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Introduction

@ Polynomials with nonnegative coefficients and only real roots arise frequently in combinatorics

@ real rootedness of a polynomial p(x) = c,x" + -+ + c1x + ¢ with ¢; > 0 implies:

- unimodality: ¢og < ¢ < - < ¢k > Crr1 > > Cp

i log-concavity: Ci_1Cip1 < Cl-2
H

- ~y-positivity: if p(x) is symmetric then p(x) = Z*/kxk(l + x)972K with v; > 0
k=0

@ Find nonnegative, real rooted polynomials in geometric combinatorics
Brenti, Brandén, Borcea-Brandén, Jochemko, Mohammadi-Welker, Hlavacek-Solus,....

i.e. if P is a simplicial polytope, the h-polynomial h(sd(P), x) of the barycentric subdivision of P is nonnegative and
real rooted



Symmetric Decompositions

o Every p(x) € R[x] with deg(p(x)) < d can be uniquely decomposed as

p(x) = a(x) + x b(x)

» deg(a(x)) < d, a(x) = x?a(l) and a(x) = 2)=x"p0/)

1—x

w deg(b(x)) < d—1, b(x)=x9=1h(L) and b(x) = X0/)—pC)

1—x

m the decomposition depends on p(x) and d

example: if p(x) = 2x3 — x2 + x — 8 then
ford=3: p(x)=(-8x3—9x2 —9x — 8) + x(10x? + 8x + 10)

ford=4: p(x)=(-8x* —7x3 —10x% — 7x — 8) + x(8x3 + 9x% + 9x + 8)



Symmetric Decompositions

nonnegative

unimodal . .
@ Wesay that p(x) = a(x) + xb(x) has real rooted symmetric decomposition

interlacing

if both a(x) and b(x) have the corresponding property

@ Find polynomials in geometric combinatorics which have nonnegative, real rooted symmetric decompositions

i.e. if Ais a triangulation of a ball, then

(h(A, x) = h(9A, x))

X

h(A, x) = h(9A, x) + x

is a symmetric decomposition

Under what conditions this symmetric decomposition has nice properties?



Interlacing polynomials

o Let f(x), g(x) € R[x] be real rooted polynomials

Let a; > a» > --- > a, be the roots of f

Let by > by > -+ > by, be the roots of g (m=norn+1)

@ the polynomial f interlaces g (f < g) if

@ A sequence (p,-(x))lr.;o of real rooted polynomials in an interlacing sequence if

pi(x) < pj(x) forall 1<i<j<n



Methods for proving real rootedness

[Wagner’92] If (f;)7_; is an interlacing sequence and A; > 0, then

MA+Xfh+---+ A f, s real rooted

[Brandén "15] If (£;)7_, and (g;)7_; are two interlacing sequences then

f18n + fagn—1 + - - + fag1 s real rooted

[Savage,Visontai '15] If f, g be two polynomials with nonnegative coefficients.

Then f < g iff (Ax 4+ p)f + g is real rooted for all A\, u >0



Starting point: face enumeration of simplicial complexes

o Let A be a simplicial complex with dim(A) =n—1

f-vector: f(A) = (f_1(A), fo(A),... f,_1(A)) where f;(A) =# of i-dim faces of A

F(A,x) = Zf

h-vector:  h(A) = (ho(A), hi(A), ..., ha(A))
h(A,x) =Y " hi(A)x" =Y fia(A)x(1—x)""

o They are related by (A, x) = (1+ x) h(A, )

Question: Let A be a simplicial complex. Find triangulations A’ of A having nonnegative, real rooted h(A’, x) ?

o [Brenti-Welker| Barycentric subdivisions

o [Jochemko] r-fold edgewise subdivisions

o [Anwar-Nazir, Mohammadi-Welker| Interval subdivisions (2-colored barycentric subdivisions)
°

[Athanasiadis| r-colored barycentric subdivisions (for r = 1 they reduce to barycentric subdivisions)



The general question

Let A be a "nice” simplicial complex (i.e., sphere, ball, Cohen-Macualay,...)

Find broad classes of triangulations A’ of A which have the property that h(A’, x) is nonnegative and real rooted J

[Athanasiadis '20] Uniform triangulations which have the strong interlacing property v/

Find broad classes of triangulations A’ of A which have the property that h(A’, x) nonnegative real rooted symmetric
decomposition.

[Athanasiadis, T.'21] Again, uniform triangulations which have the strong interlacing property lead to an affirmative

answer under certain conditions

® we give conditions on h(A) under which the symmetric decomposition of h(A’, x) is nonnegative and real rooted

= we give conditions on h(A) under which the above symmetric decomposition of h(A’, x) is also interlacing



Uniform trangulations and feasible uniform triangulations

@ Let A be a simplicial complex of dim(A) < d and F = (f‘]:(/',j))71<l.<j<d71

A triangulation A’ of A is F-uniform if, forall0<i<j<d

each j-face of A contains the same number of j-faces of A’
fr(i+1,j+1)

o Weacall F= (f]:(i,j)) n f-triangle of size d

0<i<j<d @

0 F= (f].-(i,j)) is feasible if every simplex oj, 1 <j < d has an F-uniform triangulation
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Uniform trangulations and feasible uniform triangulations

Theorem [Athanasiadis '20] If F is a feasible f-triangle and A’ an F-uniform triangulation of A, then

h(A',x) = > h(B) prnk(x)

k=0

where pr , «(x) are polynomials with nonnegative coefficients, depending only on F.

©

hx(on,x) = pFno(x) = Z PF,n—1,k(x)

©

X"p}',n,k(%) = PF,n,n—k(X)
° PF,nk(X) = pr nk—1(X) + (x = 1)pF n—1k-1(x)

® pF,nk is the h-polynomial of the relative simplicial complex obtained from the F-triangulation of o, by removing
all faces on k facets of dop,



example

n
Theorem [Brenti-Welker'08] For barycentric subdivisions we have pr , «(x) = Z pr(n, k,j)x/, where
Jj=0

P (n, k,j) = # permutations of {1,...,n+ 1} with k descents and o(1) = + 1

p3o(x) =x"+4x+1
_ 2
23,183 = 12&2 i ;ﬁ the polynomials pr 3,;(x) for the barycentric subdivision of the 2-dim simplex
3,2(X) =
p3,3(x) = 3 4+ 4x? + x

h(A) = (1,3,3,1)
h(sd(A)) = 1 - p3,o(x) + 3 - p3,1(x) + 3 - p3,2(x) + 1 - p3,3(x)

=x>+23x2 +23x+ 1

h(A) = (1,3,2,0)
h(sd(A)) =1 - p3,o(x) + 3 - p3,1(x) + 2 p3,2(x) + 0 - p3,3(x)

=15x2 +20x + 1



Properties of pr , x(x)

o hx(on,x) = pFnolx prn 1,k(x)
o x"pr k(L) = pr nn—k(x)
o prak(x)=pPrak—1(x)+ (x=1)prn1,k-1(x)

9 pr.anti(x) = hr(on1) — hr(Ooni1)

p3a(x) =0 paa(x) = x* +31x +31x + x
34x3 +124x + 34

p20(x) =3x+1 p3o(x) =3x> +12x + 1 Pao(x) = x° ;F 312 3+l
p2,1(x) = 4x p3.1(x) = 6x% 4 10x pas(x) = 4x° + 40x? JF20x
p22(x) = x* + 3x p3.2(x) = 10x2 + 6x pa2(x) = 10x® + 44x% + 10x
p2.3(x) = 2% + 2x p3.a(x) = x® +12x% + 3x pa,3(x) = 20>< + 40x° 4 4x
' )
)=

Pas(x



The strong interlacing property

o Let 7 = (fr(i,))) be a feasible f-triangle.

0<i<j<n
The triangle 7 has the strong interlacing property with respect to n if,

® hg(om,x) is real rooted forall m=2,...,n—1

@ hr(om,x) — hr(Oom,x) w isidentically zero  or

s is real rooted of degree m — 1 with nonnegative coefs

interlaced by hr(om—1,x), forallm=2,... ,n—1

@ useful property: If F has the strong interlacing property, then (p]:,,,,o(x), PFE,n1(X), ..., p]:),,,,,(x)) is an

interlacing sequence

Theorem [Athanasiadis'20]

n
If h(A) = (ho(A), ..., hs(A)) is nonnegative, then h(A’, x) = Z hi(A) pr,n,k(x) is real rooted
k=0




h(A",x) = 370 _o hk (D) p7,n,k(x) J

Our main resuit (1)

Theorem [Athanasiadis'20]
Let F = (ff(i,j)) be a feasible triangle having the strong interlacing property w.r.t. n
Let Dr p : Ry[x] = Ra[x] with D]:’n(x") = PF,nk(X)

If p(x) = co+ ax+ -+ cnx" € Ry[x] with ¢; > 0 then Dx ,(p(x)) is nonnegative and real rooted

Theorem [Athanasiadis, T. '21]
Let 7 = (ff(i,j)) be a feasible triangle having the strong interlacing property w.r.t. n
Let D, : Ra[x] = Ra[x] with Dz (x*) = pr,nk(x)
and p(x) = co + aax+ -+ cpx" € Ry[x] with ¢; > 0 for all i
@I q+a+-+G<ctci1+ -+ forall0<i<|]]
then Dx ,(p(x)) has a nonnegative, real-rooted symmetric decomposition w.r.t. n

@ If, in addition, cic,_j_1 < Ciy1€p—j forall 0 < i<n-—1

then, the above decomposition is interlacing.
v




Conditions of Theorem (1) in terms of h-vectors: h, > 0

o Condition for h(A’, x) having real rooted symmetric decomposition
® ho(A)+ hi(A)+ -+ hi(A) < ha(A) + hp1(B) + -+ + hy_i(A) fori=1,...,|2]
Question: Find families of simplicial complexes having h-vector satisfying @
m Doubly Cohen-Macaulay simplicial complexes [Stanley]

o Condition for h(A’, x) having interlacing symmetric decomposition

~

hO(A) < hl(A) < < hnfl(A) hn(A

ha(B) = ho—1(BA) =T hi(A) ~ ho(A)

Question: Do all 2-Cohen-Macaulay simplicial compexes A satisfy @7



Application of main theorem (1)

Theorem [Athanasiadis, T.'21]
Let 7 = (ff(i,j)) be a feasible triangle having the strong interlacing property w.r.t. n+ 1
Let I' be an n-simplicial complex with nonnegative h-vector and A its (n — 1)-skeleton

o hx(A,x) has a nonnegative, real rooted and interlacing symmetric decomposition w.r.t. n

Example: If A is the 1-skeleton of the boundary of the cross-polytope:

h(sd(A)) = 7x* + 16x + 1

real rooted and interlacing

(2
= (X" +10x +1) + x(6x +6) symmetric decomposition

Proof: We use the fact that hy(A) = ho() + hi(T) + -+ - + he(T)



Our main result (2)

Theorem [Athanasiadis, T. '21]
Let D, : Ra[x] = Ra[x] with Dz ,(x*) = pr,nk(x)
Let 7 = (f]:(i,j)) be a feasible triangle having the strong interlacing property w.r.t. n —1
p(x) = co + c1x + -+ ch_1x"71 € Rpy[x] with ¢; > 0 for all i
@l cta+ - +¢G>cr1t-+c; forall 1<i<|2|
then Dx ,(p(x)) has a nonnegative, real-rooted symmetric decomposition w.r.t. n—1
@ If, in addition, ¢iCch_j—1 > Ciy1Cq—; forall 1<i<n-—1

then, the above decomposition is interlacing

proof: apply Theorem(1) to x"p(1/x)



Conditions of Theorem (2) in terms of h-vectors: h, =0

o Condition for h(A’, x) having real rooted symmetric decomposition
@ ho(B)+ hi(B) + -+ hi(D) > hy 1(B) + by o(A) + -+ by i(A) fori=1,...,
Question: Find families of simplicial complexes having h-vector satisfying @

m every simplicial (n — 1)-ball satisfies @ [Stanley '93]

@ Condition for h(A’, x) having interlacing symmetric decomposition

mA) o ha(8) o hea(8) _ haer(A)
hr1(B) = hoa(B) = T Thy(B) T hi(D)

Question: Find families of simplicial complexes having h-vector satisfying @ and @

" |s there a class of triangulations of simplicial balls satisfying @7?



Open problems

9 s it true that for any polytope P the h-polynomial h(sd(P), x) is nonnegative and real rooted?

o s it true that for any “nice” polytopal complex A the h-polynomial h(sd(A), x) is nonnegative and real rooted?

@ s it true that for any “nice” polytopal complex A the h-polynomial h(sd(A), x) has a nonnegative real rooted

symmetric decomposition?



Thank you for your attention!
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proof (idea)

Let p(x) = co + cax + - -+ cpx" with ¢; > 0 for all /

@ We find the symmetric decomposition of Dx ,(p(x))

n n k—1 n
Dra(p(x) =Y ckpranlx) = c (X PFa-1i(X)+ P}',n—l.i(x))
k=0 k=0 i=0 i=k
n—1
=(c+- +ca)pr,n-1,n(X) + Z(Co +oFcat(ot -+ Cn—l—i)x) PF,n—1,i
i=0
n—1
+x Z(Cn +e1+ -t CGoi—C =1~ = G)PpFa-1,i(X)
i=0

n

n k—1 n
Dra(p(x) =Y ckprak(x) = ck (X pra-1i(X)+ Y PJ-',n—1,i(X))
k=0 k=0 i=0 i=k



proof (idea) cnt'd

@ a(x) and b(x) are real rooted
mw b(x) is a nonnegative linear combination of the polynomials pr ,_1,;(x)

w 3(x) is a sum of polynomials \;(x) - pr n—1,; with deg(Xi(x)) < 1 and nonnegative
coefficients

™ pr,_,.(x), i=0,...,nis an interlacing sequence

0 if cicp—1—; < cpr1Cp—; then a(x) and b(x) are interlacing
» pr(x) i= Dr.a(p(x))
w |t suffices to show that pr(x) is interlaced by x"pf(%)

- . Cj Cn—i
w this is true if < !
Cit+1 Cn—i—1




