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(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷ ?

Periodic boundary conditions



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷ ?
1st row 

2nd row 

3rd row 

4th row



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷ ?
1st row 

2nd row 

3rd row 

4th row



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

1st row 

2nd row 

3rd row 

4th row

⟷ ?



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

1st row 

2nd row 

3rd row 

4th row

⟷ ?



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

1st row 

2nd row 

3rd row 

4th row

⟷ ?



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

1st row 

2nd row 

3rd row 

4th row

⟷ ?



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

1st row 

2nd row 

3rd row 

4th row

⟷ ?



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

1st row 

2nd row 

3rd row 

4th row

⟷ ?



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

1st row 

2nd row 

3rd row 

4th row

⟷ ?



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

1st row 

2nd row 

3rd row 

4th row

⟷ ?



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

1st row 

2nd row 

3rd row 

4th row

⟷ ?



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

1st row 

2nd row 

3rd row 

4th row

⟷ ?

Produce a pair of semi-standard  
skew tableaux



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

1st row 

2nd row 

3rd row 

4th row

⟷ ?

Produce a pair of semi-standard  
skew tableaux



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

1st row 

2nd row 

3rd row 

4th row

⟷ ?

Produce a pair of semi-standard  
skew tableaux

P , Q



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷ ?

P , Q

Fact: if empty shape of , then          [Sagan-Stanley’89]ρ = P, Q |ρ | = ∑
k>0

n

∑
i,j=1

k Mk
i,j



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷ ?

P , Q

IDEA: we think of  as the initial data of an “integrable” dynamics(P, Q)



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

IDEA: we think of  as the initial data of an “integrable” dynamics(P, Q)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷ ?

P , Q



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

IDEA: we think of  as the initial data of an “integrable” dynamics(P, Q)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷ ?

P , Q



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

IDEA: we think of  as the initial data of an “integrable” dynamics(P, Q)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷ ?

P , Q



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

IDEA: we think of  as the initial data of an “integrable” dynamics(P, Q)

Q

Q′ 

P′ P

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷ ?

P , Q



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

IDEA: we think of  as the initial data of an “integrable” dynamics(P, Q)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷ ?

P , Q
Q

Q′ 

P′ P
P′ , Q′ 



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

IDEA: we think of  as the initial data of an “integrable” dynamics(P, Q)

RSK

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷ ?

P , Q P′ , Q′ 



(P, Q) → (P′ , Q′ ) → ⋯ → (P(n), Q(n))

Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

IDEA: we think of  as the initial data of an “integrable” dynamics(P, Q)

RSK

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷ ?
RSK



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

IDEA: we think of  as the initial data of an “integrable” dynamics(P, Q)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷ ?
(P, Q) → (P′ , Q′ ) → ⋯ → (P(n), Q(n))RSK

Skew RSK dynamics



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

IDEA: we think of  as the initial data of an “integrable” dynamics(P, Q)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷ ?

Fact: Asymptotically the  tableaux  become “stable”P(n), Q(n)

(P, Q) → (P′ , Q′ ) → ⋯ → (P(n), Q(n))RSK

Skew RSK dynamics



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷ ?

P(10) , Q(10)

Fact: Asymptotically the  tableaux  become “stable”P(n), Q(n)

(P, Q) → (P′ , Q′ ) → ⋯ → (P(n), Q(n))RSK

Skew RSK dynamics



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷ ?

P(10) , Q(10)

Fact: Asymptotically the  tableaux  become “stable”P(n), Q(n)

(P, Q) → (P′ , Q′ ) → ⋯ → (P(n), Q(n))RSK

Skew RSK dynamics

From stable configurations we determine 
vertically strict tableaux V, W



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷

P(10) , Q(10)

; κ

Fact: Asymptotically the  tableaux  become “stable”P(n), Q(n)

(P, Q) → (P′ , Q′ ) → ⋯ → (P(n), Q(n))RSK

Skew RSK dynamics

From stable configurations we determine 
vertically strict tableaux V, W



Construction of Υ

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷

P(10) , Q(10)

; κ

Fact: Asymptotically the  tableaux  become “stable”P(n), Q(n)

(P, Q) → (P′ , Q′ ) → ⋯ → (P(n), Q(n))RSK

Skew RSK dynamics

From stable configurations we determine 
vertically strict tableaux V, W

To determine  we need to study the scattering of 
the skew RSK dynamics (no time today)

κ



Construction of Υ

Fact: Asymptotically the  tableaux  become “stable”P(n), Q(n)

(P, Q) → (P′ , Q′ ) → ⋯ → (P(n), Q(n))RSK

Skew RSK dynamics

From stable configurations we determine 
vertically strict tableaux V, W

To determine  we need to study the scattering of 
the skew RSK dynamics (no time today)

κ

Question: Can we characterize the 
shape  of  in terms of the 

matrix  ?
μ V, W

Mk
i,j

(Mk
i,j) ⟷ (V, W; κ)

(0,0,…) (0,0,…) (0,1,…) (0,0,…) (1,0,…)
(1,0,…) (0,1,…) (0,0,…) (0,0,…) (0,0,…)
(0,0,…) (0,1,…) (0,1,…) (0,0,…) (0,0,…)
(0,0,…) (0,0,…) (1,0,…) (0,0,…) (0,0,…)
(0,0,…) (1,0,…) (0,0,…) (0,0,…) (0,0,…)

⟷ ; κ



Greene invariants
• Definition:   

•   maximal number of bullets in k                 
nonintersecting loops 

•   maximal number of bullets in k                 
nonintersecting up-right paths

LDSk =

LISk =



Greene invariants
• Definition:   
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Conclusion
• We construct a bijective q-extension of the RSK correspondence  

• With  we can prove bijectively the Cauchy identities (CI) for q-Whittaker 
polynomials 

• It is the first time a bijective proof is given for CI of Macdonald polynomials outside of 
the Schur case 

• Symmetries of the bijection  allow to prove Littlewood identities, Kawanaka 
identities and skew Gessel identities 

• We extend in periodic setting the notion of Greene invariants

Υ

Υ

Υ


