Monotone path polytopes of the hypersimplices A(n, 2)
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Linear program (P,c): how to choose next ver- Coherent monotone path: monotone path arising from shadow vertex rule
tex in simplex method? Monotone path fan: w ~ w’ iff same monotone path
Ui—l—l?
\\ 2
C
1= T " ';@
@ l':"'l'.:....l ...:!
o o i
1 1 L q
i
el Bl
3 T

‘.
=1

Shadow vertex: for w, project in plane (¢, w), Monotone path polytope X.(P): Polytope dual to monotone path fan
take the neighbor with the best slope: ~ Minkowski sum of section over (images of) vertices

f(a), U—7v;) uimproving \ ~ Fiber polytope 2 (P,Q) for 7w : x = (x, c)

| (c,u—v;) = neighborof v; Vertices of ¥ .(P) «— c-coherent monotone paths on P

Vi, = argmax«

THM. [Billera, Sturmfels| foralle¢, X .(A,)=Cube,_; THM. Coherent iff when i — j preceed x 5 pwithx<jthenj=zorx=a

Hypersimplex A(n, k) = conv{v €{0,1}": ) v; =k}; Along c=(1,2,...,n)
A(n,1) ~ A(n,n—1) ~ A, : simplex
Here, focus on A(n, 2)
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Monotone paths on A(n,2) <« lattice paths on [1,n]?, start at (2,1),
avoid (7,17), end at (n,n—1) or (n—1,n)

Notation: i — j when step (i,a) — (j,a) or (a,i) — (a,7) in path

Induction (see right): v,, := |Vertices(ZC(A(n, 2)))' =t,+q,+Cy

(t,1) s (1 2 2) (tg) (3
Where | g,41 [=M|g, |, withM =0 2 1|, Sp(M)={0,1,4}, [g0|=]|1
\Cn+1) \Cn ) 2 0 2 (Co) 4
. (3)
THM. Vertices > .(A(n,2)), i.e. coh. mon. paths: (111)mM"|1
1 (4
n—4
v, = 3 (25 X 4" — 1)
Sorting by length: V, (z) := v, 02t = T,(2) + Q,(2) + C,(z
5 Pr IS (%) L Vnt n(2)+ Qnl2) + Cal2) | CON]J. [De Loera| number of co-
(T, 1) (0 ([ Z 1+z 14+z\ (T,) (z2>+2z°) e | S C herent monotone paths by length is
Qui1 [ =M|OQ,|, withM=] 0 l+z z |, |1Qol|= 7’ o - o log-concave for all polytopes
Cre1 ) \Ch ) Z2+z 0 1+z) \Cy) \22°+22% B i.e. for A(n,2): v, ¢ log-concave
THM. v, ¢ is a polynomial in n of degree ¢ — 2 B . Here left: v, ¢ for n = 50
1] if n odd | y . . .
THM. Longest path: €, = {3(7/12_1)J, withv,, =19 [3(-1)| . | With M, conjecture checked nu-
\ { ) J if n even merically up ton =150




