 0)) @ and u = A, if max([K](AiO)) =
@. Then v < u continues to hold. Let K" € J(Pyr),L" € J(P,r) be such that
K;y € K € Kand Ky NPy = [Ki],» € L' € Kp. Then we observe that the
elements in the sets max(K’)\ max(Kj), max(L")\ max(K;) are comparable and
less than or equal to (u, A;,) if the sets are nonempty. Hence these elements are
less than or equal to (v,A;,). As a consequence we have max(K’)\ max(K;) C

[J]an, max(L')\ max(Ky) < [J],» implying max(K')\[J]x» = max(K)\[J]a» =
max(K)\[J] and max(L')\[J],» = max(Kp)\[J], = max(Ko)\[J]ar- So
(A;L ) (AA”> ( ) (A,\”)] = (-A)U’)I*q + (AA”)]'
(A )i+ (A = (A, i (A = (A + (A)).
We also have
[(Ay)ie + (A = [(Ay)k + (A

= q%*v (A )iy + (A )| = 707

(Ay//)i/ + (AVN)] .
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We observe that JUK, JUKy, JUK,, JUK', JUL’ all generate the same ideal in
the big fundamental poset P defined in Equation (2.1). Hence we have
(AA’>]UK’ = (-A;U)]UK = (AA’)]UKl = (A,/)]ulq = (A,/)]ukz = (-A,/)]UU-
So
(3-7)
ap k=0T K = M = <qu—v> ok = (qu_v> Wk, = (qu_w> S
Now, if max([J] ()‘io)) = max([K](AiO)), that is, v = u and if max(K) N Py = @,
then the isotypic component of (A,~)x corresponding to A; is 7*(R/ o R)
and (A,»)x = (A”//)I’QZ @ (R /70 R). Hence we have

A Aig— _ i
X = (a%7) X = (0077) [X
In this case, we therefore have from Equation (3.7)
A i
‘XI,],K‘ B ‘XI,],KZ
A K
AT1K X171k,

Now, if max([]] ()‘io)) = max([K](AiO)), that is, v = u and if max(K) N P(/\io) # Q,
that is, (u,A;,) € max(K) then we consider ideals K’ € J(Py~) such that

K; C K CK.
Note that

K; CK' C KK #Kifand only if K; C K’ C K,max([]](%)) > max([K'] (. y)-

0

We also consider ideals L' € J(P,») such that
Kin P”// = [Kl]y” CL CK, = [K]yu =KnN Py//.

Note that for such ideals we have max([J],, y) > max([L'], Aio))'

10

Given any K’ € J(Py») such that max([J] (Aio)) > max([K'](y, )), there is ex-

actly one K € J(Pyr) such that {(v,A;,)} = max([]]()\io)) = r[;lax([K](AiO)) =
{(u,Ai)}, and K3 € K' C K where K; € J(Py») is such that max(K;) =
max(K)\{(u,A;,)}. The ideals K and K; are obtained from K’ in a unique
manner as follows. The set max(Kj) is obtained from max(K’) by exclud-
ing those elements from max(K’) which are comparable with (u,A;,). The set
max(K) = max(Kj) U {(u,A;,)} is an antichain and the ideal K is generated by
this antichain. Clearly we have K; C K’ C K and K, K; are uniquely determined
by K.

Similarly given any L' € [J (P,~) such that max([J] Aio)) > max([L'] Aio))’ there
is exactly one K € J(Py») such that {(v,A;))} = max([]](AiO)) = max([K](, )) =

i
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{(u,A)} and [Kq],» € L' € Ky where Ky € J(Pyr) is such that max(K;) =
max(K)\{(u,A;,)} and K = KN P,». The ideals K and K are obtained from L' as
follows. The set max(Kj) is obtained from max(L’) by excluding those elements
from max (L") which are comparable with (1, A;,). The set max(K) = max(Kj) U
{(u, Aj,)} is an antichain and the ideal K is generated by this antichain. Clearly
we have [Ki] u C L' C Ky, =Kn P, and K, Ky, K; are uniquely determined
by L'.
Now we observe that

|_| (A,»)g = Product of two sets = T; x T
KiCK/CK

and

|_| (,Ayu)i, = Product of two sets = S X S5,
[Kl]V//gL/ng

where S; = T; and T, Sy are products of sets of the form 717(7% / NAR)P such
that the isotypic component of T, corresponding to A;, is 7" (R / "o R) and the
other isotypic components of T, matches with the isotypic components of S,.
Hence we have |T,| = <in0_”) |So| = <in0_”) |So].

So

A Ajy—
(3.8) LI Xipw| = (‘7 ° v) L X
K{CK'CK [Kﬂ”// CL/CK;p

So we obtain by combining Equations (3.7) and (3.8),

A ] X
A U Xire LL p
)XI,],K’ K CK'CK LK [Kl]"//QUQKz XI,],L/
Z o) - ) - Nz - Z Nz :
KiCK'CK "LJK I,J,K I,],K» [Kl]y//gL/ng LJL
Suppose

D #{(v,Aiy)} = max([]](AiO)) < max([K](AiO)) = {(u, 7))}, thatis, v > u.

Choose v = A;, if max([]] ()‘io)) = @. Furthermore, let K € J(Py») be such
that max(K) N P, = @,L = KNPy € J(Py). Then we have max([J] (Afo)) <
max([L] Aio)) = {(u, Aj,) }. Moreover, the sets ] UK, J U L generate the same ideal
in the big fundamental poset P defined in Equation (2.1). Hence we have

(Ay)juk = (A )juL-
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Since max(K) N Py, = @ that is, (u,A;) ¢ max(K) we have (A,n)x =
<Aﬂ//)>’i (&) NM(IR,/T(/\[OR). So ‘(A/\”)I*(‘ = (q/\io_u> )(.Aﬂ//)f‘ Hence

‘XI]K’ =g " I,],L’ :
Then
}((‘AA”)I*( + (A/\//)]>| = q)\iO_u

which implies

(Ag)i + (Ag)))

A Ap —
Xk =970 u"";,],L-
Therefore
‘XI]K‘ )XI]L’

7
"‘1, 1K XTgL

So we have proved the identity in Equation (3.2). Hence Theorem 3.7 follows.
[

3.2. Proof of Theorem 3.8. The proof of this theorem is technical and long. So
we discuss an example in the following subsection and prove some required
propositions in the next subsection before proving the theorem.

3.2.1. An Example. Here we discuss an example which supports Equation (3.3)
in Theorem 3.8.

Example 3.9. Let A = (A = 41 > A3 = A2 = 22),u = (41 > 21),v = (A1 —
2)1 = 2! > (Ac —1)2 = 12). We have n,(q) = ¢* + 5¢° + 1342 + 16g + 10,
nu(q) = q* +5¢ + 124> + 11 + 4 and n,(q) = ¢*> + 57+ 6. We have {I €

J(Py) [ max(I) NPy # @} = {I' = ({(1,4),(0,2)}) > > = ({(0,2)}) > I’ =
({(24),(1,2)}) > I* = ({(1,2)})}. We also have J(P,) = {I, = ({(0,2)}) >
L={01}) >L={({(12)}) >L = @} Then map I' — [; from the set
{Ie j(PA) | max(I) NP,y # @} to J(Py) is an isomorphism.

Ideal | ] € J(Py ;) K€ J(Py) max([l) | o}k ‘X,{LK’ Ratio
max(J) max(K) NPy # @ | <max([K](,,)) %}’;ﬂ
ny= | {3} (0.2 (12 <02 |Pla-1) | Fa-17] @-1)

(4>2) | {23} {0,2)} 0<©02 |P@-1|gq-12| %

A {0.2) 0<©2 |Pa-1|da-1| 1

3 {(23)} {(1,2)} 0<(12) | @-1) | @G-1)*|q(q-1)

% {(1,2)} ©<(12) |¢@-1) ] -1 q
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Ideal JeT(Py,) | KeTP) | afx ‘X}” LK‘ Ratio
max(J) max(K) %
L' =(2),v" = %) {01} |a@-1) @@ -1 | ¢
(1,1),v'/I; = %) @ 1 7> 7>
ldeal | ] e J(Py ;) Ke J(Py) max([J] () o}k ‘Xﬁ],K‘ Ratio
max(J) max(K) N Py # @ | <max([K](,)) %
2\ = %) {(1,4),(0,2)} 0<(02) |g(q-1)*|q(q-1)*| 1
(2), A" = %) {(0,2)} ©<(02) | P-1) | P41 | 1
(4>2), @ {(24),(1,2)} ©<(L,2) | @@= PG@-1*] ¢
M/ P=0 % {(1,2)} <12 | P@-1) | P@-1) | ¢
Ideal JET(Pyy) | KET(Pu) | aty | |X1 | | Ratio
max(]) max(K) %
% {(02)} [¢@-1) |@@-1)| 1
Lv' = (1)v" = % {01} [¢@-1 |G- | 1
2DV/L=0 ) {(1,2)} (g=1) | 9(qa=1) | ¢
%) %) 1 q q
Ideal | J€ J(Py ;) K e J(Pw) max([f) | o}k ’X,{LK} Ratio
max(]) max(K) NPy # @ | <max([K](,,) ‘i{%]’j
. {(1,3),0,1)} {0.2)} 1,2)<02) |¢g-1) | -1 | 55
&’i 2:)’ {(0,1)} {(0,2)} (1,2) <(0,2) [°(q-1) |q*q—1?| L=
A= (2), {(1,3)} {(0,2)} (1,2) <(0,2) |g°(q-1) | g*qg—-1)2| L+
A/ = {(2,3)} {(0,2)} 2<(02) |¢4-1)|P0-1?| L
(3>1) ? {(0,2)} <02 |¢G-1 | P0-1) | F
(2,3) {(1,2)} ©<(L,2) | F@-1)|PG-1)*| q-1
% {(1,2)} ©<(12) |P@-1)]¢@-1) ] 1
Ideal JeT Py, | KeT(P) &g XY ] Ratio
max(J) max(K) ‘fg}’]’ﬂ
' @y {(0,1)} {(0,1)} 7 9@ -12%q+1) | g-1-5+ 5
30 = (2),v" = {01} |q(g-1@+1) | 9(g—1)(g+1 1
OVE=0 o) o M e | e
0 1 7 g
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Ideal ] € TPy ) K e J(Pyn) max([J](n,)) "‘/I\,],K ‘X;\J,K‘ Ratio
max(]) max(K) NPy # @ | <max([K](,,) |i{]]§‘
A= {(o,1)} {(1,4),(0,2)} (1,2) <(0,2) |[P@-12|q*q—1)°| =
(2), A" = % {(1,4),(0,2)} ©<(02) |-1)%q*@q-1) 7
(4>2), {(o,1)} {(0,2)} (1L2)<(0,2) | ¢°(9—1) | q*(q—1)? | =
WIS @ {0.2)} 0<02 |Pa-1|aq-n | 1
@ o (29,02} | <12 |Rq-1?|fe-12]| 1
o {(1,2)} ©<(12) | @-1) | ¢@g-1) | 1
Ideal Je TPy ) | KeT(P) o g ‘X}, ],K‘ Ratio
max(J) max(K) |f§;§‘
/ @ {(0,2)} 7°(q—1) 7°(g—1) 1
Lv' =0,v"=(2> ) {1} |g9(@-1(+1) | qg-1(g+1) | 1
) v/ =0 % {(1,2)} (g-1) (g-1) 1
) %) 1 1 1
We have that the sum of ratios M equals
I]K
_ 1 —1)2 —1
(g9 — )+q7+q+q(q—1)+q+1+1+q+q+ (7 p ) +1 p
—1 —1 1 -1 1 1 1
TS A Y (SR A TR e S R
q q q q q q

= 0°+59+6 = ny(q).
Hence Example 3.9 agrees with Equation (3.3).

3.2.2. Some Technical Propositions on Lattice of Characteristic Submodules.
Propositions 3.10, 3.11, 3.12, 3.13, 3.16, 3.18, 3.19, 3.20 below are useful in the
proof of Theorem 3.8, especially in establishing the identity in Equation (3.3).
They may appear slightly unmotivated and technical because they appear before
the proof of Theorem 3.8. The proofs of these propositions use lattice theory,
especially the theory of lattice of characteristic submodules [J (P, ) of any finite
R-module A,.

Proposition 3.10. Let A = (A" > A0 > ABS > ... > AP%) € Ag and A;, be a part of

A for some 1 < iy < k. Let

= /\1_2P1> A2_2P2>...> Ai71_2Pi071> /\,_1%
0
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Let M = {I € J(Py) | max(I) NPy, ) # O} C J(Py). For1 e M, I} = ¢(I),
where P is as defined in Theorem 3.4(2),
o ifu—2isapartof v'/Iy and u > A, + 1 then y is a part of A’/ 1. Moreover, if
U <Ajy—Land pisapart of v'/ 1y then p is a part of A’/ 1.
o IfAisapart of /I and A > Aj, + 1 then A —2is a part of v'/I1. If Ais a
part of A' /T and A < Ajy — 1 then Ais a part of v'/I1. If A is a part of A"/ 1 and
A = Aj, + 1 then A — 2 need not be a part of v' /1. If A is a part of A' /1 and
A = A, — 1 then A need not be a part of v’/ 1.
o If max(Iy) N Py 1) # @ then both Aj, &1 are not parts of A'/I. Moreover,
Aiy — 1 is not a part of v/ / I.
e If max(l1) N Py 1) = @ then either A+ 1is a part of A'/T or Ajy — 1 is a
part of A'/1. Both Aj, =1 are parts of A’ /1 if and only if A;; — 1 is a part of
v'/L
e (More obvious conclusion:) Aj, is a never a part of ' /I for any I € M.

Proof. Let

max(l) = {(v1,t1), (v2, t2), - -+, (Vi—1, ti1), (i, ti) = (Vi, Aig), (Vi tig1)
oo (vsts) [ B >t > e >l >t = Ay > b > s > )
Thent; 1 > Ay +1>s—i+2, 0,1 2>20v;+12>2s—i+1 Ajy—1>ti 4 >
s—1, 0j41 >s—1—1and
V1 >0p > >0 >0 >0Vjy1 >0 >0s_1 >0 >0,
Hh—01 >t —0y > - >t_1—0i_1
>t —0; >t —0jp1 >0 > ts] — U1 > ts—0s > 1.
Furthermore,
AN=(h>t> - >tig>t=A >t > >t_1 > 1),
A= ((1+t—0y) > (v +1t3—03) > - > (0 2+t 1—0; 1)
(3.9)
> (Vi1 +ti =0 =01+ Ajy —0;) > (0 + tig —Vig) >
> (vs_p 4+ ts—1 — vs_1) > (V51 + £ — Vs) > 0s).

Note that v;_; +t; —v; > t; = A;) > v; +tj11 — v;41. In case i = s then we have
Us_1 +ts —vs > ts = Ajy > vs. So Ay, is never a part of A'/I for any I € M. The
parts of A interleave the parts of A’ /1.

In the first case, if
max(Il) = {(Ul — 1, tl — 2), (02 — 1, tz — 2),' ce, (Ui—l — 1, ti—l — 2),
(Ui/ ti - 1) = (vi/ /\io - 1)/ (Ui—l—li ti—i—l)/ Tty (US—I/ tS—l)/ (US/ ts)}/
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then (v;,t; — 1) = (v;, A, — 1) € max(ly),
n—1>0v-1>--->0,1—-1>0;>0;41 > - >0s_1>0s >0,
tH—on—-1>th—vp—1>--->t -0, 1—1>t—-0v;—1>t,1—0i
> >t 1 — U1 >ts—vg > 1.

Furthermore,

(3.10)
V=H-2>t—-2> >t 12

>t—1=Aj—1>t1 > >t > tg),
1///11 = ((7]1—|—t2—’02—2) > (Uz+t3—03—2) > > (vi—2+ti—1_vi—1_2)
> (vjm +t— 0 —2=0vi_1+ Ajy —0; —2) > (v; +tiy1 — Vipq)
> (Vip1 +tigo — Viga) -0 > (Vs—2 + tsm1 — Vs-1)
> (vs_1 + ts — vs) > Vs).

Now we notice that A;; — 1 is a part of v’. Hence it follows that Aj, — 1 is not
a part of v'/I; as it can be seen that v; 1 +t; —v; =2 = v;_1 + Aj, —v; —2 >
Aip —1 > v; + tiy1 — vi11. The parts of v/ interleave the parts of v/ /.

Similarly we have v;_; —1 > v;, or, equivalently, v;_; — v; > 2. Hence, v; 1 +
t;—v; = 01+ /\io —0v; > /\io + 2. Moreover, t; —v; —1 > ti 1 — 0iqq, which
implies A;; —1 > v; + ;11 — vi}1. So both A;) =1 are not parts of A’'/1.

The number of parts of A’ is s. The number of parts of v’ is also s. The
number of parts of A'/I is s if v; > 0 and it is s — 1 if v; = 0. Note that the
part v;_1 +t; —v; —2 = v;_1 + Aj, — v; — 2 of v'/I; is greater than zero, since
vi_1 —v; > 2 and A, > 1. The number of parts of v'/I; is s if vs > 0, it is
s —1if vy = 0. It cannot be s — 2 in this case because the case i = s, vy = 0,
vs_1+ts =2, thatis, iy =k, i =50, =0,0v,_1 =1, t; = Ay = 1, is not allowed
here since ip =k, i = s, ts = Ay, (vs—1 — 1,t5-1 —2), (vs, ts — 1) € max([) imply
Us—1— 1> vs.

In the second case, if

max(ly) = {(v1 = 1,01 =2), (2 =L, t2=2),- -, (Vi1 — L, tio1 = 2), (Vig1, tiga),
oo (051, ts-1), (vs, 15) }
then (v;,t; — 1) = (v;, A, — 1) ¢ max(ly),
n—1>v-1>--->0v;1—-1>0,11> - >0,_1 >05 >0,
tHh—o01—1>th—0vp—1>--->t 1—0;1—1>t1 -0

>>ts_1—05_1>t5—0521.
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Furthermore,

(3.11)
V=(H—-2>th—2> >t 1 —2>t 1> >t_1>t),

v/ = ((Ul+t2—02—2) > (vp+t3—0v3—2)> > (vj_o+t1—0_1—2)
> (vie1 +tig1 — Uip1 — 1) > (Vi1 + i — Vig2) > 0
> (vs—p 4+ ts—1 — Vs_1) > (V51 + b5 — Vs) > Vs).

The number of parts of A’ is s. The number of parts of v’ is s — 1. The number
of parts of A/lissifvs > 0anditiss—1if vs = 0. If i = s (for example if
ip = k, ts = Aj, = Ax) then the number of parts of v'/I; iss — 1 if v,_; > 1 and it
iss—2if vs_1 = 1. If i < s then the number of parts of v//I; is s — 1 if v; > 0
and itis s — 2 if v; = 0.

The case (v, t; — 1) ¢ max(I) occurs if

(a) either t; —v; — 1 =t 11 — 041,
(b) orv,_1 —1=0;.

In case (a) we have

(3.12)
A/I=((v1+tr—0vp) > (va+t3—v3) >+ > (via+t1—0vi1)

> (vj_1 +t—v; =01+ Ajy —v;)
> Ui+t —vipr =t —1= X — 1) > (vig1 +tig2 —vig2) > -+
> (Vs + ts_1 — Vs_1) > (Vs_1 + s — V5) > Us),
V/h=((n1+th—v—2)>(va+t3—03—2) > > (vjp+ti1 —0j_1—2)
>0+t —vin—1=v1+t-0-2=0v_1+A; —v;—2)
> (V41 F b —Vinn) > -+ > (Vs—p + ts—1 — Vs_1)
> (vs_1 + ts — vs) > Us).
In case (b) we have

(3.13)
AM/I=((v1+t—vp) > (va+t3—03) > > (v, 2+t 1 —0; 1)

> (v Hti—v=t+1= A +1) > (v + tip1 — vig1)
> (Vi1 +tig2 —Vig2) > -
> (Vs + ts_1 — Vs_1) > (Vs—1 + s — V5) > Us),
V/h=((t1+th—v2—2)> (va+t3—03—2) > > (vip+ti1 —vj_1 —2)
> (vi_1 +tipr — 01 — 1 =0; + tig1 — 0iq1) > (Vig1 +tigo — Vi) > -+

> (Vs—p 4+ ts—1 — Us_1) > (Vs_1 + ts — Vs) > Us).
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From Equations (3.9)-(3.13), we observe that Proposition 3.10 follows. |

Proposition 3.11. Let A = (A{ > A2 > A8 > ... > AP%) € Agand A, be a part of
A for some 1 < iy < k. Let
V= (=2 > (=2 > > (At — 2P0 > (A — 1P > A0
> o> AP S AP,

Let M = {I € J(Py) | max(I) NPy, # @} Forl e M C J(Py) let I = (1),
where  is as defined in Theorem 3.4(2). Let A" be the partition obtained by inserting a
new part A, into the partition A' /1. Let N' = {J € J(Pyw) | max(J) N ) # O}
Then there exists a lattice homomorphism ¢ : N' = {J € J (Pyw) | max(J ) ﬂ P( ) #
@} — T (Pyr,y1,) such that ¢(]) = J1, where

max(J1) = {(v=1,A—2) | (v,A) € max(J),A > A;}
U{(v,A) | (v,A) € max(]),A < A;,}.

Proof. If max(J) N Py, y # @ then (v,A) € max(]),A > A imply A > A; +1,
which in turn 1mp11es that A — 2 is a part of v'/I; using Proposition 3.10. We
observe that if max(J) NP,y = {(#,A;)} and (v,A) € max(]), A > A then
v > u implies v > 1 and )L — v > Aj, —u > 1so that A — v > 2 or, equivalently,
v—-1<A—-2.50(v—-1,A-2)€Pyy.

If max(J) NPy, ) # @ then (v,A) € max(]), A < Ay imply A < Aj; — 1, which
in turn implies that A is a part of v/ /I; using Proposition 3.10.

Hence

{(0—=1,A=2) | (v,A) € max(J),A > A, } U{(v,A) | (v,A) € max(]), A < A;,}

is a subset of P,/,;,. Now we prove that this set is an antichain. Clearly the set
{(v-1,A-2) ]| (v,A) € max(]),A > A, } is an antichain and the set {(v,1) |
(v,A) € max(]),A < A;,} is also an antichain. Now, if (v,A) € max(J),A > A;,
and (w, ) € max(J),u < A, then we have v > u > w,A —v > Aj, —u >
# — w. This implies that v —1 > w,A — v —1 > u — w which further implies
that (v —1,A —2), (w, u) are not comparable. Hence max(J;) is an antichain and
defines an ideal J; € J (P, /y,)-

Now it is easy to see that the map ¢ : N' — J(P,/,,) is a lattice homomor-

phism. This proves the proposition. [ |

In the following proposition we define another lattice homomorphism ¢ :

N — T (Py1,)-
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Proposition 3.12. Let A = (A" > A2 > A8 > ... > AP%) € Ag and A, be a part of
A for some 1 < iy < k. Let

V= (()Ll =21 > (A —=2)P2 > ... > ()\1‘0_1 — 2)pi0—l > (Aio — 1)pi0
N 5 A 5 D),
Let M = {I € j(P,\) | max(I) ﬁP(/\io) ?5 @} ForI € M C j(PA) let I; = IP(I),
where P is as defined in Theorem 3.4(2). Let A" be the partition obtained by inserting a

new part A, into the partition A' /1. Let N' = {J € J (Pyw) | max(J) N P, # @}
Then there exists a lattice homomorphism

¢: N ={J € J(Pxw) [ max(J) NP, ) # O} — T (Pyyp,)

such that &(J) = J3, where ] € J(Pyw),]3 € j( ' /1,) are given as follows. Let
max([[,)) = {(ai, i)} if it is nonempty, for y; a part of A" Let max([]](yi:)\io))
{(ai=u,pui=Ay)} € Py, Then

(1) max([J](x, 1)) = {(u+1Aj + 1)}, max([J]x, —1)) = {(w, A, = 1)} ifu <
Aiy — 1 and max([]] ()‘io_l)) is empty if u = Ay, — 1.

(2) max([Ja]) (u,—2) = {(ai =1, ui —2)} for p; > Ay + 1 provided a; — 1 < p; —2.
Otherwise if a; = p; — 1 then max([J3]) (o) is empty.

(3) max([]g,])(yi) = max([J ] )) for pi < Aiy — 1, that is, max([]3])(%)
{(as, ui) } for wi < Ay —1 and if max([J ] )) is nonempty, max(([Js]),) is
empty for p; < Ay — 1 and if max([J],,,)) is mpty

(4) IfAjy —1lisa part of v'/ I then max([]g]) Aig—1) = max([]] (Aio—l))'

Let A" be a partition obtained by inserting both /\ZO + 1 into A" (if either of them is
not a part of A""). Let v'"" be a partition obtained by inserting A;, — 1 into v’/ I (if it is
not a part of v'/11). Let R = {]J" € J(Pym) | max(J') N Py ;é @}. Then we have
that ¢ is the composition of the following maps:

N?R% j(PV///) — j( //Il)
]~—> [T]A”” — lp([ﬂA””) — [lp([”/\////)] v'/1ys

where 1 is the map defined in Theorem 3.4(2) corresponding to A" and v

(3-14)

///

Proof. We prove (1). Since (1, A;,) € max(]), (1) follows.

We prove (2), (3), (4). If y; is a part of A’'/I then using Proposition 3.10, we
observe that y; — 2 is a part of v'/I; if u; > A, +1 and y; is a part of v'/I; if
Hi < /\io -1 If y; > )\1‘0 + 1 then 4; > u implies a; > 1 and y; —a; > /\1'0 —Uu,
which in turn implies p; —a; > 2 or, equivalently, 0 < 4, —1 < y; —2. So
(ai —1,ui —2) € P,y if a; < p; — 1. Now define J3 such that max([/3],)) is
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as given in (2), (3), (4) for p a part of v'/I;. It is easy to check that this actually
defines a well defined ideal in [J (P, 1, ). This proves (2), (3), (4).
Now it is easy to see that the map ¢ : N' — J(P,/y,) is a lattice homomor-

phism and is the composition of the maps given in 3.14. Hence the proposition
follows. u

Proposition 3.13. Let A = (A" > A2 > A% > ... > AP%) € Ag and A, be a part of
A for some 1 < iy < k. Let

V= (()Ll =21 > (A —=2)P2 > ... > ()\1‘0_1 — 2)P1’0_1 > (Aio — 1)pi0
> A > > AR > AR,
Let M = {I € J(Py) | max(I) NPy, # Q). Forl e M C J(Py) let 1 = ¢(I),
where Y is as defined in Theorem 3.4(2). Let A" be the partition obtained by inserting a
new part A, into the partition A' /1. Let N' = {] € J (Pyw) | max(J) N Piny) # O}
Let ¢ : N — T (Pyp), G : N — J(Py,1,) be the lattice homomorphisms as
defined in Proposition 3.11 and Proposition 3.12, respectively. Then we have for any

J e Nwith [y = ¢(]),Js = &(]),
max(J1) = max(¢(J)) € max(&(J)) = max(J3).

Proof. Let max([]] () = {(ai, u;i)} if it is nonempty, for p; a part of A" Let
max(m(m=)u0)) ={(ai =u,ui = Ajy)} € P, Then both the sets max(J;) and
max(J3) are contained in the set

Uy = {(ai =1L —2) | i > Mg + 1L a; < pi — 1}
U{(ai, ) | i < Aig =13 U{(u, Ay = 1)}
if u < Aj, — 1 and both the sets max(J;) and max(J3) are contained in the set
U, = {(111'—1,]11'—2) | i >)Li0+1,a1- < ]/li—l}

if up = A;, — 1. Moreover any element in the set Uy or U, is less than or equal to
some element in the set max(J3). Now let ] € J(Py/,;) be such that max(J) =
max(J)\{(u,Ai,)}. Now (a,1) € max(J),u > A, +1if and only if (a — 1, —
2) € max(J;). Furthermore, (a,u) € max(J),u < Aj, —1if and only if (a, ) €
max(J1). So in the initial case if (a — 1, 4 —2) € max(J;) implies (a — 1,4 —2) €
Up or Up and (a, ) € max(]) and in the latter case if (a, ) € max(J;) implies
(a,u) € Uy and (a, u) € max(]).

In the initial case for (@ — 1,4 —2) € max(J1),u > A, +1if (a—1,u—-2) <
(b—1,A—2) € U, then (a,u) < (b,A) € ] implies (a,u) = (b, A) since (a, i) €
max(]) implies (a — 1L, u—2) = (b—1,A—=2). Ifu > A, +1, A < Ay — 1,



32 C. P. ANIL KMAR

(a—1,u—2) € max(J), (b,A) € Uy, then the case (a — 1,y —2) < (b,A) does
not arise. This is because:

Case (a) (a, 1) and (u, A;,) are not comparable as they are both in max(J), (u, A;)
and (b,A) are not comparable in which case we have a > u > b and
u—a > Aj, —u > A —b, which implies that the elements (a — 1, — 2)
and (b, A) are not comparable.

Case (b) (a,1) and (u,A;,) are not comparable as they are both in max(]),
(u, Vi) = (b,A) and u = b since (b,A) € U, A < Aj — 1 imply
max([J]xy) = {(b,A)}. In this case we have y —a > Ajy —u = Aj; —b >
A—=ba>u=>b Sowehavea—1>band y —a—1> A —b, which im-
plies that either (a —1,u —2), (b, A) are not comparable or (a — 1,y — 2)
and (b, A) are comparable and (b,A) < (a —1,u —2).

Sowehave (a — 1, —2) € max(J;), p > Aj, + 1, hence (a — 1, 4 — 2) is a maximal
element in U; which implies that (a — 1, u — 2) € max(J3).

In the latter case for (a, 1) € max(J1), 4 < Aj, —1 we have (a,) € max(]).
So (a,u) < (b,A) € Uy for some A < Aj — 1, which implies (b,A) € [J](x) and
(a,u) = (bA). IfA > Ajy+1and (b—1,A —2) € Uy then the case (a,p) <
(b —1,A —2) does not arise. This is because:

Case (A) (u,Aj,), (a, ) are not comparable as they are both in max(J) and (u, A;,),
(b,A) are not comparable in which case we have b > u > a,A —b >
Aiy, —u > p —a. This implies that the elements (b —1,A —2), (a, ) are
not comparable.

Case (B) (u,A;,), (a, 1) are not comparable as they are both in max(J), (u,A;,) >
(b,A) and A —b = Aj; —u since (b —1,A —2) € Uy, A > Aj, + 1, implying
max([J]xy)) = {(b,A)}. In this case we have A —b = Ajj —u > u —a,
and therefore A —b—1 > p—a. Now A —b = Ajy —uand A > A;,
hence b > u. So we have b > u > a, henceb—1 >a. SoA—-b—-1 >
#—a,b—1 > aimplies that either (b —1,A —2), (4, u) are not comparable
or (b—1,A—2),(a,u) are comparable and (b —1,A —2) < (a, ).

So we have (a, ) € max(J1), u < Aj, — 1, therefore (a, ) is a maximal element
in U; which implies that (a, 4) € max(J3).

This proves the proposition that

max(J1) = max(¢(J)) € max(Z(])) = max(Js). u

Remark 3.14. The map ¢ : N' — J(P,/y,) is called the upper lattice homomor-
phism and ¢ : N' — J(P,s,,) is called the lower lattice homomorphism since
for every | € N we have max(¢(])) € max(&(])) implying ¢(J) C &(J).
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Remark 3.15. For (u,A) € max(7),9(7) = 11,&(1) = Ja = [p([Tam)lurss, we
have Ul U <{(1/l,/\i0 - 1)}>]v’” = l/J([]]/\////) if u < /\io —1landif u = )LZ'O — 1 then
J1 = J3. This is because of the following facts.

In case u < A, —1, if (a,4) € max(J3)\max(J;) and ¢ < A;; — 1 then
(a,u) € Jand (a,u) < (u,A;), which implies u < a,p—a < Ajy —a < Aj, —u,
hence y —a < Ay —u—-1. So (apu) < (u,Aj, —1). Moreover, if
(a—1,u—2) € max(J3)\max(J;) and p > A;, +1 then (a,u) € ], (a,u) <
(u,Aiy). Sou < a,u—a < Aj, —u. Now we can get better inequalities us-
ing the fact that {(u 4+ 1,A;, +1)} = max([f](;\ioﬂ)),{(a W} = max([J]))-
Here we have ¢ > u+1,p—a > Ajy —u. So we get y—a = Ajy —u,u <
a — 1, which implies (a — 1,4 —2) < (u, A, —1). This proves that max(J3) C
1 ) o et nrefore U0 1t 13 o=

In case u = Aj, — 1 then if (a,1) < (u = Ay, —1,A4) and u > Aj; + 1 then
a = p—1. Moreover, if p < A;, then max([J](,)) = @. So max(J;) = max(J3),
implying J; = J3.

Now we prove that there exists a lattice homomorphism g : J(Py/;,) — N
in the reverse direction satisfying certain nice properties.

Proposition 3.16. Let A = (A" > A0 > ABS > ... > AP%) € Ag and Ay, be a part of
A for some 1 < iy < k. Let

vV = ((/\1 — 2)p1 > ()\2 — 2)92 > > ()\,‘0_1 — 2)pi0*1 > (/\io — 1)Pi0
S A 5 A 5 AR,

Let M = {I € J(Py) | max(I) NPy, #Q@}. Forl e M C J(Py) let L = ¢(I),
where Y is as defined in Theorem 3.4(2). Let A" be the partition obtained by inserting a
new part A, into the partition A' /1. Let N' = {J € J (Pyw) | max(J) N ) # D}

Then there exists a lattice homomorphism { : J (P, /1,) — N such that @ ( ]3) = Js,
where J3 € J (Pyr/1,) with (say) max([J3](s,y) = {(bi, 6;)} if nonempty, for 6; a part of
v’/ 1y and (say) max([J3]( (Aig—1) ) =1{(b, A — 1)} if nonempty, irrespective of whether
Aiy — Lis a part of v/ /1;. Then Js is given as follows:

(1) If 6 +2 > Ajy + 1 and max([J3](s)) = {(bi,d:)} then max([Js]s42)) =
{(bi+1,6; +2)}.

(2) If 6; +2 > Ajy + 1 and max([J3]y,)) is empty then max([]5](s,12)) = {(6i +
1,6;4+2)}.

(3) If & < Ay — 1 and max([Js];)
{(bi,6i)} then max([Js)) = {(
max([]s]s,)) is empty.

= max([J3](5)), that is, max([J3](;,)) =
0;)} and zf max([]3] )) is empty then
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(4) If Aig + 1 is a part of A'/1 then max([Js](, +1)) = {(0+1,A, +1)} if
max({Jzl, -1)) = {(0A, =D} If max({J3], -1)) is empty then
max((Js) oy, +1)) = {(Aigs Aip + 1)}

(5) If Ajy — 1is a part of A'/I then max([]5]()\i0_1)) = max([]3](?w0—1))'

6) max([Js]r, ) = {(bAp)} if max({zln, 1)) = {(b, Ay =1} If
max([]3](,\io,1)) is empty then max([]5]()\l,0)) = {(Ai, — LA }-

Let A" be a partition obtained by inserting both A;, £ 1 into A" (if either of them is
not a part of A""). Let v'"" be a partition obtained by inserting A;, — 1 into v’/ I (if it is
not a part of v'/11). Let R = {]" € J(Pym) | max(J") N Py ;é @}. Then we have
that ¢ is a composition of the following maps:

-1

T (Pyj) — T (Pyr) % R—N

Js — Uslwr — ¢ ([Jalor) — [~ (Ulor)]am,

where P is the map defined in Theorem 3.4(2) corresponding to A" and v

(3.15)
/I/

Proof. We observe that J5 is an ideal in J(Pyw). If max([Js] Aio—l)) =
{(b,Ajy — 1)} then (b,A;) € max(fs). If max([Js], _1) is empty then
(A —1,A4) € max(Js). So we have max(J5) N P, ) # @, 1mp1y1ng Js € N.

It is clear that the map { : J(P,/;,) — N isa latt1ce homomorphism and is
a composition of maps given in 3.15. This proves the proposition. u

Remark 3.17. If Aj; — 1 is a part of v'/I;, that is, v/ = v'/I; then the maps
N — I ’/11) and ¢ : J(P,;1,) — N are inverses of each other.

Proposition 3.18. Let A = (A" > AD? > ABS > ... > AP%) € Ag and A;, be a part of
A for some 1 < ip < k with p;, = 2. Let

v=((M =21 > (A —=2)2 > > (A1 —2)F0 1t > (A;, — 1)Fi0
> AT > > AL S A,
Let M = {I € J(Py) | max(I) NP,y # @} For I € M C J(Py) let I =
(1), where ¢ is as defined in Theorem 3 4(2) Correspondingly we have partitions
AA AN ILY Vv /1. Let A be the partition obtained by inserting a new part
Ajy into the partition A'/1. Let N = {] € J(Pyw) | max(J) N Poy,) # @}, Let
Le MKeR={T e J(Py) | max(T) NP, ) # O} and | € N be such
that | € J(Py ;) with max(]) = max(f)\P(Aio), [JUK]y = L and [f](%) =
[K](?\io)' Let Ly = (L) € J(Py). Furthermore, let K1 = ¢(K) € J(P,n) for the
lattice homomorphism ¢ : R — J(P,n) which is as defined in Theorem 3.4(2) for
the partitions A", v". Let [ = ¢(]) € J(P, /1), where ¢ N — TPy ;) is the
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lower lattice homomorphism as defined in Proposition 3.11. Let S = max(K) N [J]»
and let S; = {(a —1,A—=2) | (a,A) € S,A > Ay +1}U{(a,A) | (a,A) € 5,4 <
Aig+ 1} Let [3 = &(]) € TPy, ), where g N — J (P, ) is the upper lattice
homomorphism as defined in Proposition 3.12. Then we have

(1) [Ki]v U]y = [Ki]w U [J3]y = L1.

(2) max(Kl) N []3]1/// D) max(Kl) N []1]1,// D) 51.

(3) StU{(u,Ajy, — 1)} D max(Ky) N [Jilyr 2 S1 when u < Ay — 1 and
{(w,Ai)} =, = Kl

(4) When u = Ay, — 1 and {(u, M)} = [f](%) = [K](y,) then max(Ky) N
Ul]v” =5

Proof. We prove (1). We observe that if {(u,A;,)} = [J] () = (K] (Aig) and u <
Aiy — 1 then (u,A, —1) € J; UK. Hence using Remark 3.15 we get J; UK; =
J3 UKy, that is, they generate the same ideal in the big fundamental poset P
defined in 2.1. If u = A;; — 1 then we have J; = J3, and therefore J; UK; =
J3UK;. Now we have [J]; U [K]) = L. We observe that ¢([J]x) = [J3U ({ (1, Aj, —

D} ]v, ¢([K]a) = [Kilv. So we obtain Ly = y(L) = ¢([J]a U [K]x) = ¢([J]a) U
Y([K]x) = [Js UK1]y = [J1 UKq]y. Hence (1) follows.

We prove (2). Let (a,A) € S,A > Aj, + 1. Then (a,A) € max(K). If (a,A) <
(v,0) € max(]J) then either 6 > A;; +1 or § < A;, — 1. We show that J cannot be
smaller than A;,. Since (a,A), (4, A;,) € max(K) we have a > u,A —a > A;, — u.
Moreover, (v,6), (1,A;,) € max(J), hence u > v,A;, —u > 6 —v. So we have
a>u>uv,A—a> A, —u > 06—v which implies that (a,A) and (v,9) are
not comparable with each other. So 6 > A;. If 6 > Aj, then (a —1,A —2) <
(v—1,6 —2). Here (a—1,A —2) € max(K;y) and (v —1,6 —2) € max(J;). So
(a—1,A —=2) € max(Ky) N [J1],#. Now consider the case (a,A) € S,A < A;; — 1.
Here also (a,A) € max(K). If (a,A) < (v,6) € max(]) then either 6 > A; +1
or 6 < Aj, — 1. We show that ¢ cannot be bigger than A;,. Since (a,1), (4, A;,) €
max(K) they are not comparable with each other. Since (v, 6), (1,A;,) € max(])
they are not also comparable with each other. So if 6 > A; then (a,A) and
(v,0) are not comparable with each other. So § < A;. If § < A, and (a,A) <
(v,6), then we have (a,A) € max(K7),(v,d) € max(J;) and therefore (a,A) €
max(Ky) N [J1]y» € max(Ky) N [J3],#. Hence S; € max(Ky) N [J1],#. This proves
(2).

We prove (3) and (4). Now suppose (a,A) € max(Ky) N [J1],7, A > Ay, — 1
and (a,A) < (b,9) € max(J;). Now either 6 < Ajy —1ord > Ay —1. If
0> Ajy,—1then (a+1,A4+2) < (b+1,6+2) € max(J) and (a+1,A+2) €
max(K). So (a,A) € S1. If 6 < Ajy — 1 then (b,6) € max(J) C max(]). So
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u > bAj, —u > 6 —Db. Moreover, (a+1,A+2) € max(K), hence a +1 >
uA—a+1>A; —u.Soa+1>u>b,A—a+1>A;—u>J—0band therefore
a>b,A—a>6—b, which implies that (4,A) and (b, ) are not comparable. So
the case 6 < Aj, — 1 does not occur. Now assume that A < A;; —1 and (a,A) <
(b,6) € max(J;). Here again either 6 < A;; —1lord > Ay —1. If 6 < A;) —1
then (a,A) € max(K), (b,d) € max(J) and (a,A) < (b,6) implying (a,A) € S,
and thus (2,A) € S;. If 6 > Aj;, — 1 then (b+ 1,6 +2) € max(J) C max(]).
Sob+1>ud—b+1> Ajy —u. Moreover, (a,A) € max(K), from which it
follows that u > a and A;; —u > A —a. Therefore we have b +1 > u > a,
0—b+1>Aj;, —u > A—aand therefore b > a, 6 —b > A — a, which implies
that (a,A) and (b, ) are not comparable. So the case 6 > A;, — 1 does not occur.
Now we assume that A = A;; — 1. Then (a,A) = (u,A;, — 1) € max(K;), implying
u < Ay, — 1. So we get

S U {(u, Aio — 1)} D max(Kl) N Ul]v” D5 ifu< /\1'0 —1.
Otherwise if u = A;, — 1 then S; = max(Kj) N [J1],#. This proves (3), (4).

Hence the proposition follows. n

Proposition 3.19. Let A = (A" > A0 > ABS > ... > AP%) € Ag and A;, be a part of
A for some 1 < ip < k with p;, = 2. Let

v=_((A1=2)" > (A =2)"2 > - > (Ajy_1 — 2)P0 1 > (A;, — 1)
> A > > A > AR,
Let M = {I € J(Py) | max(I)N Povy) # @} For1 € M C J(Py) let
I, = ¢(I), where ¢ is as defined in Theorem 3.4(2). Correspondingly we have parti-
tions A, A, A /Ly, v, v/ /1. Let A" be the partition obtained by inserting a new
part A into the partition A'/1. Let N = {J € J(Py») | max(J) N Py #
@}, Let R = {T € J(Py») | max(T) N P(/\io) # @}, Let Jy € j(Pv'/Il)
and Ky € J(Pyn). Let Ly = [Ja]y U [Ka]y € T(Py). Let L € M be such that
(L) = Ly, where the lattice homomorphism 1 : M — J(Py) is as defined in The-
orem 3.4(2). Let [L](?wo) = {(u,Aj,)} € max(L). Let K € R C J(Pyn) be such
that K = 91 (Ko) U [({(w, Aig) P)]ar. Let Ky = $(K) € T(P,n), where the lattice
homomorphism  : R — J(P,n) is as defined in Theorem 3.4(2) for the partitions
A V" Let Js = {(Jy) € N, where the lattice homomorphism { : TPy ,) — N
is as defined in Proposition 3.16. Let | = JsU [({(u,Ai))})|am. Then ] € N. Let
J € J(Py ;) be such that max(J) = max(/)\{(u, Ai)}. Let 1 € T(P,,, ) be such
that ¢(J) = J1. Let J3 = ¢(J) € J(P,, 1,), where the upper lattice homomorphism
N — J (P, ) is as defined in Proposition 3.12. Let S = max(K) N [J]x» and
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let Sy ={(a—1,A—=2)|(a,A) € S,A > A} U{(a,A) | (a,A) € S,A <Ay} Then
we have

(1) (u,74,) € max(K).

(@) (1, Ay) € max(]).

3 1 ClCJs

(4) K2 C K.

(5) max(Kz) N [Jalyr 2 S1.

(6) [Kl]v U Ul]v = L1.

(7) Additional consequences are
e [Ki]y U [Ja)v = [Ki]y U [J3]y = L1
L max(Kl) N []3],/// D) max(Kl) N []4]1/// D) max(Kl) N []1]1,// D) 51.
° max(Kz) N []3]1/// 0 S;.

Proof. We prove (1). (u,A;) € max(L),L = ¢~ ([Ja]y) Uy~ 1([K2]y). Hence
(u, Ay) € max(p~H([Ka)v) U [({ (1, A;,) })]2) = max([K],). Now A, is a part of
A" as well. Hence (u, Aj,) € max(K). This proves (1).

We prove (2). First observe that A;) — 1 is a part of v. Hence [[Ja]s] A1) =
[]4]()\1-0—1)' Suppose u < Aj, —1 and max([Ll](AiO_l)) = {(u, A, —1)}. Then

either max([]4](/\i0,1)) is empty or {(bA;, — 1)} = max([h]()\iofl)) <
{(u,Aj, — 1)}, thatis, b > u. If u = Aj; — 1 then max([Ll](AiO_l)) is empty and
also  max([J4] )‘io_l)) is empty. So if max([J4] %—1)) is empty then

max([]5])(/\i0) = {()\1’0 — 1,)\1'0)} and u S AiO — 1. If max([]zl](/\iofl)) —
{(b,Ai; — 1)} then max([]5])()\i0) = {(bAj,)} and u < b. Now J5 € N. Hence
J € N and (u,A;,) € max(J). This proves (2).

We prove (3). Since J5 C J, we have from Equations (3.14) and (3.15)
7(J3) C Jif and only if [~ ([J4],»)]a» € ] by definition,

if and only if " 1([Jy]ym) C [J]am under isomorphism,
if and only if [J4],» C ¥([J]a») under isomorphism,
implying [[Ja]ym]vr/1, € [$(TIam)]ur /1,0

implying J4 C J3.

The last implication follows because J; € J (P, / Il),y/ /I; C v"" and hence J; =
[[]4]1/”’]1///11 and we have ]3 = [l[J([ﬂ A””)]V’/Il by definition.

Now for any part p; of v'/1I1, let max([Ja](,,)) = {(b;, ;) } if nonempty and
choose b; = p; if max([/4](,,)) is empty. Then we have for the ideal J5 € J (Pyn),

if pi > Ajy — 1 then max([J5](,;42)) = {(bi + 1, i +2)} and if p; < Aj; — 1 then
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max([Js],,)) = max([Js)(,,)). We also have max([]5](AiO)) = {(b,A4,))}, where
b = b; such that y; = A;; — 1. Therefore we have

max(fs) © {(bi + 1, ui +2) | pi = Ay = 1} U{(b, A) }
UL (b, ) [ i < Aig = 1,bi < pi} C .

So we have

(1,0ig) € max(T) € {(bi+ 1,y +2) | > Ay — 11U { (1,43}
U{(bi, i) | i < Aig —1,b; < i} CT.
So

max(J) = max(N)\{(u,Ajy)} S {(b; + 1,1 +2) | ui > Ajy — 1}
UA{(bi, i) | pi < Aig — 1,0 < i}

which generates an ideal contained in J5. Therefore

max(J1) € {(b;, pi) | pi > Aig = 1Y U{(bi, i) [ i < Aig — 1, bi < pi}
which generates an ideal contained in J4. So J; C J4. This proves (3).

We prove (4). Since K = ¢~ 1(Kz) U [({(1, A;,)})]a» and K3 = ¢(K) we have
K C Kj. This proves (4).

We prove (5). Let (a,A) € S,A > Aj; +1. Then (a,A) € [J]p», which im-
plies that A is a part of A” and (a,A) < (b, ) for some (b, ) € max(J). Now
(a,A), (u,Ai) € max(K) and hence are not comparable. Moreover, (u,A;,),
(b,u) € max(J) are not comparable. Hence if 4 < A;, —1 then we have a >
u>bA—a>Aj,—u>pu—>b. So(a,A)and (b, u) are not comparable. There-
forey > Ajy+1and (b—1,u—2) € max(J;). Then (a—1,A=2) < (b—1,u—2).
So (a—1,A—=2) € [Ji]yn. If (a,A) € max(K) and A > A;, +1 then (a,A)
is not comparable with (u,1;,). We have K = 1 (Ky) U [({(1,Aiy) })]ar. S0
(a,A) € p~1(Ky), which implies (a —1,A —2) € max(K;) N K, C max(Ky).
Hence (a —1,A —2) € max(K) N [J4],#. Now let (a,A) € S,A < A;; — 1. Then
(a,A) € [J]x», which implies that A is a part of A” and (a,A) < (b, u) for some
(b,u) € max(J). Now (a,A),(u,A;,) € max(K) and hence are not comparable.
Moreover, (u,Aj,), (b, i) € max(J) are not comparable. Hence if 1 > A;, — 1 then
wehave b > u >a,u—b > A, —u>A—a. So (a,A) and (b, u) are not com-
parable. Therefore y < A;) —1 and (b, u) € max(J;). So (a,A) < (b, i) implies
(a,A) € [Ji]yn. If (a,A) € max(K) and A < A, + 1 then (a4, ) is not comparable
with (u,7;,). We have K = ¢~ 1(Ka) U [({(u, Aj)) })]ar. So (a,A) € p~1(Ky), and
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therefore (a,A) € max(K;) N K, € max(K;). Hence (a,A) € max(Ky) N [Ja,n.
This implies that S; C max(Ky) N [J4],~. This proves (5).

We prove (6). We observe that [K]y U [J]» = [K], U[J]» = L. So using Propo-
sition 3.18(1), we obtain [Ki|, U [J1]y = L.

Now the additional consequences in (7) also follow. This completes the proof
of the proposition. [

Proposition 3.20. Let A = (Af > A2 > A8 > ... > AP%) € Agand A, be a part of
A for some 1 < ip < k with p;, = 2. Let
= ((/\1 — 2)‘01 > ()\2 — 2)92 > > ()\,‘0_1 — 2)(31‘071 > (/\io — 1)Pi0
> AT > > M > AR,
Let M = {I € J(Py) | max(I) NPy, # @} For e M C J(Py) let I = (1),

where 1 is the lattice homomorphism defined in Theorem 3.4(2). Correspondingly we
have partitions A, A", A"/ I,v' ,v",v' /1.

(1)
[Ay| Ay
|-AA’/1| |~AV /11|
(2) For L € Mand Ly = ¢(L) € J(Py), we have
|( ) | =g #(parts of A greater than or equal to A; )‘(AV)LJ )

Proof. We prove (1). In Equations (3.9)—(3.13), we observe that
W= /1| =t o =14 | |v'/1]

We prove (2). We observe that if L corresponds to

io—1 k
(A =D ( (R/TMR)P @ o (R/MOR) P'O) & P #(R/7NR)F
i=1 i=ip+1

then L; corresponds to

101

@ i ( R/ﬂ/\ ZR)Pz o i (R/T[ ig ™ R)Pi())

k
& @ 7i(R/AMR)F
i=ig+1
So

o . A
| (AA)L| _ q):izl 0 | (Av)Ll ‘ _ q#(parts of A greater than or equal to A;, ) | (Av)Ll ‘ .
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This proves the proposition. u

3.2.3. Proof of Theorem 3.8.

Proof. We consider the case when max(I) N P Ai) # @,1 € J(Py). These ideals
are in bijection with the ideals in J (P, ) using Theorem 3.4(2). We have to prove
the identity in Equation (3.3).

We consider the scenario
{(v,Ay)} = max([]](AiO)) < max([K](AiO)) = {(u,Ajy)}, thatis, v > u

or

@ = max([J](5,)) <max([Kln, )) = {(wA;)},

where | € J(Py ,;),K € J(Pyr) is such that max(K) N P,y 7# ©. Let A" be
the partition obtained by inserting the part A;, into p'/I. Let ] € J(Pyn) be
an ideal such that (u,A;) € max(]). Let ] € J(P,s ) be such that max(]) =
max(J)\{(u,Ai,)}. Then clearly max([]](/\io)) < max([K](AiO)) = {(u, 7)) }. Now
consider ideals J € J(P,s ;) such that ] C Jo C J\P Ny & J. Note that for
every ideal J, € J(P)/,;) such that maX(UZ](A,-O)) < max([K](AiO)) = {(u,Ay)}
there is a unique ideal | with (1, A;)) € max(J) such that ] C J, C J\P( ) & ],
where max(J) = max(J)\{(u,A;,)}. The unique ideal | € J(Pyn) is given by

T = [Jalam U [{({(, Aig) ).
For such an ideal ], we have [J, UK]), = [J UK],/ since J UK, J, UK define the

same ideal in the big fundamental poset P defined in Equation (2.1). We also
have max(K)\ [J2]a» = max(K)\[J]». So forall ] C J, C T\P(/\io)

0‘?,]2,I<(q) = “%],K(‘J)

= (A 11 (1= )

A€A’ such that there exists (u,A)emax(K)\[]]»

where m(\) is the multiplicity of the part A in A”.
Now we observe that

[Ay| . ]
|_| )X?JLK‘ - |A ? | |(‘AA”)K} Z ’(AA//I)]Z
fQ]zQT\P(A,-O) A/ JQIZQI\P(AI-O)
_ 4y (G

= A " * .
Ay ] Ak
/ q q
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Therefore we get

|~A/\’| 1 ‘(«4)\///)}f
——a Py ./4 n)¥
y ‘X}\JLK’ _ Ay (A <q)‘zo g 1) ( Ak
1 =
JSRCI\P,, )(XIJz,K(q) I <1 o ml(A))
0 A€M such that there exists (u,A)Emax(K)\[]]A,, q

|A /| 1 ‘(AA’”)?‘

=0 (A )|

Ayl (A k] (q%—u _ inO—u—1>

1
X I (1 - A)) .
A€M such that there exists (1,A) emax(K)N[]] q

Let [ = ¢(I) € J(P,), where the lattice homomorphism ¢ : M = {T €
J(Py) | max(T) N Pix,) # @} — J(Py) is as defined in Theorem 3.4(2). Let
Ja € T(Py, 11),1(2 € J(P,») be any two ideals. Then using Proposition 3.19,
there are unique ideals ] € N = {T € J(Py») | max(T) NPy, ) #+ @} C
J(Pyw)and K € R = {T € J(Py») | max(T) N Pov,) # @} C J(Pyr) such that
max((ly,) = max([K] s, )

Now we begin with an ideal ] € A/ and an ideal K € R such that max({[]] /\io) =
max([K]()\iO)) = {(wAy)}. Let ] € J(Py,;) be such that max(]) =
max(f)\P(Aio), [JUK]y = L. Let Ly = ¢(L) € J(Py) and Ky = ¢(K) € J(Pyn).
Let i = ¢(]) € (P /1) Let S = max(K) N [J]ar and let

v

S1={(a—1,A=2)| (@A) € S,A> A, }U{(a,A)] (a,A) € S,A< Ay}

Let J3 = {(J), where the upper lattice homomorphism ¢ : N' — J (P, ;) is
as defined in Proposition 3.12. Let J, € J(P, / 11) denote any ideal such that
J1 € Js C J3. Let Ky € J(P,») denote any ideal such that K C K;. Then we
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prove the following;:

(3.16)
A1 (A A
|"AA'/I’ |(Ar)L] (ino_” — q)‘io_”_1> A

1
X I1 (1 - m(A))
A€A such that there exists (u,A)€max(K)N[]] q
Al
Ay (AL |

* 1
X Avl ‘ .AVH (1 — ) > ;
]1C]4C%K2CK1 ( ' < /Il>]4 ‘ ( )K2 Ag’ qm(A)

[JsUKz]y=L4q such that there exists
max(Kz)ﬂ[LﬂV//QSl (M'A)EmaX(KZ)QUAI]V”

We have [J; UKj], = Ly, implying [J4],» UKy = [Li],». We also have
Uslyr UKy = [La]yr. Hence [Li]y\[Jalyr = Ki\[Jalyr = K2\[Jaly». Now we
show that max(Ky)\[J4],» = max(K2)\[Ja],#. Since K C K; we have max(Kj) N
K C max(Kp). Now () € max(K\[Jalur, hence (1) € Ki\[Jalur =
Ko\[Ja]y#. So (c,p) € max(Ki) N Ky € max(Ky), from which it follows that
(¢, 1) € max(Ky)\[Ja],». Hence max(Ky)\[Ja]y» € max(Ky)\[Ja],#. Now (¢, u) €
maX(Kz)\[h],,// and []4],,// UKy = [Ll]v//, therefore (C,}l) S maX([Ll],,//)\[h]vu.
Now []4]1/” UKy = [Ll]v”/ implying (C/ ?/l) € maX(Kl)\[h]v”' So maX(Kl)\[h]v” =
max(Ko)\\ [l

Now let K3 € J(P,») be such that max(K3) = max(Ky)\[J4],» U S1. Note that
S1 € max(Kj) N [Ja],» using Proposition 3.19(7). Hence max(K3) C max(Kj)
is indeed an antichain. Since L; is generated by [J4], and max(Ki)\[J4]y =
max (K1) \[J4],» = max(K3)\[Js],» = max(Ks)\[Js]y we have L1 = [K3]y U [Jalv.
We also observe that max(K3z) N [J4],» 2 Sy, in fact equal to S;. Now let K, €
J (P,») be any ideal such that K3 C K, C Kj. Then we have L1 = [Kz]y U [Ja]y
and (A,)g, € (An)k, € (Ap)k,- So max(K3) C max(Kp), and therefore
max(K3) € max(Ky). So max(Ky) N [J4],» 2 max(Kz) N [Ja]yr 2 S1.

Conversely if K, C Kj such that L; = [Ky]y U [J4]y and max(Ky) N [Ja],r 2 S1
then max(Kp) 2 S; Umax(K7)\[J4],» = max(K3). So we have for a fixed ] such
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that [1 C J5 C J3,

Z ( ‘("41//11)?4

Ky CKy Aev!
[JsUKp)v=L1q such that there exists
max(Ky)N[Ja], 725 (u,A) €Emax(K2)N[Ja],
% 1
Sl £ (el T (-
K3CKyCKy Ay’ q

such that there exists
(u,A)€max(Ka)N[Ja]

( Ak,

1—1)>
/\16—1[/” ( L]’"(A)
such that there exists

(u,A)emax(Ko)\[Jal,

_ * ‘ (AVN )I*<2
_MAHQMQ%%&( 11 (11>>

Aev’
such that there exists

(u,A) €max(Kp)\[Ja,

= | (A0

D

K3CKCKy

’(Av//h)}l

Y (1)
1 1 ) 3CK,CKy

B qm()\)

Aev’
such that there exists

(u,A)emax(Kq)\ [Ja]

Now max(K3) € max(K;) Nmax(Kj) implies that

* 1

DR CARTPRINY (R S (™

K3CKyCKy Ay’ q
such that there exists

(u,A)emax(Ks)

(A1) | I1 <1 - qml(A)) )

)

43
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Hence

‘(‘Av//h)};

1— 1
Ag// ( qm()\)
such that there exists

(u,A)emax(Ky)\[Jal,»

y ( \(Av/f>zz|)
> ) K3CK,CKy

(Ay )] (A | 1
11 ey
IT (1 - qml(/\)) > such that there exists
Aev” (u,A)emax(K3)

such that there exists
(u,A) €max(Kq)\[Ja],n

- ‘(«4,//11);4 (A | < Al;[,, (1 - ﬁ) >

such that there exists
( u,A ) €Sy

Now J; C J; C J3 and max(J;) € max(J3), which imply max(J;) € max(]Jy).
Hence

- )(Av’/ll)h

(oo (9)
1ClaCJs AeVi/T 1

Z ‘ (AI///Il)};

such that there exists
(u,A)emax(Jp)

So
A1
|'A1///Il‘ ‘(‘AV)L1|

X Z (’(‘AV'/h)};

wod L ()

J1€J4CJ3,K2 €Ky Acv”
[J4UKp]y=L4 such that there exists
max(Kz)ﬂ[mV”QSl (M/A)EmaX(KZ)ﬂU‘l]y//
Al 1

(o (D)

such that there exists
(u,A)€max(]y)

< [ (A, | ( /\le—[v” (1 N %) )

such that there exists
(H ,/\) €51

— A /
A T[] A
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—1+#(parts of A
| ‘AA/ | q greater than or equal to /\io)

1
_ ) =
’AA’/I‘ |(-A/\)L| ‘ v/ )\61;[/11 q
such that there exists
(u,A)emax(Jq)
1
><\<AV~)K1|( I1 (“W))'
Aev’ q
such that there exists
(u,/\)651

The last equality follows using Proposition 3.20.

Now (u,A) € Sif and only if (1 —1,A —2) € S;if A > A;; and (u,A) € S
if A < Aj,. Here we observe that if A > A;, then my~(A), the multiplicity of
A € A equals m,n(A — 2), the multiplicity of (A —2) € v" and if A < A;; then
mn(A) = iy (A).

Hence we have

0 () ( 0 ()

such that there exists such that there exists
(u,A)€Sq (u,A)€S

We also see that (u1,A) € max(]),A # A, A > Aj, +1 if and only if
(u—1,A—2) € max(J;) and (u,A) € max(J),A # Aj, A < A;; — 1 if and only if
(u,A) € max(J). Hence we have

(o ()

such that there exists
_ )Ll
- ( Ael;l/z (1 ‘7) ) - ‘(AA,,,)]N) (1 _ l>'

(M,A) Emax(]l)
such that there exists 1
(u,A)emax(])

So to prove Equation (3.16), it is enough to prove the following;:

(A = % Ay

—1+#(parts of A
greater than or equal to A;,)

317) 4 (A /n)n

From Equations (3.9) and (3.10) we get that the first i — 1 parts of A’/I are
greater than f; = A;, and the remaining parts are less than A;,. In v//I the first
i — 1 parts are also greater than t; —1 = A;; — 1 and the remaining parts are
less than ;) — 1. If max([J3](,)) = {b, u} with p > A;; — 1 then max([J],42)) =
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{b+1,pu+2}. If max([Ja](,)) is empty for p > A;) — 1 then max([J](,42)) =
{(n+1Lu+2)} If u < Ajy — 1 then max([J3],)) = max([J](,)). So there is a
decrement by one that occurs in exactly i — 1 parts of J3 with respect to | because
p—b+1= (u+2)—(b+1). Now we observe that the first i parts of A’ are
greater than or equal to A;, and the remaining parts of A’ are less than A;,. For
the ideals K; and K, there is decrement by one that occurs in those parts of A”
which are greater than or equal to A;,. So the total decrement is

(i — 1) + #(parts of A" greater than or equal to A;)
= #(parts of A’ greater than or equal to A;,) — 1
+ #(parts of A" greater than or equal to A;,)
= —1 4 #(parts of A greater than or equal to A;).

In (Ayn); there is an extra component 77*(R / 0 R) corresponding to (i, Aiy)-
Hence in this case from Equations (3.9) and (3.10), Equation (3.17) follows.
In Equation (3.11), a similar computation yields that

(A k| [(Ayr)x]

(3.18) q)\io —u—1 q#(parts of A" greater than or equal to A;)

as there is an extra component (R / e io*"*lR) in Ky since Aj, -1 =t —1is
not a part of v'.

In Equation (3.12) Aj, — 1 is a part of A’/I. So a similar computation yields
that

(A

—u Ajy—u—1’

R

(3.19) (A,

where i is the number of parts of A’ that are greater than or equal to A;, = t;.
Here in this case there are extra components 77(R /"0 R) & m*(R /"0 'R)
in (A A/”) T

In Equation (3.13), Aj, + 1 is a part of A’/I. So a similar computation yields
that

(A

—u /\io—u /

qifz inO q

(3:20) (A1)

where i is the number of parts of A’ that are greater than or equal to A;, = t;.
Here in this case there are extra components 1“1 (R /"0 ™' R) @& n(R /"0 R)

in (.AA/// )f
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Hence by combining Equations (3.19) and (3.20) individually with Equation
(3.18) we get that Equation (3.17) follows in the case where t; —1 = A;; — 1 is not
a part of v'. This completes the proof of Equation (3.16).

We observe that for |y € J(Py1,), Kz € J(P,n), we have

v
’X11J4,K2

1%
XL JaKs

— v A/ ES A " 1_ .
[ Ay | (Av) | ’( ¢ )i (Al Ale—[v’/ g

such that there exists
(u,A)emax(Ky)N[]4],n

Therefore we have

‘ X}/1/]4/K2 _ ’ Ayl | 1
J1€J4CJ3, K CKy DCII/1J4IK2 |‘Av'/11‘ ‘(AV)L1|

[JaUKa]y=L4
max(K)N[Ja],#n 251

x ¥ (!(Avf”n};

ol T (1))

J1€J4CJ3,K2CKy rev!
[JsUKy]y=L4q such that there exists
max(Kz)ﬂ[mV//QSl (M/A)EmaX(KZ)ﬂ[Ll]y//

Using Proposition 3.19, we see that every [, € J(P,//;,), Ko € J(P,») appears
in a unique such sum exactly once. Now we observe that summing all such
equations over all possibilities for a fixed I; we get

Xi
r L),
JeTg (P, /Il),Kej (Pyn) “hulK

Furthermore correspondingly summing the below expressions

’A/\,‘ 1 ‘(A/\///)}:‘ < 1 )
A, 1-—
[Ay /il [(Ad) L <in0—” — q)‘io—”—l) Ay Al;\[,, g

such that there exists
(u,A)emax(K)N[J]

over all possibilities for a fixed I € J(Py) such that max(I) N P Ag) # @, we get

A
%]
> i)
JeT(P,r, ), KeT (Pyn) IJ,K

A/l

max([Jl, ) <max([K], ))max(K)NP(, )70
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This gives us, under the association I € J(Py) such that max(I) N P M) #+ @
with QD(D =1 € j(Pv)/

)XIA,LK‘
r s
]EJ(PA//I),KGJ(P/\//) I,],K
(3'21) max([]]</\i0))<max([K](/\io)),max(K)ﬂP(/\iO)7&@

‘ I ’
L,J,K
( oY K > '
]EJ(PV//Il ),KGJ(PV//) L,J,

So upon summation over I € J(P,) such that max(I) N P Ai) # O, we get the
identity in Equation (3.3). This proves Theorem 3.8. |

4. The polynomial 19 (q) = |G\ ({Height Zero Elements} x A, )| for a
partition A

We say an element a € A, is of height zero if the equation 2 = px has no
solution for x € A,. We say an ideal I € J(P,) is a height zero ideal if one of
the co-ordinates of ¢; is 1, that is, v; = 0 for some 1 < i < s in 2.3. Note in this
case all elements of (A, )} are of height zero. Let J°(Py) C J(P,) be the set of
height zero ideals in J(P)). Let

Hy = || (AT
1€JO(Py)

If A = @ then HR = @. Define for A # @,
n(9) = G\ (H < A

If A = @ then define n3(q) = 1 and not zero for the sake of some consistency
which we will see in this section. The following facts about ng (q) can be deduced
immediately.

(1) The number nE]\ (q) is a polynomial in g with integer coefficients (cf. [1,
Thm. 6.4]).

(2) The degree of n3(q) is A1, the highest part of A. This can be deduced
by adapting the proof of Theorem 5.11 in [1], using the maximal ideal
generated by Py which is a height zero principal ideal. The polynomial

n3(g) is monic as well.

0

(3) The polynomial ng(q) = N3,

(q), where

A2 — (A?in(pl,Z) > Afznin(/?zl) S s /\;(nin(Pkrz))
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(cf. [1, Cor. 4.5 and Rem. 4.7]). So, for the computation of the polynomial
nol\(q), any part of the partition which repeats more than twice can be
reduced to two.

(4) An alternative expression for 19 (q) for A # @ is given as

0 _ )X%LK‘
(4.1)  n,(q) Y. 1(Ga)i\A4 Y ). ) /
JeJ (P,

1eJ0(Py) [€TO(Py) 7 )KET (Pyn) XT1K
where a% ; k is cardinality of the valuative set
(A gk @ ((Ap)k + (Ap)g) € Ay @ Ay = Ay
and X%],K ={(x,x") e A, | I(X') =], 1(x") = K}.
(5) We have |Gy \(mAy x TAy)| = |G\ (Ay x Ay)
corresponding to the finite R-module 7. A,. Therefore
G\ (A AL =[G\ (A x A + [Ga\HS < Ar)| + |91\ Ay < HY)|
We also have

[N S| S DR (VI
1 (T (PO\TO(Py))

, where p is the partition

A
_ Xk
- 2 . Z . al '

Ie (j(P)\)\jO(PA)) either ]EJ(P/\//I) is of height zero or “I,] K
KeJ (Py) is of height zero

So we have
(4.2)
na(q) = mu(q) + 3 () + |2\ (Ar x H)|

fox 3 )

Ie (j(P/\)\jO(P/\)) <U/K)EJO(PA//I)XJ(P/\”)UJ(PA,/I)XJO(PA”) Y1k

Remark 4.1. Here below is the table of values of ng(q) for partitions whose parts
sum up to 6. From the table, we observe that n(()/\) = g*. So it is always true that
the polynomial 1, (g) can be expressed as an integer linear combination of ng (9)
for some partitions g = (u), 4 > 0. We are not interested in the trivial manner
of expression where we do not know, a priori, the coefficients of the summands
whether they are positive or negative or zero. Most of the computations in the
table are hand computations except for very few of them which are done using
Mathematica.
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The Partition | The Height Zero Polynomial The Orbit Polynomial
A n(q) na(q)
@ 1( using definition) 1
(1) q q+2
(1) q+1 q+3
(2) q* 9> +29+2
(2>1) 7> +3q+1 7> +5q9+5
(2 >1?) 7 +3q+2 7*+59+6
(2?) P +q+1 7> +3q+5
(22> 1) 7> +49+2 7> +6q + 8
(22 > 1?) 7 +4q+3 7*+6q+9
(3) 7 P +2¢°+2q+2
(3>1) 7° +3q%+3q 7> +5¢*+7q+4
(3 >12) 34+3¢2 +49+2 34542 +87+6
q q q q q q
(3>2) 7 +3¢*+29+1 7 +5¢*+10q +7
(3>2>1) 7+ 64> +99+3 7>+ 84* + 199 + 13
(3%) P+q+q+1 7 +3¢4>+59+7
(4) 7t 7+ 2% + 24> + 29+ 2
(4>1) 7t +3¢° + 34>+ 2g 7*+5¢° + 74> +6q +4
(4 >1?) q*+3¢° + 4% +4q + 2 q* +5¢° + 84> +8q+ 6
(4>2) 7 +3¢° +44* +¢ g*+5¢° +12¢2 + 11g + 4
(5) 7 P +29* +24° +2¢° + 29+ 2
(5>1) P +3q* +3¢° +2¢* +2¢9 P +5¢* + 74>+ 64° + 69 + 4
(6) q° q° +2q° + 2q* +2¢° +2¢* +2q + 2

Now we state a theorem which may be used to express the polynomial 1, (q)
as a sum, in terms of ng(q) for some suitable partitions y, where we know that
the coefficients of the summands are positive. If A has distinct parts then parts
of the suitable partitions u are also distinct.

Theorem 4.2. Let A = (A{' > A8 > A8® > ... > AP%) € Ag be a nonempty partition.

(1) Suppose Ay > 1. Let p = ((A —1)Pt > -+ > (Ay — 1)P). Then we have
na(q) = n3(q) + ny(q) +ny(q).
(2) Suppose Ay = 1. Let p = ((Ay —1)Pt > -+ > (Ag_q — 1)Pk-1). Then we have
nA(q) = 13(9) +2nu(q)-
In particular, if A has distinct parts then p also has distinct parts in both cases.

We prove Theorem 4.2 after illustrating it in the following example.
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Example 4.3.
n3s02)(q) = ”?3522)(’1) +1n2-12)(9) + ”(()22>12) (q)
= ”?32>22)(’1) + ”(()22>12)(’7) + 2112y (q) + 152292 (9)
= ”(()32>22) (q) + 2”(()22>12) (9) +2n312)(q)
= ”?32>22) (a) + 2”?22>12) () + 2(”?12) (9) +2np(q))
= ”?32>22)(‘1) + 2”?22>12)(‘7) + 2”(()12)(51) +4ng(q)

M) () = ¢ +6q° + 149 + 15,
Mg (0) = 4° + 447 + 49 + 3,
”(()22>12)(‘7) =q°+49+3,
”(()12)(‘1) =q+1,
ng(q) =1 = ng(q)

Proof of Theorem 4.2. To prove this theorem we use Equation (4.2). To prove (1),
it is enough to show that

(@) = |G\ (A x H)| = |Ga\(edr x 1))

We first show that |Gy\(mAy x HY)| = |Ga\(mAy x THY)|. Let x,11 €
Ay, x2,y2 € HY. Suppose g € G, is such that grwx; = 7y, gx> = yo. Then we
have grtx1 = 7y, gmmxy = my,. Conversely suppose grtxy = 7y, §7Tx2 = 7TY>.
Let z = gxp — y». Then we have 7z = 0. So z € (A,);, where ] € J(P,) is
an ideal such that (A,); = @, 741 (R/7MR)Pi C A,. Note that x, is an
element of height zero in A). Any height zero ideal, say K, (here K is the ideal
of x2) in the big fundamental poset P defined in Equation (2.1) contains the ideal
generated by | in the big fundamental poset P. So there is an endomorphism
h € Hom(A,, @f , m41(R/m"R)f) such that hx, = z. Here we have 7th =
0,(g—h)(x2) = gxo — hxp = gxp — z = Y. Now note that, since A; > Ay > 1 for
1 < i < k we also have h mod m = 0. Hence we have ¢ mod m = (¢ —h)
mod 77. Now any endomorphism k € End(A,) is invertible if and only k
mod 77 is invertible. So the endomorphism ¢ —h € End (A, ) is invertible. More-
over (¢ —h)mxy = gx1 — mhxy = gx1 = y;. This proves that (7xq,xp) and
(7ty1,y2) are in the same G, orbit if and only if (7tx1, wx2), (7Ty1, TY2) are in the
same G, orbit. Hence we have |Gy\(mAy x HY)| = [Ga\(mAy x wHY)]|. Since
Ak > 1, the set mH) is precisely the set of height zero elements in mAy = A,
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that is, TH] = Hj,. Now we have |Gy \ (A x THY )| = ‘Q,l\(.A,l X ’}-1,2)’ be-
cause the map G, — G, which takes g to g 4 is surjective. This proves (1).

Now we prove (2). Here Ay = 1. In this case we have 7H) = wA, = Ay
Using Equation (4.2), it is enough to show that

m() = |G\ (A % Ay) | = |Ga\ (r Ay x 1Y) .

The proof is similar to that of the previous case except a bit longer. Let x1,y1 €
Ay, x2,y2 € HY. Suppose g € G, is such that grrx; = 7my;,gx2 = yo. Then
we have gmx; = 7y, gmx; = myp. Conversely suppose grtxy = 7y, §7txy =
Y. So Xy, Ty, are of the same height in w A, = A,. Let t stand for trans-
pose. Let the column vectors x, = (xby,xby, - -+, x5, v2 = (Vhy, vho - -+ Y5 ) €
®F((R/mMR)Pi = Ay with the column vectors xp; = (x}, %3, -+, xb1)!, y; =
(ylov3 - et € (R/mMR)Pi,1 < i < k. Let the column vector gxy =
((gx)hy, (g%)ho, -+, (g2)5,)F € @Y (R/mMR)Pi = A, with the column vectors
(gx)2 = ((gx)3;, ()3, (gx)h) € (R/mMR)Pi, 1 < i < k. Let the column
vector z = gxp —yp = (24,2h,- - ,zb)t € |f, TN (R/TNR)PL.

Claim 4.4. There exists g1 € Gy such that g17tx1 = 7Y1,§17Tx2 = TTY2 and if the
column vector w = g1x2 —yp = (wt,wh, - -+, wh)t € @Y, 7R/ TMR)Pi then
Wy = 0.

Proof of Claim. If z; is already zero then we take ¢ = g1. If zx # 0 then there are
two cases to consider.

We consider the first case. Let xj;, contain a unit in one of its coordinates for
some 1 < iy < k— 1. We choose a homomorphism e = [e/]; : Ay — Ay,
where e/ = [e%n]pixpj : (R/mNR)Pi — (R/mMR)Pi such that ¢/ is nonzero
only when i = k,j = ip and €"0(xy;,) = z;. We observe that e = 0 because
meko = 0. We have iy # k and the diagonal blocks of ¢ — e are all invertible
modulo 7. Hence g — e is invertible. Moreover we have (¢ —e)tx; = grtx; =
my1, (§ —e)txy = gnxy = myo, (§ —e)xo —y2 = (2},25,---,z, ;,0")". Hence
choose g1 =g —e.

We consider the second case. Let xp; does not contain a unit in any of its
coordinates for all 1 < ip < k—1. So xy, must contain a unit in one if its
coordinates. Hence (gx),; must also contain a unit in one of its coordinates. As
§TXy = TTY2, X2, Y3 are of the same height in 7.4, = A, and therefore y,; also
does not contain a unit in any of its coordinates for all 1 < iy < k—1. So yy
must contain a unit in one if its coordinates. Hence we choose an automorphism
e = [eV)ixk : Ay —> Ay, where ¢/ = [egm]piXp,’ D (R/TMR)I — (R/mMR)Pi
such that e” is the identity block for 1 < i =j < k —1, " is the zero block for 1 <
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i#j<kande¥: (R/mMR)Px — (R/m*R)Pk is an automorphism such that
e ((gx)2k) = Y. Now we have eg(x2) —yo = (28,25, -,z |, 00, eg(mx)) =
mty1, eg(7x2) = 1typ. Hence choose g1 = eg which is an automorphism.

This proves the claim. u

Continuing with the proof of (2), we assume without loss of generality that
grxy = myy,§7xy = myp and gxp — Yo =z = (24, 2b,- -+ 2k |, 2b) with zp = 0
and z € (Ay); = @, Th 1 (R/mR)Pi C Ay, where ] is defined by its associ-
ation to (A, );. Note that x; is an element of height zero in A,. Any height zero
ideal, say K, (here K is the ideal of x;) in the big fundamental poset P defined in
Equation (2.1) contains the ideal generated by ] in the big fundamental poset P.
So there is an endomorphism h € Hom(Ay, @5, 71 (R /7 R)fi) such that
hx, = z and for this h we have mh = 0. Now we left multiply & by a homo-
morphism f = [fi]jux : Ay —> A,, where fi = [f,Zn]piij : (R/TNR)T —
(R/mYR)Pi such that f7 is the identity block for 1 < i = j < k—1, fi is
the zero block for 1 < i # j < k and f* : (R/mMR)Px — (R/mMR)Pk is
also zero. Then we have fh(x;) = z, the last row of blocks in fh are all zero
blocks, the remaining blocks of fh are the same as that of h. So mfh = 0 and
also fh mod 7w = 0. Hence we have ¢ mod 7 = (¢ — fh) mod 7. So g — fh
is invertible. Furthermore, (¢ — fh)(7tx1) = gnx1 = 7wy, (§ — fh)(x2) —y2 =
z— fh(xy) =z—2z=0.

This proves that (7rx1, x2) and (7ty1,y2) are in the same G, orbit if and only if
(71x1, Tx2), (7Ty1, 7Ty2) are in the same G, orbit. Hence we have

G\ (T x HY)| = |Ga\ (A x )|
= [GA\(tAy X TAy)| = ‘gﬂ\(Aﬂ X Ay)| = ”y(Q)'
This proves (2).
We have completed the proof of Theorem 4.2. u

Now we state a theorem which along with Theorem 4.2, can be used to express
the polynomial nOA(q) for a partition A with a repeated part as a sum, in terms
of the polynomials ng(q) for some suitable partitions u which has all their parts
distinct, where we know that the coefficients of the summands are positive.

Theorem 4.5. Let A = (A" > A8 > AL > ... > AP¥) € A be a partition such that
pi, = 2 for some 1 < iy < k. Let
Pig—1 pip—1 1 Pig+1 Ok—
p= (M SAR > > AT S A=A > AT > > A > AR,

Let
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v=_((A1—=2)" > (A =2)"2 > - > (Ajy_1 — 2)P0 1 > (A;, — 1)P0
> Aplo“ > AR > AR,
(1) Suppose Aj, > 1. Then we have
n3(q) = ny(q) +n)(q).
(2) Suppose Aj, = 1 which implies in particular iy = k. Then we have
n3(q) = my(q) +ny (q).

We prove Theorem 4.5 after illustrating it in the following example.

Example 4.6.
n(32>22)(EI) = n(()3>22)(q) + n(()22)<q)
= 1g) (4) + 1012y + 10 (0) + 11s2)
= 1’1(()3>2)(q) + n(()z)(q) + 2”(()12)(q)
= 1{32)(9) + 1) (@) + 21y ) + 102())
(3>2)(4) + ”(()2)(‘1) +2n¢yy(q) + 2n5(q)

This identity can be verified by the actual polynomials
Mgy () = 4 + 447 + 49 + 3,
320y () = 47 +3¢7 +2q +1,

nyy(9) = 4,
n(()1)(q) =4,

no(q) =1 =ng(q).

Proof of Theorem 4.5. To prove this theorem, we use the proof of Theorem A.
We prove (1) and (2) simultaneously. We use the alternative expressions for
n3(q),15(9), n)(q) as defined in Equation (4.1).

In Equation (3.1), if we sum over only height zero ideals I € J°(Py) = J°(P,)

such that max(I) N P Ag) = @, then we get
(4-3)
i

)3 B 3
1€J0(Py),ma ax(I)NPy, i) (]ej( J(PA//) 1,],I<>

Py K

1€ () max(1)NPyy, (]ej( LKET(B) ALIK
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In Equation (3.2), if we sum over only height zero ideals I € J°(Py) = J°(P,)
such that max(I) N P Ai) # O, then we get

A/l
max(m(/\io))Zmax([K](/\iO)) or

(4.4) max([/] (Aio))<max([K] (Aio)),max(K)ﬁP(/\iO):Q

I
- ¥ ( 3 Xf)
_ L.
1€7°(B)  \JET (P, ) KET (Byr) *LIK

max(I)ﬁP(Aioﬁé@

A
A
IEJO(PA),maX(I)ﬂPMiO)#@ JeJ(P,r, ), KeT (Pyn) OCI,],K

In Theorem 3.4(2), we have defined a lattice isomorphism ¢ : M = {I €
j(P,\) ‘ max(I) mP()\iO) 75 @} — j(PV) If )\1’0 =1, then M C jO(PA), since
in this case, any ideal in M is of height zero. If A;; > 1 then the we have a
restricted lattice isomorphism 1 given as

Y| prgopy) M0 TOPy) — TO(Py)

onto the set 7°(P,) of height zero ideals.
Hence in Equations (3.21) and (3.3), if we sum over only height zero ideals
I € J°Py) such that max(I) N P(/\io) # @, then we get for A;, > 1,

x| y ‘X—’)

IGJO(P/\),maX(I)ﬁP(AiO)#@ ]EJ(PA//I),KGJ(PA//) DCI,],K

max([]] (Aio))<max([K](Aio)),max(K)ﬂP(Aio);«éQ

|x7 14
- ¥ y —
IlejO(PV) ]EJ(PV// ),Kej(Pv,,) L,],K

I

(4-5)

and for A;; =1,

A
A
1€70(Py),max(I)NPy) £ JeT (P, ) KET (Pyn) T 1K
(4.6) max([J](1)) <max([K] 1)), max(K)NP3) 7D

‘XEJ,K
- T Yo e
LeJ(Py) ]ej(PV,/Il),Kej(P,,u) I,J,K

So, upon summing Equations (4.3), (4.4), (4.5), we obtain (1), and, upon sum-
ming Equations (4.3), (4.4), (4.6), we obtain (2). This proves Theorem 4.5. |
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Corollary 4.7. Let A = (A" > AB2 > AB* > ... > AP¥) € Aq be a partition. Then
the polynomial n,(q) is expressible as the sum of ng(q) for partitions u which has all
their parts distinct and uw C A, where we know that the coefficients of the summands are
positive.

Proof. By repeatedly using Theorem 4.2 we can express 11, (g) as a sum of ng(q)
and n,(q) for g C A. Here while using Theorem 4.2 repetitions in the parts
of partitions may not reduce. Now the repetitions in the parts can be reduced
to unrepeated parts or distinct parts by repeatedly using Theorem 4.5. We also
note that ng(q) =1 = n3(q). [ |

We illustrate the above corollary with an example.

Example 4.8.
n(2512)(9) = ”?22>12)(‘7) + 2112 (q)
= np_12)(9) +2(n12) (9) + 2n100(q))
(1 12)(9) + 103 () + 2000 () + 4% ()
; (12 (q) + 4ngy(q)

+n@( )+ ( 1 (q) + 1o (q)) + 4ng(q)

@2=12)(7) = 4* + 6949,
”(()2>1) (9) =q*+39+1,
”(()1)(‘1) =4
no(q) =1 = ng(q)

Now we state a theorem which may be used to express 19 (g) for a partition A
which has all its parts distinct as a sum, in terms of n”(q) for partitions # which
has all its parts distinct such that u C A with coefficients of the summands being
polynomials in g with nonnegative integer coefficients.

Theorem 4.9. Let A = (Ay > Ay > -+ > Ay) € Ag be a nonempty partition with
distinct parts. Let

p=M—-1>A—-1> > A —1),

v=(A = A > A — A > > A — Ag),

S=M - M—1>h—Ap—1>>A 1 —Ap—1).



ON THE POSITIVITY CONJECTURE FOR FINITE ABELIAN p-GROUPS 57
(1) Suppose k > 2 and Ay — Ay > 1. Then we have

m3(q) = qrp(q) + ny(q) + 1§(q) if Ax > 1

m3.(q) = qnu(q) + ny(q) +1g(q) if Ax =1 (here p = v).
(2) Suppose k > 2 and A1 — Ay = 1. Then we have

13(7) = qy(q) + 1y (q) + ns(q) if Ax > 1

13(q) = qnu(q) +my(q) +ns(q) if Ay = 1 (here p = v).
(3) Suppose k = 1,A1 = Ay > 1. Let y = (A — 1). Then we have

n(q) = qny(q).

We prove Theorem 4.9 after illustrating it in the following example and prov-
ing Theorems 4.11, 4.12, 4.13, 4.14, 4.15.

4.1. An Example Illustrating Theorem 4.9.

Example 4.10. (1) Examples for Theorem 4.9(1), Ay > 1, A1 — A > 1t
o Let A = (4 >2). We have

Mys) (@) = 131y () + 1105 () + 1
This identity holds as

1)(4)-

n

”(2)(‘7 =4q,
ny () =4

o Let A = (5 >4 >2). We have

”(()5>4>2)(”/) = ‘7”(()4>3>1)(‘7) + ”(()3>z)(Q) + n?2>1)(q).
This identity holds as

s 420 (9) = 7 + 64" +15¢° + 164 + 74 + 2,
Myssa)(9) = 4° +60° + 147 + 129 +2,
3oy (0) = 4° +3¢7 + 29 +1,
2>1 (q) =q*+3q +1.
o Let A = (6 >4 >2). We have

>
1’10 ( ) _ 0 ( 0 0
(6>4>2)\1) = M (553>1) q) + ”(4>2)(‘7) + ”(3>1)(‘7)-
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This identity holds as

Mpoa2)(9) = 3° +6° + 174" +224° 4 15¢% + 4q,
Ms=31)(9) = 47+ 64* + 164" + 184 + 84,

n<4>2 (9) = q* +3¢° + 44 + 4,

o1y (@) = ¢ + 347 +34.

(2) Examples for Theorem 4.9(1), Ay =1, A1 — A > 1:
e Let A =(3>1). Wehave

”(()3>1)(‘7) = qn)(q) + ”(()2)(01) +n
This identity holds as

nao1y(9) = 4° +3¢% + 34,
np)(q) = 7>+ 29 +2,
”(()2)(‘7) =q’,
niy (@) = 4.

o Let A =(4>3>1). We have

”?4>3>1)(‘7) = ‘7”(3>2)(‘1) + n(()3>2)(‘7) + ”(()2>1)(q)-
This identity holds as

”(()4>3>1) (9) = q* + 6q° + 144° + 129 + 2,
n(32)(q) = ¢° +54° + 109 + 7,
”(()3>z) (9) =4 +3¢> +29 +1,
”(()2>1)(51) =g +3q+1.
e Let A =(5>3>1). We have

Mso351)(0) = G as2) () + 140 (9) + 1321 (9)-
This identity holds as

M{so31)(9) = 47 +64% + 164" + 184 + 84,
Niys2)(q) = g* +5q° 4+ 12¢% + 11q + 4,
sy (9) = 4* +34° +44° +4,

o1y (9) = 4° +3¢” + 34.

(3) Examples for Theorem 4.9(2), Ay > 1, A 1 — A =1
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e Let A = (3 > 2). We have

3oy (@) = qnyqy (9) + 10y (9) + 1o (q).
This identity holds as

n(3>2( ) =q>+3¢° +2q+1,
oy (@) = 7 +3q+1,
”1)(‘1):‘1/
np(q) =

o Let A = (4 >3>2). We have

”(()4>3>2)(‘7) = ’7”(()3>2>1)(‘1) + ”(()2>1)(‘7) +n1)(q)-
This identity holds as

”(()4>3>2) (9) =q*+ 64> + 104> +7q + 3,

n(()3>2>1 ( ) = q3 + 6(/]2 + 9(7 + 3,
2>1() 7> +3q+1,
(@) =q+2

e LetA=(5 >3>2). We have
5o 322) (1) = G100 000y (@) + 10320y (9) + 112 (9)-
This identity holds as
Mso500)(8) = 0+ 64" + 124> + 1347 + 79 + 2,
”(()4>2>1) (9) = 4* +64° +114° + 99 + 2,
1) (@) = ¢° + 347 + 34,
) () = 4° +2q+2.

(4) Examples for Theorem 4.9(2), Ay =1, k1 — Ay =1:
e Let A = (2 >1). We have

”(()2>1)(‘7) = qn)(q) + ”(()1)(‘7) +ng(q).
This identity holds as

”(()2>1)(’7) =q"+37+1,
nay(q) =q+2,
iy () =4,
np(q) = 1.

59
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o LetA=(3>2>1). Wehave

”(()3>2>1)(6I) = qn(1)(9) + ”(()2>1)(07) +n(1)(9)-

This identity holds as

03s051)(0) = ¢° + 64 +99 +3,
nos1)(q) = > +5q+5,
ey (@) = ° +3q+1,
nay(q) =q+2

o LetA = (4>2>1). We have

”(()4>2>1) (9) = qan@s1)(q) + ”(()3>1) (9) +n2)(q)-

This identity holds as

4>2>1 (9) = 4" +64° +114° + 99 + 2,
nes1)(g) = 4> +54° +7q +4,
-1y (9) = 4° +3q” + 34,
2)(7) =7 +2q9+2.

(5) Example for Theorem 4.9(3): Let A = (2). We have

This identity holds as n(()2)(q) =q ,n(()l)(q) =q.
4.2. Theorems 4.11, 4.12, 4.13, 4.14, 4.15.

Theorem 4.11. Let A = (A1 > Ay > -+ > Ay) € Ag be a nonempty partition with
distinct parts. Lety = (A —1 > Ay —1> -+ > A —1). Let I € J(Py),] €
J(Pyri1),K € J(Pyn). Define XIA,],K ={(x,x") e Ay | I(x') =],1(x") = K} and
IX?JIK = ‘(A/\’)]UK b ((AAN)I*( + (AAN)]) ’ Let

Xj = | | X}«
Je(7(Py NTOP, 1)) KE(T (P \TO(Py))

. Then we have

(@) X} = Rep + mA,.
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(b)
A
) ‘ (Gr)1\ X7 ‘

1eJo(Py)

Xi 1k
. ( D ‘M—> |
IeTO(Py) ]G(j(PA//I)\jO(P,\//I)),KG(j(P)\”)\jO(PA”)) LIX

© [(GON\XT| = ql(Gr)r\ A,
(d) If Ay > 1 then

Y @0AXY =a T 1G0T = |G\ x Ay

[eJ0(Py) [eJO(Py)

= g |G\ (THY x AL = q| G\ () x A)| = anl(a).

(4-7)

(e) If Ay =1 then
Y eunxt =q © 1@0nNTA = q |G\ (K] x Ay

1eg0(Py) IeTO(Py)
= g |G\ (THY x AL = 0] G\ (Au x Ay)| = anu(q):

Proof. We prove (a). We have

X} ={(, ) e Ay @Ay | 1) =] € TPy, NI By ),
1) = K € (T (By)\T°(Par))}
={(x X"y e Ay d A | X enAy, 1" €mnAn}
={(¥ X)) e Ay DA, | X' € Rep+mA,,x" € mA,n}

= Re;+ 1 A,.

This proves (a).

We prove (b). Consider the sum in the right-hand side of Equation (4.7). This
sum is exactly given by the action of (Gy); on X} for all I € J°(Py). This
proves (b).

We prove (c). To prove this we use the fact the residue field R /7R is a field
with exactly g elements. Let s : R/mR — R be a section for the projection
map R — R/nR. Assume s(0) = 0,5(1) = 1. Given a transitive (G ) -orbit
O C A, we have g transitive (G, )j-orbits

s(a)e; +O C Rey + A, for every a € R/TR.

This is because: For any x,y € Ay, g € (Gr)1 we have gx = vy if and only if
g(s(a)e; + x) = s(a)e; +y. Moreeover, s(ay)e; + O1 Ns(az)er + Op = @ unless
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s(a1) = s(az), 01 = Oy which is if and only if a; = a, 01 = O,. We also observe

that the orbit decomposition of X7 is given by

|_| S(a)€1+o = Re; + 1A, :Xj\.
ﬂGR/ﬂR,OE(gA)I\ﬂAA

This proves (c).

We prove (d) and (e). Note that if A, > 1, we have n?—[f{ = 7{2. If A, =1, we
have 719 = mA) = A,. Now we use the proof of Theorem 4.2. This proves (d)
and (e).

Hence Theorem 4.11 follows. |

Now we introduce some notation.

(1) Let A = (A > Ay > -+ - > Ag) € Ag be a nonempty partition with distinct
parts.

(@ Letv=(A1 — A > Ay — A > > A1 — Ap).

(3) For L € J(Py),] € T(Puyi), K € T(Py), let

X%,],K ={(x,x") e A\ | I(x') = J,1(x") = K}

and "‘?,],K = [(A) ok ® ((Ayn)g + (A)g) |-
4) L e T(Py),h € T(Pyy1,), K1 € T(Py), let

bk = {x") € Ay | 1F) = ), 1(x") = Kq}

and 0‘11/1,]1,K1 = ‘(Av,)hUKl ® ((Av”)}zl + (“’41//)]1)’
(5) For any partition &, let J°(Ps) be the set of height zero ideals in J (P;).

Now we state four lattice identities in the following four theorems.
Theorem 4.12. Using the notation as above, we have
A
X
D D 3

1€70(Py) <(],K)6JO(PA/ )xT (Byr) ALLK
(4.8) (0,Ax) ¢max(I)

Z ‘X}/l,h,Kl

oY > )
)XJ(PVI/) Il/]l/Kl

LeJ(Py) \(J1,K1)eTO(P,,

I
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Theorem 4.13. Using the notation as above, we have

A
’ X171

(xR
1€JO(Py) \JjeJouP,,, ),KeT(Py) “1JK

A/l
(0,Af)emax(I)

(4-9)

‘ v
_ Z ( Z I, J1.Kq )
— |
e (ANTO(P) \HeT (B, ) Kaed (Pr) “luJika
Theorem 4.14. Using the notation as above, we have

> > M)

A
1€70(Py) (]eJ(PA/ NIV ) KETO(Pyr) ALIK
(0,A)¢max(I)

=Z( y %55

. .
e P) \heT (B, NI, VKT (Pyr) “hliks )

(4.10)

Theorem 4.15. Using the notation as above, we have

A
o D v
A
10y \JET(Py NITO(Py L KETO(Pyn) YLLK
Ar)Emax(I)
(4.11) M

_ Z Z ‘ X}/lleKl

- .
Ilej(Pv)\jO(Pv) <]16‘7(P,//11)\jO(P,,’/Il)’Klejo(Pv”) “Ilzthl )
4.2.1. Proof of Theorem 4.12.

Proof. The number of ideals I € J(Py) of height zero, that is, I € J°(P,) is
(M —A2+1) (A2 —A3+1)--- (A1 —Ax+1) if k > 1 and one if k = 1. These
ideals are in bijection with the ideals I; € J(P,), where v = ((A — Ag) >
(A2 = Ag) > -+ > (Ag—1 — Ag)) with the bijection being

max(I) — max(L)) = {(v,A — Ay) | (v,A) € max(I), (v,A) # (0, A¢) }.

The inverse bijection is given as follows:

(4.12)
max(l) — max(I) = {(v,v+ Ag) | (v,v) € max(I1)} if I; is of height zero,

max(l) — max(I) = {(v,v+ Ag) | (v,v) € max([1)} U{(0, )}
if I is of positive height.
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Let I € J°(Py) with
max(I) = {(v1, 1), (v, t2), -+, (vs =0,t5) | 1 > tp > -+ > s}
We have v1 > vy > -+ > 0,1 > vs =0 and
fH—v1>th—10p > - >ts 1 —0s.1 >t —0s =ts > A
Therefore,
AMN=(t>th> - >tq>1),
(4.13) A//I:((vl+t2—02)>(02+t3—03)>---
> (Vs + ts—1 — Vs_1) > (vs_1 + 15)).
Consider the case t; > Ay. Under the above bijection the ideal I — I; €
J(Py), where
max (1) = {(v1,t1 — Ag), (v2, ta — Ak), - -+, (Us—1,ts—1 — Ak), (Us = 0, £ — Ag) }.
The ideal I; is of height zero and we have
V= — A >t — A > >t — Ay >t — Ag),
(414) V/L = ((v1+t—vp—Ag) > (va+1t3—v3—Ag) > -+
> (Vs_p 4 ts1 — V51 — Ag) > (V521 + s — Ag)).
Consider the case t; = Ay. Here
max(I;) = {(vy,t1 — Ag), (vo, by — Ag), -+, (0s—1, ts—1 — Ag) }

is a positive height ideal and we have

(4.15)
V=l - A >th—Apg > >t — M),

1///11 = ((Ul+t2—02—/\k) > (Uz+t3—03—)\k) > .
> (Vs—p 4 ts_1 — Vs—1 — Ag) > Vs_1 = Vs_1 +ts — ).

Note that the last part of A’ /I which is vs_1 + ts is always greater than Ay.
Suppose I € J°(Py) is a height zero ideal, such that t; > Ay, which occurs if
and only if I; € J°(P,) is a height zero ideal, then A; is a part of A” and it is
the last part of A”. So the set of ideals of height zero, that is, the set J°(P,») is
in bijection with the set 7 (P,~) of all ideals.
Let] € jO(P/\//I),K < j(P/\//) and

max(J) = {(w1, 1), (wa,12),- -, (w; = 0,77)},.
Then rj —w; = r > vs_1 +1ts > A and therefore for 1 < i < | we have
ri—w; > r—w =1 > A, Let 1 € j(Pv//Il) be such that max(J;) =
{(wl,rl — Ak)/ (Z(Jz,i’z — Ak)r' . ,(wl = 0,7’1 — Ak)} Then ]1 € jO(P //11)' Here

v
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we observe in this way, that there is a bijection between the sets 7°(P v, 1) and
"7 (Pv// 11)
Suppose K is a height zero ideal and (0,Ax) ¢ max(K). Let Ky € J(P,») be
the height zero ideal associated to K under the bijection J°(Py») <— J (Pn).
We have in this scenario,

| Ay . .
’XI]K‘ |AA ’ ’ A/I)] ’(AA//)K{
A/l oo s )
B q/\k |~A "/L ’q( o ('Av /11)]1 q(k % (“Av”)Kl
= ¢ Xk |-

In addirion,

“%],K = ‘(AA/)]UK} |(‘AA”)I*< + (AA")]{
(k—s)Ax ( A,,”)I*q + (A,

= qS/\k }(Ay/)hUKl‘ q

_ k)tk v
=4q4 0L, Ky

So we have
A v
‘XIJ,K‘ B ’Xll,h,Kl
A o v :
‘XI,],K lxll J1.K1

Now suppose (0,A;) € max(K). Let K3 € J(P,») be the ideal of positive
height associated to K under the bijection J°(Py») +— J(P,). Let K’ € J(P;)
be such that max(K’) = max(K)\{(0, A) }. Then K’ is an ideal of positive height.
Any positive height ideal K, € J(P,) satisfies the condition, K’ C K, C K for
some unique K € J(Py) such that (0,A;) € max(K). The ideal K is obtained
from Kj as follows: K = Ky U [({(0,Ax) })]1». Now it is clear that for this ideal K
we have K’ C K, C K and K is uniquely determined by K.

Now we observe that for the ideal K> we have

max(Kz)\[J]a = max(K)\[J]» = max(K')\[J] -

Moreover we have the ideals J UK, = JUK = JUK/ in the big fundamental
poset P as defined in 2.1. Hence we have

A A A
ALK = Lk = XL1K,
“%LK = ‘(AA/)]UK} |(A)\”)I*< + (Ax')ﬂ

= qSAk }(Avl)hUKl ‘ q(k_S))\k ("41/”)1*< + (Av”)h

1

_ kAL v
=1 k“h,h,Kl'
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We also observe that

* | _(k=s)A
|_| (A/\//)Kz - q( ) k (AV”)Kl
K'CK,CK
A _ k)\k v
Ll Xik| = LK | -
K'CK,CK
This proves that
A A v
X1k, ’UK’QKngXIJ,Kz ‘Xllrthl
) = ) = '
K'CKCK Y11 K, AT 1K XK

Hence we have proved the identity in Equation (4.8). This proves Theo-
rem 4.12. |

4.2.2. Proof of Theorem 4.13.

Proof. Here we observe that [ € JY(Py) is a height zero ideal, such that t; = Ay
occurs if and only if I} € J(P,)\J°(P,) is an ideal of positive height. The set
TV (Pys /1) of ideals of height zero is in bijection with the set J op, / 11) of height
zero ideals. Here Ay is a part of A’ and it is the last part of A’. So the last part
of A" is greater than A;. Let A" be the partition obtained by adding Ay to the
partition A" at the end. The set 7°(Py») of ideals of height zero is is in bijection
with the set J (P,~) of all ideals.

Let | € jO(P/\//I),K € J(Pyr) and max(J) = {(wy,m1), (wa,1r2), -, (w; =
0,77)}. Then r; —w; = r;, > vs_1+ts > A and therefore for 1 < i < [ we
have r; —w; > r—w; =1 > Ap. Let J; € j(PV//Il) be such that max(J;) =
{(wl,rl — )\k), (ZUZ,T’Q — Ak)/ e, (wl = 0,7’1 — Ak)} Then h € jo(Pv//Il)' Here
we observe in this way, that there is a bijection between the sets J°(P,; /) and
jO(Pv//Il)'

Let K" € J°(Py») be such that (0,A;) ¢ max(K'). Then K = K'N Py €
J(Py). Let max(K') = max(K) = {(xq,a1), -+, (xm = 0,a,)}. Let Ky €
jO(Pv//) be such that max(Kl) = {(xl,al — /\k), (XZ, ar — )tk),' -, (xm =0,a, —
Ar)}. Then it is clear that

A v
‘XIJ,K‘ B )Xll,h,Kl
A T v )
XT 1K XK

Let K’ € J°(Pyw) be such that (0, A;) € max(K’). Let K € J(Py») be such that
max(K) = max(K')\{(0,Ax)}. Let K1 € J(P,»)\J"(P,») be the ideal of positive
height. Now given any ideal K, € J(Py~) of positive height, there is a unique
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ideal K’ € J°(Pyw) be such that (0, A;) € max(K’) satisfying K C K, C K'\P,,),
where K € J(Py) is such that max(K) = max(K’)\{(0,Ax)}. Then it is clear
that

A A
‘XI,LKz B )'—'KQKzQK’\P(Ak>XI,J,Kz B ‘Xﬂ,h,m
A o A oav )
KCKaCRN\P( ) “TJ K, &7k “h K
This proves the identity in Equation (4.9). Hence the theorem follows. u

4.2.3. Proof of Theorem 4.14.

Proof. Suppose I € J°(P,) is a height zero ideal, such that ¢; > Ay, which occurs
if and only if I; € J°(P,) is a height zero ideal, then A; is a part of A” and it is
the last part of A", So the set of ideals of height zero, that is, the set J O(PA//) is
in bijection with the set J (P,~) of all ideals. Let A’ be the partition obtained by
adding the part A to A'/I. Then the set of all ideals J' € J(Pyn) of height zero
such that (0,A;) € max(]’) is in bijection with J(PV//Il)\jO(PV//Il). Now the
rest of the proof follows using standard arguments. This proves the theorem. W

4.2.4. Proof of Theorem 4.15.

Proof. Here we observe that I € J°(Py) is a height zero ideal, such that t; = Ay
occurs if and only if I; € J(P,)\J°(P,) is an ideal of positive height. Here
Ak is a part of A’ and it is the last part of A’. So the last part of A” is greater
than Ar. The set J°(Py») of ideals of height zero is in bijection with the set
JO(P,») of height zero ideals. Let A’ be the partition obtained by adding Ay to
the partition A" at the end. The set J°(Py») of ideals ]’ of height zero such that
(0, Ax) € max(J') is in bijection with the set J (P,~) of all ideals. Now the rest of
the proof follows using standard arguments. This proves the theorem. u

4.3. Proof of Theorem 4.9.

Proof. We prove (1), (2) simultaneously now. First we have using Equation (4.1)

Xk
Y /\—> :

) KeT (Pyr) 11K

ny(g) =Y [(Gy)\A\= )

1eJO(Py) 1€JO(Py) <Jej(pm

The above sum splits as two sums, one of which is given in the right-hand side
of Equation (4.7) and the other one is given by

Xk
el

)XJ(PA”)UJ(P/\//I)XJO(P/\”) ALK

(4.16) Y

I€TO(Py) ((],K)EJO(P

A1



68 C. P. ANIL KMAR

Theorem 4.11 then gives the first summand in Theorem 4.9 which is qng (q) if
Ak > 1 and gny,(q) if Ay = 1. We need to prove that the remaining sum in 4.16 is
ny(q) +n3(q) if Ak_1 — Ax > 1and n)(q) +ns(q) if Agq — A = 1.

Now we break the subsum given in 4.16 into two subsums as:

A
X T (By)UT (B, )T (Pyn) “LLK

)3

1€JO(Py) ((],K)EJO(PA//I)

- 3 iy

1€70(P)  \(LK)ETO(P ) xT (Pyn)UT (P, )< TO(Pyr) “LLK
(0,Ar)¢max(I)

+ ) (
1e0(Py)  \(JKET (P,
(0,Ar) €max(I)

‘X?,LK
» LU,
)XJ(P/\//)UJ(PA )XJO(PA//) I/]/K

//I

To complete the proof of Theorem 4.9, we need the identities given by Equa-

> > Xf“)

1e70(Py ) ((},K)ejO(PA//I)xj(PA//)uj(P/ )xJO(Pyr) X1JK

tion (4.17) and Equation (4.18). We have

(4.17) (0,A4) ¢max(I) A
Xt
I,J1,Kq
= Z ( Z a,,—> :”3(‘7)-
LeJPy) ]1€~7(Pvf/11)/K1€~7(Pv") Lo JuKs
Furthermore,
(4.18)

A
r > —’X”'K‘)

)
108y N(LK)ETOP, )X T (Py)UT (P )xTO(Pyr) *LIK
(0,Ax)emax(I)

_ Z Z )X}/lrh/Kl

v
LeJ (Py)\T°(Py) ((IllKl)GJO(PV//Il)XJ(P,,//)UJ(PV// )xTO(P,n) e )

I

G\ (A, x HY)

Observe that the last part of v is Ay_1 — Ay. We have already observed that
if Ak_q —Ax > 1 then |Gy\(mAy x HY)| = n%(q) and if Ay_; — Ay = 1 then
|G\ (A, x HI)| = ns(q), where mA, = As.
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Equation (4.17) is obtained by combining Equation (4.8) and Equation (4.10).
Equation (4.18) is obtained by combining Equation (4.9) and Equation (4.11).
We established the identities in Equations (4.8), (4.10), (4.9), (4.11) in Theo-
rems 4.12, 4.14, 4.13 4.15, respectively.
Theorem 4.9(3) is easy. Therefore we have completed the proof of Theorem 4.9.
|

Remark 4.16. Theorem 4.9 can be generalized to partitions which need not have
distinct parts.

Many more nice identities such as the following have been observed. Let
A= (A > Ay > - > M) be a partition with distinct parts.

e Suppose k > 2,Ay =1,A1 — Ay > 1. Let
pu=M—=-1>A> - >A),v=A1> > Ag).

Then we have
n3(q) = qniy(q) + 219 (q).
e Suppose k > 2,A, =1,A; — Ap = 1. Let

p=A> A3 > > A),
V:()L2>)\3>"'>)Lk),
5:<()L2—1)2Z)L3>"'>/\k).

Then we have

n3(q) = qniy(q) +2n(q) + n3(q).

Theorem g.17. Let A = (A" > A8 > AL > ... > AP¥) € Ag be a partition and
R be a discrete valuation ring with maximal ideal generated by a uniformizing element
7 having finite residue field k = R/mR = F,. Let Ay = @F_(R/ 7 R)P be its
associated finite R-module and Gy be its automorphism group. Let ny(q) be the number
of orbits of pairs in Ay x A, for the diagonal action of Gy on Ay x Ay. Then ny(q) is
a polynomial of degree A1 with non-negative integer coefficients.

Proof. This theorem follows from Theorems A, 4.2, 4.5, 4.9 and the fact that

nfy)(q) = q,n0(q) = ng(q) = 1. u
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