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Covered topics:

@ Zonotopes

© Matroids and poset of flats

© Integral points

@ Application to the Hitchin fibration

© Representation theory
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Let ' = (V, E) be a graph without loops (possible with multiple
edges).

The graphical zonotope Zr of I is the integral polytope defined by
Zr = Z y,-J[O, € — ej] C RV(F)
(ig)er
where y; ; is the number of edges between i and .

Zr is a Minkowski sum of segments.
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Let ' = (V, E) be a graph without loops (possible with multiple
edges).

The graphical zonotope Zr of T is the integral polytope defined by
Zr = Z y,-J[O, € — ej] C RV(F)
(ig)er
where y; ; is the number of edges between i and .

Zr is a Minkowski sum of segments.

Define C(Z) = (—1)?L(Z, —1) as the number of integral points in
the relative interior of Z.
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Consider a translation vector w € R".

Let ' be the graph in the picture and w = (1/2,1/2,0). The
graphical zonotope is

so C(Zr) =23 and C(Zr + w) = 30.
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Matroids and poset of flats

We consider graphs ' = (V/, E) possibly with multiple edges and
the associated cycle matroid.

Cycle matroid Graph
Groundset Set of edges
Independent Forest
Dependent Containing a cycle
Closure oper. Adding all dependent edges
Flat Partition of V' with connected blocks
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Matroids and poset of flats _

We consider graphs ' = (V/, E) possibly with multiple edges and
the associated cycle matroid.

Cycle matroid Graph
Groundset Set of edges
Independent Forest
Dependent Containing a cycle
Closure oper. Adding all dependent edges
Flat Partition of V with connected blocks

Define the poset of flats S C Iy, as the collection of all flats
ordered by refinement.
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Matroids and poset of flats _

Let S € S be a flat, the deleted graph ls is the graph with only
edges in the flat S. The contracted graph I'° is obtained from I
by contracting all the edges in the flat S.
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Matroids and poset of flats _

Let S € S be a flat, the deleted graph ls is the graph with only
edges in the flat S. The contracted graph I'® is obtained from I
by contracting all the edges in the flat S.

Consider the graph I' with poset of flats S and the flat 123.

123
/1N
123 13)2 23|1 o
N | S 2[M23Q) ®_®
11213 S riz3
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Matroids and poset of flats _
Proposition
Each face of Zr is a translate of Zr, for some flat S € S.
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Matroids and poset of flats _
Proposition
Each face of Zr is a translate of Zr, for some flat S € S.

Goal: write C(Zr 4 w) in term of the numbers C(Zr,) for S € S.
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Integral points _

Theorem (Stanley '91, Ardila Beck McWhirter '20)

Let Z =3 ;. £[0, V] be an integral zonotope and w € R". Then
CZ+w)= Y (=16 swynze0 Vol (1),

| independent set
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Integral points _

Theorem (Stanley '91, Ardila Beck McWhirter '20)
Let Z =3 ;. £[0, V] be an integral zonotope and w € R". Then

C(Z+w)= S O TSy sz 0 VoI(1).

| independent set

Let Z=1[0,e1] +[0,e1 + ] + [0, &1 — &] and w = (3, 3).

\ X
A/ 4

C(Z + w) = Vol(vav3) + Vol(v1v2) + Vol(viv3) — Vol(v2) — Vol(v3)
=24+141-1-1=2.

v
Ardila, Supina,Vindas-Meléndez - The equivariant Ehrhart theory of the permutahedron
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Integral points _

Theorem (Stanley '91, Ardila Beck McWhirter '20)

Let Z =3 ;. £[0,vj] be an integral zonotope and w € R". Then
C(Z+w)= Z (_1)r_m5(<w>iel+w)ﬂZ’;£® Vol(/).

| independent set

C(Z+w)= 3 (D) by > Volll)
S flat i indez)e>ndent set
n=s
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Integral points _

Theorem (Stanley '91, Ardila Beck McWhirter '20)

Let Z =3 ;. £[0,vj] be an integral zonotope and w € R". Then
C(Z+w)= Z (_]‘)r_‘l‘5(<Vi>i€I+uJ)ﬂZ'7f® Vol(/).

| independent set

C(Z+w)= 3 (D) by > Volll)
S flat i indez)esndent set
n=s

Aset S C [r] is w-integral if ), sw;i € Z. A partition S+ [r] is
w-integral if all its blocks S; are w-integral.
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Integral points _

Theorem (Stanley '91, Ardila Beck McWhirter '20)

Let Z =3 ;. £[0,vj] be an integral zonotope and w € R". Then
C(Z+w)= Z (_1)r_m5(<w>iel+w)ﬂZ’;£® Vol(/).

| independent set

C(Z+w)= 3 (D) by > Volll)
S flat i indez)e>ndent set
n=s

Aset S C [r] is w-integral if ), sw;i € Z. A partition S+ [r] is
w-integral if all its blocks S; are w-integral.

For a graphical zonotope Zr and a flat S € S we have
d((s)+w)nzr2p = 1 if and only if S is w-integral.
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e
Theorem (Mauri, Migliorini, P. '23)

IfY"_ wi € Z, then
CZr+w)=CZ)+Y_( Y us(S,T))C(Zry).

Ses T>S
T w-integral
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e
Theorem (Mauri, Migliorini, P. '23)

If>_jwi € Z, then
CZr+w)=CZ)+3 (Y us(s.T))C(Zr).

Ses T>S
T w-integral

Sketch of proof: We used the theorem by Stanley/ABM and the
Mobius inversion on the poset of flats S. O
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e
Theorem (Mauri, Migliorini, P. '23)

IfY"_ wi € Z, then
CZr+w)=CZ)+Y_( Y us(S,T))C(Zry).

Ses T>S
T w-integral

Sketch of proof: We used the theorem by Stanley/ABM and the
Mobius inversion on the poset of flats S. O

Consider w = (3, 3,0) and T as below
132 231 @4

|/ 21 T B
1123 S, @
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e
Theorem (Mauri, Migliorini, P. '23)

IfY"_ wi € Z, then
CZr+w)=CZ)+Y_( Y us(S,T))C(Zry).

Ses T>S
T w-integral

Sketch of proof: We used the theorem by Stanley/ABM and the
Mobius inversion on the poset of flats S. O

Consider w = (3, 3,0) and T as below
132 231 @4
| / 2 D@)
1238 @
C(Zr +w) = C(Zr) + C(Zrp,,) + C(Zry,) + C(Zry )
30=23+3+3+ 1.
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Application to the Hitchin fibration _

The Dolbeault moduli space is
M(n,d) = {ss Higgs bundle over C of rank n degree d}/S—equivaIence'

The cohomology does not work well on singular spaces, it is much

better to consider the intersection cohomology IH(M(n, d)).
IH(M(n, d)) ~ H(An, RXx ICp(n,a))

where IC is the perverse intersection complex.
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Application to the Hitchin fibration _

The Dolbeault moduli space is
M(n, d) = {ss Higgs bundle over C of rank n degree d}/S—equivaIence'

The cohomology does not work well on singular spaces, it is much

better to consider the intersection cohomology IH(M(n, d)).
IH(M(n, d)) ~ H(An, RXx ICp(n,a))

where IC is the perverse intersection complex.

Theorem (Mauri, Migliorini '22)
The Decomposition Theorem specializes to
R 1Cu(n.d) |Aes = ED1Cs,(Lnad @ An)

nkn
for some local systems L, 4 and for N, the cohomology sheaf of
the relative Picard group Pic®(C,) of the normalization of the
spectral curve.
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Theorem (Mauri, Migliorini '22)

The Decomposition Theorem specializes to
RX 1Ch1(nd) | Aes = ED1Cs,(Lna © ).

nkn
We have
«S)
HP (R ICum(na))a = KD (Lng.a)a @ Q) HP(RX 1Chs).0))a
SH[E(n)] i=1
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Theorem (Mauri, Migliorini '22)
The Decomposition Theorem specializes to
RX 1Ch1(nd) | Aes = ED1Cs,(Lna © ).

nkn
We have
«S)
HP (R ICum(na))a = KD (Lng.a)a @ Q) HP(RX 1Chs).0))a
SH[E(n)] i=1

which dimension is
C(Zr,+w)= > rk(Lns4)C(Zrs)
Sk[¢(n)]

M)_

where w = (5
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Application to the Hitchin fibration

Problem: determine L, 4. In particular:
© for which partitions n the local system L, 4 is zero?
@ determine the rank rk(L, 4).

© determine the monodromy of the local system L, 4.
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Theorem (Mauri, Migliorini, P. '23)

If> 1 _wi € Z, then
C(zr+w)=CZ)+ Y (S us(S.T))C(Zr).

Ses T>S

T w-integral
y

In the case of the complete graph I = K, and w = (%) we have
«s)

k(Loa)= Y (1T - 1)
i=1

SkH[r]
S w-integral
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Theorem (Mauri, Migliorini, P. '23)

If> 1 _wi € Z, then
C(zr+w)=CZ)+ Y (S us(S.T))C(Zr).

Ses T>S

T w-integral
y

In the case of the complete graph I = K, and w = (%) we have

£(S)
k(Lng) = > ()]SI 1)
SkH[r] i=1
S w-integral

Moreover, L, g =0 ifw € Z', i.e. % € Z for all i.

This answers to Problem 2.
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Application to the Hitchin fibration

We denote by S,, C S the downward closed subposet of
non-w-integral flats. Let A(S,,) be the the order complex of the
poset S, \ {0}.
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Application to the Hitchin fibration _

We denote by S,, C S the downward closed subposet of

non-w-integral flats. Let A(S,,) be the the order complex of the
poset S, \ {0}.

Theorem (Mauri, Migliorini, P. '23)

The poset S,, is LEX-shellable. Therefore,

C(Zr +w) = C(Zr) + Y rkHP(A(S,,>5)) C(Zry)-
Ses,
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Application to the Hitchin fibration _

We denote by S,, C S the downward closed subposet of

non-w-integral flats. Let A(S,,) be the the order complex of the
poset S, \ {0}.

Theorem (Mauri, Migliorini, P. '23)

The poset S,, is LEX-shellable. Therefore,

C(Zr +w) = C(Zr) + Y rkHP(A(S,,>5)) C(Zry)-
Ses,

Ifw ¢ 7', i.e. exists i such that % & 7, then L, 4 # 0.

This solves Problem 1.

Roberto Pagaria

Mar 2023 12 /17



Representation theory _

Let Ol be the oriented graph obtained by replacing every
unoriented edge in I with the two possible oriented edges.

Consider the representation ar of Aut(I") defined by
ar(o) =sgn(o: V(I') = V(I))sgn(c: E(OIN) — E(OT))
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Representation theory _

Let Ol be the oriented graph obtained by replacing every
unoriented edge in I with the two possible oriented edges.

Consider the representation ar of Aut(I") defined by
ar(o) =sgn(o: V(I') = V(I))sgn(c: E(OIN) — E(OT))

Consider the graph:

b

with a % b. Then Aut(T) = Z/2Z = ((12)) and ar(c) = (~1)*+1.
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Representation theory _

Consider the group Aut(l') < &, and suppose that w is a
Aut(I)-invariant vector. Let C(Zr + w) be the permutation
representation of Aut(I") on the set of integral points in the interior
of Zr + w (dimC(Zr + w) = C(Zr + w)).
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Representation theory _

Consider the group Aut(l') < &, and suppose that w is a
Aut(I)-invariant vector. Let C(Zr + w) be the permutation
representation of Aut(I") on the set of integral points in the interior
of Zr + w (dimC(Zr + w) = C(Zr + w)).

Theorem (Mauri, Migliorini, P. 2023)

C(Zr +w) =C(Zr)®

Aut(l Ly
D Indguiid) ars © HP(A(S,25)) @ C(Ts).
S€S,/ Aut(l)

TR



Theorem (Mauri, Migliorini, P. 2023)

C(Zr + w) :C(Zr)@

@ In dé:até(r;) ars ® ﬁtOP(A(Sw,zS)) ®C(Ts)
SeS.,/ Aut(r)

13|2 231
be
Letw = (4.1.0), 2 s,

The automorphism group is Aut(l') = Z/2Z = ((1,2)). Then:
C(Zr +w) = C(Zr) ® Reg™ @(sgn ® sgn ®1).

Roberto Pagaria Mar 2023 15 / 17



Representation theory - |
Theorem (Mauri, Migliorini, P. '23)

C(Zr +w) =C(Zr)®

@ |nd§:até(r;) ars ® ﬁtOP(A(Sw,ZS)) ® C(I_S)'
S5e8./ Aut(T)

Sketch of proof: We compute
the character on both sides:
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Representation theory - |
Theorem (Mauri, Migliorini, P. '23)

C(Zr +w) =C(Zr)®

@ |nd2:até(r;) ars ® ﬁtOP(A(Sw,ZS)) ® C(I_S)'
S5e8./ Aut(T)

Sketch of proof: We compute
the character on both sides:

Xe(zr+w)(0) = C((Zr +w)7)
Moreover for S € S

Xﬁtop(A(Sw’Zs))(o-) = iMSg (57 i)
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Representation theory - |
Theorem (Mauri, Migliorini, P. '23)

C(Zr +w) =C(Zr)®

@ |nd2:até(r;) ars ® ﬁtOP(A(Sw,ZS)) ® C(I_S)'
S5e8./ Aut(T)

Sketch of proof: We compute
the character on both sides:

Xe(zr+w)(0) = C((Zr +w)7)
Moreover for S € S

Xﬁtop(A(Sw’Zs))(o-) = iHSg, (57 i)

The result follows from
o\ __ o T o
C(Zr +w)) = C(Z0) + Y +nsp(S.D)C(Z7,) O
5e8g
Ardila, Supina,Vindas-Meléndez - The equivariant Ehrhart theory of the permutahedron
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Representation theory

Problem: determine £, 4. In particular:
© for which partitions n the local system L, 4 is zero?
@ determine the rank rk(Lp q).
© determine the monodromy of the local system L, 4.
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Representation theory

Problem: determine £, 4. In particular:
© for which partitions n the local system L, 4 is zero?
@ determine the rank rk(Lp q).
© determine the monodromy of the local system L, 4.
Solution:
Q@ L,,=0ifand only if w = (%) €Z" and r > 1.
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Representation theory _

Problem: determine £, 4. In particular:
© for which partitions n the local system L, 4 is zero?
@ determine the rank rk(Lp q).
© determine the monodromy of the local system L, 4.
Solution:
Q@ L,,=0ifand only if w = (%) €Z" and r > 1.

(2]
k(Loa)= D (1S 1)

S w-integral

= dim H'P(A(S.,)).
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Representation theory _

Problem: determine £, 4. In particular:
© for which partitions n the local system L, 4 is zero?
@ determine the rank rk(Lp q).
© determine the monodromy of the local system L, 4.
Solution:
Q@ L,,=0ifand only if w = (%) €Z" and r > 1.

(2]
k(Loa)= D (1S 1)

S w-integral

= dim H'P(A(S.,)).

© The monodromy is given by the representation of Aut(l',)
sgn QHP(A(S,)).
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Thanks for listening!

roberto.pagaria@unibo.it
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