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BE ADEA: Answer questions in probability theory using
DOMBINATORIES B REPRESENTATION #EORY

⑧ANN

S
·

A
#

.⑤/

~R2Tn

I
Random walks on permutations

& T2Rn

- R2Rn

⑧:= ANAS
(a) Random walks on complete flags~R2Tn

. I of q& T2Rn
(a)

- R2Rn

#ANSWERS ANCD DONE WES
-

GoAL
: feigenvalues

↑ eigenspaces as
SuB Gkn(Ig) -

reps ...



D

in runP

S * &:
& 10
S

You have a deck of cards :

· -
RANDShuffle via R. D⑧

~ I >

- pick a
card at random

- more that
card to the top of the deck

EXA B PROBABILITY
148 I :a> s ↑ I

⑤ A I L ⑤
.

.8
Bio
D

Yes M Pl C 1

-
-I

mu
n

or-van*** men mm
e e

e

-
⑧
*:

QUES ⑧ 3·

How many
times do you

need to do this&058



⑤NAPEAFNCOAY&N: Let's think of a deck of cards as a

word of length r in the set 21
,

2
, ....,

3
.

E
B

->

8 ꋷ WORD
⑤IEXA1 L
-

i 123

en 132

213

> s ꋽ

n
r

n I 312n r
231

en D
321



For a word (W ., .... wal define (and extend linearly ...)

E- - I & B : bring any
card to the front with equal probability

-

-

j >

N&A - O -I
N D M - I-

· R2r(u .. ...
wn) = +(E

,

wiw ... :--we)
ꋽ

R2Py(123) = =(123 + 215 + 312)

+ 0 (132 + 231 + 321)
.

·

-- -
--

-
RT88 :

This is a
linear

map (Sn] - &[Sn]F ↳ ⑤XPI t ?- OR XII OR I



We can similarly define ....

E

- RAND D M · more top card anywhere in deck with equal probability
-#

=
= R&N

· T (w ..
... wi)= Ew ...

wirew ... wal

-T2Rs(123) = =(123 + 213 + 231)
T

+ 0(132 + 312 + 321) .

- M I move random card to random spot in deck

RAND
-

-
= RAM D &A

&A - O RAND04- IRANDOM -

·RR == T2Rno R2TnB

R2R3(123) = =(123) + (213) + 2(132)
R y I

+ (231) + (312) + 0(321)



-

N8

These shuffling processes are

80
SA

FF r -
- B ⑦ word U⑲Einitial state : & - ↳· -⑤⑤! - with

word W
some probability DEn enad ⑨ D

-

-

- For large enough ...IDIOD

- >
ꋺ -

* ③- q
FRE #A Es ⑧ word will

initial state : 0 ·

- A↳ 0En Eina word O - P⑤⑤!
-

SAVFFLE B⑲do -

SE ?NowDE MAR * R& N8 Eꌀ
⑧



R· N

-N and ꌀRDMN8 are indexed by all "States"

s: all words of length n

I

· thA
· th
-*j column

an agen+N

**BB
. .23

-[ PLE 1-
Ex.

R2Ts(123) = = - (123) + 0 . (132) + 5 . (213) + 0 . (231)
+ (312) + 0 . (321)

123 132 213 231312 321-
123 43 0

132 O"
213 Y3 " is

o o
ꋽ : I

231 ⑧ 0 " "3 Y -I· I312 43 ⑧

321 O "13



-****WEt

***:
123 132 213 231 312 321

·
/D

* =

123

I
·
/D OND D

·
/D

·
/D

·
/D

I213i b ure? re res i a
en

·
/D

·
/D

321
·
/D

·
/D

·
/D ·

/D
·
/D

·
/D

-

*N: No mutter where I start,

I could end anywhere with equal probability



R2TnM : (b)
B

Shuffling
times (*. a)

(R2Rin)

&↳ACLAI8b

(PerronFroberius thorn + theory of
Markov chaise

(in) ***
R

will converge
to i

*

(R2Rn
B

* the SENNAE8
of the transition matrix

tell us how large must be ...



⑧

(I) Determine END of

&. m 3 n
x n matrices

#Ri
2*④②⑦· n

(20 Describe their 888El C

aS Sn-representations ...



SIMPBNI D :

Vol (E2I)= #2Rn ,
so eigenvalues are

the same

12343 132 213 23 i nee
321

123 182
3

as
e 321

1320 " 0 0 "3 Y3 Y3

#

↳Ry = Is, 0 4300 43

ꋽ - 231 %
.

3
0 O Y 0

.
e I

⑧ Y3

iI
123

⑧

"13
I " " ""3 I31243 ⑧

⑧ ⑧
0

(ii) Scale operators so matrices have entries in

321 123 132 213 231 312 321

123

123 132 213 23 3 he
123

0

1320 Y3 - 132 O 00 I I

23 B -
213 I I I ·

i
0I I ...... I- 8e I.....28

0
o 0 I I

⑧ I I I

"13 · io



ꋺDON*MT

- BIG IDEA: We can study Su-reps using
combinatories of tableaux

2
N

where It
- Smallest building

blocks : **

* Write X as a Y DRA

-I15 (3 ,
2

,
2) ꋽ 8

to think of them as SYMME*RM &**NA
- there is a

way 8

The Frobenius characteristic map
(virtuall representations of Sn -8 Symmetric functions

TRIVIAL x
X
are -

*
* Schur function

.

esB
REP of

-
1

↳n homogeneousSn A / Karen



SM.SYN8P8 ...

1. Can help answer eigenvalve questions
↳ In particular ** (* other operators studied by Lafreniere)

2
.

Motivation from monoid theory
↳

* theorig
,

of the "free left regular band"* - varian #

3
.

Kernel of R2Th
,
R2Rn known to have

a very
nice description

Lo REPRE SENDATION...a

THE RAN EMENT I SEPRE -
ENTATION

- -HE
I

I

S- I S
...



SENTATIONS- I
THE RANENT PRE . ENYAYUON ...

-

* standard young
tableau (SYT) : label boxes of

Young diagram 1 ,
2

,
...n, st . nows and columns increase :

south
3

I3 is
and east.

-i-
->↓6

* SYT
W SYTN

* Given Q a SYT of shape X
,

Des(a) = Sie Se-l : it appears south andwalwest of :3

iDes() = 33
,
53 Des(I) = 91 ,

3
,
43I

6



I

SENTATIONS- I
THE RANENT PRE - ENYAYUON ...a

A ARRAN e BAN is a SYT Q

such that the Many of S1
,

. . .. 37 Des (Q) is EVENI

is GEMENT because
I " is NOT E ARRANGENENT

* -> odd
↓

[1 ,
2

,
... 632Des(3) = 91 ,

2
,

4 , 63

·

A is DE8 RRANGENENT because
DE

even

91
,
2

... 63 Des() = [2* 5
.
63

(Definition due to Desarmenian and Wachs)



: (Desarmenian
and Wachs) :

&

n
REPRESENTATIONSEThe DANEMENT I SEPR -

-NATION is the
a

symmetric function Dn: = [ Sxca)
X

where the sum is over all EARRANGEMENT TABLAX ofsize

X
-

X.

AMI : When n = 4
,

the BEARRANGEMENT FABLAX are :

EXAM

-0 li4

ii
i

So Dy =

Sq
+ S + St Sig

PREVIEW : Ker (R2Yn) has Frobenius image Don



Where is the name from ?

& the DERAN
SENT number is

en: = n! =n ! (i -

: :

A du COUNTS ...

· #[0 = Sn : #Fix(r) = 0]
,

e .g . derangements of Sn
,

· dim(Dn)

· #SOS :

O is a Desarrangement ]
* defined similarly to our

def for SYT ...



ꋾ: &
= ANA88 assume q =pl

*E

IDEA : Introduce a parameter I for p a prime ...

A

- we recover classical objects as gu

- - C

CLASSIGAL &
= ANAGNERitCL AS

OBJECT

+gl
-lin"... succe--

i , nY Vector space Fa
,

for #gafinite field

-e ...,n3)GhnC#g)= Aut (Ig



ꌀR US : replace words with complete flags
V

,
< Ve < ...

cVn= #g
2 . g .

where Vr= K-diml subspace of #q

-

EXAMPLEI MPbAM E : V = #g" for =2
, g

= 2 .

so V = <e,

= (i)
,

e = (i) .

the complete flags are

f ,

= <e. <
e
,

e27 =V

Fr = <eaL e
,
2) = V

fr = (e ,
+e) <e

,
e) =

V



With Commins and Reiner
,

we introduced g-shuffling operators.

on the space of complete flags F(V) ...

ꋾEFN:

Cq
remove&2In : Pick any

line Lin Fa* and
"bring

it to the front"
repents

with equal probability ...

- q Crck ...

<)= [CCLVcLtVec ...LC b
R2I&8 II N lines

LV

. M: V = #g
*

for n = 2
, q

= 2 .

EXAMI XA

R
(2)
Gene ,

eah) = (e, <ei + e. e,+r
&iR Tz

+ ((en) (2) + Se, <[e +V)

+ (e , rec <Leitez) + <e. <[e
,
+e) +V)



We can similarly
define ...

(2)
2n : = (R2T,)T21↑8i

ꋻ :
= T2R ??. R2T:

I

R2 &

F PERF8
: F(V) = set of complete flags of V=#g

-

(e .

g
. GLCIq)/B) ...

them these are maps ([FCU)] -> K(F(V)]



GOAL 8 :GOAL

(I) Determine END of

(q)
#21m

(q)3 (n) : gx (n]
! g-matricesYq)

2R

2④B③⑦↳ n

(2) Describe their I C ⑤(85ElGENS18

aS GLn(Ig) - representations ...



-C:

ꋺSEO E* Gm0 #yC
- We are interested in the WNPBNRSENANONS

↳ Irreducibles indexed by partitions of a

iXX
A&
a m

ae 8e

↳ there is
I

-
Frobenius characteristic map

RING E
W

-> SETR.I-↳

. SENNONS
STIONS

X

Xq - -
*
* Schur function

.

es
TRIVIAL

- 1
REP of A 2

GLn(#q)
/
2 Karen ↳n homogeneous

S : We can still use symmetric functions !



ꋻA : The g-derangement representation

* g-Frobenius characteristic image

is Dn= [Sx(a)-

Q
.

s
t

desarrangemen
tableau

- has dimension given by the

9-derangement numbers of

Desarmenian and Wachs :

dn(q) = (n] !gene
.

E



#ANSWERS ANCD DONE WRES

Recall our DA:

(I) Determine NA
8

(2) Describe NN8*88

↳

CLASSICAL
"

&
= AWAGNEof

...

- Lit
C

OBJECT

(a)#-R2 IIn &B&
-

n

-

n

(a)

ꌀ *ꌀ
(a)

22R 8Rn



For * ....

ElG &

-

[

* Phatarford (1991) : EDCENVALVES of R2Th are-

8
,

1
,

2
, .

.

., ,

where j occurs with

multiplicity :
= #[0c Se : #Fix (o) =j]
= (j) : dr-j

j ⑤GENSPA* Uyemura-Reyes (2002)
: the j- El GENS

of R2Tn has Frobenius image

hj . Dn-j
-E :NOTE :NOTE This is a rephrasing of his result...



E BB ,
Commins

,
Reiner

,

2022) :

* the eigenvalues of R2T,) are

Colg , [ig ..... [ndq where g
occurs

with multiplicity (1g · drj (9)

- the DjBg-eigenspace of R2Tn* has g-Frobenius imagej

hj . Dn-j

· In fact , we prove
these results for

R2n BR2Tn
(q)

in parallel



For 2n
....

this was an open problem for 20 years
To state the solution

,

we need a few definitions s...

& SE DIAGRAM N :
↳

x = Pic = A = 5)
Palate pink, keep blue

skew partition with at most

* MORIZONTAL STRAP
one cell in each column .

I I
~ horizontal strip .

X not a horizontal strip

~diagg (* ADe Z is a statistic on
M

A

diag(x/M)
=

c
.

i =2

·

xm(j-i) =



(Dieker-Saliola ,

2018)

All eigenvalues
of R2Re are of the form

eig
(x/m) ,

where XIM is a
horizontal strip and

IX/ul

E (u) = Z= 0

eig(x/M) = diag( x/M) +

j=
,j +

i
BIGDEAL D

ꋻA : eig()= diag() + (1 x ) + (2 + 2)

=

0 + 5 + 6 =

11 .



&ONETWR (Axelrod - Freed
,
B

, Chiang ,

Commins
, Lang ,

2023*

> (2)

All eigenvalues
of R2Rn are of the form

C I e) ,

where (1M) is a
horizontal strip and

X
iC

-

A No

eigq
IX/ul

X IMM IA⑧ I iMl-j < :

1 .

4]I Mzigg)x/l) = diaga) (
j =12 J

t e q

statistic on XIM
in 2[q]

# eige(X/r) - 2
=0227

EXAMPLE eiga)) = [03
,

+ q
:

(5)
,

+ 9°[67g
.AMP :

=

q
. (57g + 26]q



(Dieker-Saliola ,

2018)

Every eigenvalve
[ of R2Rn has eigenspace

with

Frobenius image Ed
M

. Sx
i(x/uL - # of desarrangement

eig(N/u)
= E

tableaux of shape M

&ONZ$8FWR (Axelrod - Freed
,
B

, Chiang ,

Commins
, Lang ,

20224
CONJEC

C> 19

Every eigenvalve Eg
of R2Rn has eigenspace

with

q-Frobenius image E d . Sx

(x/uL

eigq(xu)
= Eq



Ne*** P8...

& Prove our conjectures

STRATSN : The Type A
Hecke algebra He (g) ...

- There is a

way
to realize R2Th

T2R!) in Hn(g)

R2R

x Goal : generalize methods of Dieker-Saliola

using Hn(g) combinatorics & representation theory



-
CONTACT ⑲-N ICONFAOFE

: ⑧⑤.awab brauner grail . Dom

WEBSUPE :
⑧⑧.ara Braun er .

Dom
WEBSITE :



How does Hudg) act on permutationsO

C
Hng)= <T.....

Tun
: Ti = 1 - 9)5: +q

Tit T: Ti =

# : Ti+T : Y
T

↑

TiTj Ti - jTiT
think of qeC0 ,

13
.

Then ...

W ...., Wit
,

Wi ...
- Wm if wis With

1 =

Tj · (W ,
-

-, Wi
,

Wit ..
Wn E ·

W ..... Wit
,
wi , ... wal +) ) (w ...

wiwit
. Wal

9
1-

q
if With > Wi

a Note this is a rescaling from theusual presentation of Hn19)

Tir - Fi where Fiure" standard generators"
S






