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Eulerian polynomials - Euler's definition (t - %)
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Eulerian polynomials - Euler's definition (t - %)
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Permutation statistics

S, Set of permutations of [n] := {1,..., n}.

Definition (descent,excedance)

For o = 01050, € &,

des(o) :==|{i € [n—1] : 0; > 0is1}l,
exc(o) = |{i €[n—1]:0; > i}

Major Percy Alexander MacMahon
(1854-1929)

des(3715624) = |{2,5}| = 2
exc(3715624) = |{1,2,4,5}| = 4

@ P. A. MacMahon, Combinatory analysis,
vols 1 and 2, Cambridge University Press, 1916.
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A combinatorial interpretation of Eulerian numbers
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A combinatorial interpretation of Eulerian numbers
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A combinatorial interpretation of Eulerian numbers

Ss des  exc Euler’s triangle

123 0 0 Z tdes(f’) =144t + t2

132 | 1 1 el 1

213 1 1 11
231 1 2 Z texc(f’) =144t + t2 141
312 1 1 €SS 111111
321 2 1 12666261

Eulerian polynomial

An(t) = Z tdes(a) — Z texc(a).

ceS, ceS,

MacMahon (1905) showed equidistribution of des and exc.
Carlitz and Riordan (1955) showed equals A,(t).
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Inversion and g-analogue

Let o0 € &,
Inversion number:
inv(o) := [{(i,j) : o(i) > o(j), 1 <i<j<n}.
inv(3142) = 1{(3,1),(3,2),(4,2)}| =3
Define g-analogue of n and n factorial:

g:=1+qg+q¢+ -+q¢" !
q

[n]q! == [n]g[n —1]q---[1]q

S3 inv
123 0

inv(o)
132 1 Z q Theorem (Rodrigues 1839)
213 1 7€SG3 () |
231 | 2 = 1+429+2¢°+¢° U;@ g™ = [n]q!
312 | 2 =(1+q+q)(1+ -
o1 | 3 (1+qg+q)1+q)
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g-analogue of Euler's exp. generating function formula

Theorem (Stanley 1976)

We have
Z t" Z Xdcs(o’) qinv(a) _ (1 — t) exp(t(l — X); q)’
= [n]'q = 1—texp(t(1l—x);q)
where .
exp(t q) = Z [n] |
n>0 19

When g = 1, it reduces to Euler's formula. Note that Carlitz studied his
g-analogue — (des, maj).

@ R. P. Stanley, Binomial posets, Mdbius inversion, and permutation enumeration,
J. Combin. Thy. A, 20 (1976), 336—356.
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Variation on the descent statistic

Let 0 € &,
Odd descent set:

ODES(0) :={i€[n—1]:0; > 0giy1 and i is odd}
o = 32541, ODES(0) = {1,3}
Even descent set:
EDES(o) :={i€[n—1]:0; > o;11 and i is even}
o = 32541, EDES(c) = {4}
Alternating descent set:
ALDES(0):={i€[n—1]:0; > ojy1and iis or o; < ojy1 and i is }.

o = 32541, ALDES(c) = {1,2,3}

Chao Xu Université Claude Bernard Lyon 1 8/31



Refinement of Eulerian polynomials

In 1973, Carlitz and Scoville considered the four-variable polynomials

Pn(XO, X1, Yo, )/1) — Z Xgasc(a)xfasc((r)ygdes(a)yi)des(a)-
€S,
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Theorem (Carlitz and Scoville 1973)

Let a = \/()/0 —x0)(y1 — x1), we have
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In 1973, Carlitz and Scoville considered the four-variable polynomials

Pn(XO, X1, Yo, )/1) — Z Xgasc(a)xfasc((r)ygdes(a)yi)des(a)-

oceS,

Theorem (Carlitz and Scoville 1973)

Let a = \/()/0 —x0)(y1 — x1), we have

—1 2n 1

o (aty)d s © (2,, +Zn>1 @n—1)1
ZP"(X%XI,)/anl)il = n— 1t2n
1 n: 1= (xoy1 +x1y0) 2n>1 “Gmyr

In 2008, Chebikin considered the alternating Eulerian polynomials
Z paldes(o)
€S,
In 2018, Sun considered the bivariate Eulerian polynomials
Z podes(@) gedes().
e,
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A g-analogue of Carlitz and Scoville's formula

Pan and Zeng considered

Pn(XO; X1, Y05 Vis q) — Xgasc(o)xfasc(o)ygdes(a) fdeS(U)qinV(U).
ceS,

Theorem (Pan and Zeng 2022)

Let a = \/(yo — x0)(y1 — x1), we have
> o
Pn(XO,Xla)/o7Y17Q)
[n]lq

n>1

_ (x1 + y1) cosh(at; ) 4 asinh(at; g) — yl(coshz(at; q) — sinhz(at; q)) — x1
xox1 — (Xoy1 + x1y0) cosh(at; q) + yoyi(cosh?(at; q) — sinh®(at; q))

When ¢ = 1, it reduces to Carlitz and Scoville’s formula.

@ Q. Q. Pan and J. Zeng,
Enumeration of permutations by the parity of descent position, Discrete Math. 346

(2023), no. 10, Paper No. 113575.
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Coxeter group

Define a Coxeter system to be a pair (W, S), where W is a group, and S is a
minimal generating set of W.

For every s, t in S, satisfying the following relations:
o st=cifandonlyif s=t, and if s # t;
@ (st)™®1) = (ts)™(s:) = e for some integer m(s, t) > 1.

We say such a group W is a Coxeter group of rank r = |S]|.
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Coxeter group

Define a Coxeter system to be a pair (W, S), where W is a group, and S is a
minimal generating set of W.

For every s, t in S, satisfying the following relations:

o st=cifandonlyif s=t, and if s # t;

@ (st)™®1) = (ts)™(s:) = e for some integer m(s, t) > 1.
We say such a group W is a Coxeter group of rank r = |S]|.

For n > 2, the symmetric group &,, has a Coxeter presentation with generators
{71,...,7a—1} and defining relations

@ ?P=eforl<i<n-1;
® TiTit1Ti = Tip1TiTir1 for 1 < i< n-—2;
o 7imj =TT for | i—j|>2.
where 7; is meaning that swapping the entries in positions / and / + 1.

Coxeter group of type A, what's more, type B, D, E...
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Analogy with symmetric group (length, descent)

For w € W, define

Length: ¢{(w) = min{k e N: w =s1--- 5,5 € S}.

Chao Xu Université Claude Bernard Lyon 1 12/31
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Analogy with symmetric group (length, descent)

For w € W, define
Length: ¢{(w) = min{k e N: w =s1--- 5,5 € S}.
Descent set: DES(w) = {s € S: ¢(w) > £(ws)}.

Proposition

When W = &, (type A),
inv(w) = ¢(w),

DES(w) ={si € S: w(i) > w(i+1)}.
When W = B, (type B),
le(w) =inv(w) — Y w(i),

w(i)<0

DESg(w) = {s” € Sg : w(i —1) > w(i)},

where w(0) := 0.

@ A. Bjorner and F. Brenti, Combinatorics of Coxeter groups,
G.T.M 231, Springer-Verlag, New York, 2005.
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Type B analogue of Carlitz and Scoville's formula

Remark
edesg(7y) + eascg(y) = |(n+1)/2],
odesg(y) + oascg(y) = [n/2].

Pan and Zeng considered

— Z XodcsB(U)ycdcsB(a).

oeB,

In a follow up, Dey et al. gave a g-analogue version

X Y. q Z XodesB edESB(U)qu({T).
oceB,

@ H. K. Dey, U. Shankar and S. Sivasubramanian,

g-enumeration of type B and D Eulerian Polynomials based on parity of descents,
ECA 4:1 (2024) Article S2R3.
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Type B analogue of Carlitz and Scoville's formula

Remark
edesg(7y) + eascg(y) = |(n+1)/2],
odesg(y) + oascg(y) = [n/2].
Pan and Zeng considered
B (x,y) = Z xodess (@) edess (7).
oc€B,
In a follow up, Dey et al. gave a g-analogue version

B,,(X7y, q) — Z Xodess(a)yedesg(a)qég(o).
oceB,

@ H. K. Dey, U. Shankar and S. Sivasubramanian,
g-enumeration of type B and D Eulerian Polynomials based on parity of descents,
ECA 4:1 (2024) Article S2R3.

Note that Coxeter group of type A and B are special cases of Wreath product Z, ! G,,
isomorphic.
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Wreath product and r-colored permutations

Wreath product Z, 1 &,

G(r,n):={(c1,...,cni0) | ¢ €[0,r —1],0 € &,}.
Multiplication:

(cio) - (c"i7) = ((c1 + Cioaqays- -y Cn+ Cloa(m))i T O T),

where addition + is in Z, and composition o is in &,,.
Window notation:

7= [0V o ()] ZEEEE (1), y(n)]
Viewed as a r-colored permutation, introduced by Steingrimsson.

The entry ¢; is called the color of the o(/).

v =[31,2,13,42,62, 5] € G(5,6).

@ E. Steingrimsson. Permutation statistics of indexed permutations,
Eur. J. Combin. 15, (1994), 187-205.
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Generator set, length and descent set

Generator set: Sg := {so,S1,...,5n—1}, where for j € [n — 1]
sic=[1,...,i=1,i+1,i,i+2,...,n and sp:=[1%,2,...,n]

For v € G(r,n),
Length:

l(y) :=min{r e N:vy =5 -5, for some s; € Sg}.
Descent set:

DES¢(7) :=={s € Sg : lc(vs) < lsc(7)}

and its size will be denoted by desg (7).

Chao Xu Université Claude Bernard Lyon 1



Combinatorial definition of length and descent

H 1 1 r—1 r—1
Linear order over colored set {0,1,...,n, 1t ... ot ... 1771 .. n"—1}

r—1

nl<...<nt

<..<1l'<. ... <l'<o0<1<...<n.
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Combinatorial definition of length and descent

H 1 1 r—1 r—1
Linear order over colored set {0,1,...,n, 1t ... ot ... 1771 .. n"—1}

le <1< <l'<0<l<...<n

For vy € G(r,n),

Length:

le(y) = inv(y) + Z )+¢—1),
ci#0

Descent set:
DESg(v) := {i € [0,n = 1] : v(i) > v(i + 1)},

where 7(0) := 0. Note that 0 € DES¢(7) iff ¢; > 0.
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A g-analogue of exponential series over wreath product

For n € N, define the standard g-factorial notation

(3;q)n = 1, if n=0;
& qhn = (1-a)(1—aq)---(1—aq"h), if n>1.

Gem(a,q) = > a®Wq' ™) = [n])(—aqlr — 1]4; q)n,
YEG(r,n)

where col(vy) := |{i € [n] : ¢

g-analogue of exponential series over wreath product, that is

expg(n(t; a, q) ZG,,,(aq

n>0
and write
expg(r(ti a,q) +expg(,(—tia, q)
2 9
expg(y(t; a,q) — expg(y(—tia, q)
5 .

coshg(r)(t;a,q) =

sinhg((t;a,9) =

Chao Xu Université Claude Bernard Lyon 1 17 /31



Main result

Define Gir.ny(x, ¥, 3, 4) 1= 3. c gy X6 yode56(0) 0010 ()

Theorem

For any n € N, we have

2n

ZG(r,Zn)(vaa a, q) G

=)
n>0 (r,2n)(37 q)

((1 — x cosh(Mt; q))coshg(r)(Mt; a, q) + x sinh(Mt; q)sinhg(,)(Mt; a, q))

1 — (x + y) cosh(Mt; q) + xy exp(Mt; q) exp(—Mt; q) ’

t2n+1
G X7 .y7 a? q ~ /. N —
; (r,2n+1)( ) G(r,2n+1)(ay q)

((1 — ycosh(Mt; q))sinhg(,)(Mt; a, q) + y sinh(Mt; g)coshg(,)(Mt; a, q)>
1 — (x + y) cosh(Mt; q) + xy exp(Mt; q) exp(—Mt; q)

where M = /(1 — x)(1 — y).
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Special cases

@ When r =1, a =0, we can obtain the formula of Pan and Zeng about type
A

@ When r =2, a =1, we can obtain the formula of Dey et al. about type B.

@ When r =2, x =y, g = 1, then substituting t < 2t, we obtain Brenti's
formula,

t" (1 —x)exp(t(1—x))
,,Zzo Gi2,m(x; x, a, Uﬁ T 1—xexp(t(l —x)(1+a))

Chao Xu Université Claude Bernard Lyon 1 19/31



Some notations and mapping f

("1Y": the set of all r-colored subsets of size m of [n].

Gi(r, n): set of colored permutations with the last n — i elements ordered increasingly

Gi(r,n) == {y € G(r,n) 1 (i +1) <--- < y(n—1) < 7(n)}.

Chao Xu Université Claude Bernard Lyon 1 20/31



Some notations and mapping f

(") the set of all r-colored subsets of size m of [n].
Gi(r, n): set of colored permutations with the last n — i elements ordered increasingly
Gi(r,n) i= {7 € G(r,m) 1 7(i +1) < -+ < 4(n— 1) < A(n)}.

If’y = [O’(l)cl o(2)2,--- ,0(n—m)*=m] € G(r,n— m) and
={af*,ax?, - ,al < € ([:})r with A C [n] and [n] \ A= {s1,52,...,5—m}<, define

a mapping £ : G(r,n — m) x ([;])r — Gp—m(r,n) by

f(v, A") = Ylpna * [A].

where
[A ] - [21 732 st 73;,"]7
and
Vpna = [5;1(1)7 5;2(2)7 ) s;"(;’jm)],

* means concatenation.
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Mapping f's properties

The mapping f : G(r,n — m) x ([,’:1])' — Gy—m(r, n) satisfies
col(f(vy,A")) = col(y) + col(f(e, A)),
le(f(, AT))=Le(7) + La(f(e, AT)),

where e is the identity permutation in G(r,n — m).
The second property can be proved by using the alternative definition of length.

Definition

For v = [v(1),...,v(n)] = [c(1)%,...,a(n)"] € G(r,n), we have

£6(7) = inv(y) +inve(7) + > -
¢;#0

Note that

ive() = S G0 el) > A0},

1<i<j<n
where ~c(i) is defined by
, (Dl ifa#0;
'VC(’) = 1 .
[y ()] if ¢ =0.

Chao Xu Université Claude Bernard Lyon 1 21/31



Main Lemma

Lemma

Let 0 < m < n. For any v € G(r,n — m), we have

Z acol(f(%A’))qfc(f(w,A’)) - acol(v)qéc(w) (;) (—aq"_m+1[r —1]4; @)m-
we(lly

It suffices to prove the identity for v := e. Let

Fala,q) = 3 oA glalien)
ae(R)

q

Then we have to prove the following identity

[n — m]g!(—aq[r — 1]g; @)n—m Fm(a, q) [m]q! = [n]q!(—aq[r — 1]q; q)n-

Chao Xu Université Claude Bernard Lyon 1 22 /31



Sketch of the Proof

We define a mapping ® : G(r,n — m) X ([,'7’7])( X &m — G(r,n) by

S(v,A",0) = lapa * o (A7),

where y|j;pa = [5;1(1), sgz(z), e, s;?;fm)], and o(A") := [af,‘;l , aff;z,. .. ,a;‘;"’].
® satisfies
col(f(e, A")) + col(v) = col(®(v, A", 0));
le(f(e,A")) + La(7) + inv(c) = Le (P(v, A", 0)).

O

For v = [41,5,12,3%,2%] € G(4,5), A* = {4%,6%,2", 1} € (9" and 7 = 3412 € &,,
we have

d>([41,5, 1%,3%,2%], {4° 6", 2", 1}73412) . ([8*,9,3%,7,5%4%, 6, 2", 1], 3412)

== [8',9,3%,7",5%,2",1,6",4°].

Chao Xu Université Claude Bernard Lyon 1 23 /31



Recurrences

Z Z xodesc(7) edESc(W) Foelf(r,A )) L6 (F(7,AT)

~YEG(r,i) A'E(,,[i],')
n i
= G(r,i)(X7y7 a, q) <n _ I> (73(] +l[r - l]q' q)m
q
Q Ifiisodd,

> wiy) = x el 2 DCenlaa) gy 5 )

’ — |
~EG(rn) G (2 @) = ild! ~EG_a(rn)

Q@ Ifiiseven,

S wiy) =y St 2 dCenlana) ()5

’ — |
YEG;i(r,n) G(r’l)(a7 q)[n I]q. YEGi—1(r,n)

odesg(7)

edesg (7) geol(1) gta()

where w(y) = x y
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Denote by D, the subgroup of B, (i.e. G(2,n)) consisting of all the colored
permutations having an even number of colored entries, that is,

Dn:={y€By:col(c) =0 (mod 2)}.
Define the enumerative polynomials
Da(x,y,2,q) = 3 x40 edesnla) yeoll) 40(2)

Y€Dn

Theorem

For any n € P, We have
D2n(X7ya a, q)
1 m B a m B a
= 5 Bn(_a7 q)<t >BO(t;X7y7—57Q)+ B"(av q)<t >BO(t;X7y767q) )
D2n+1(Xa Y,a, q)
1 m B a m B a
= 5 B"(_av q)<t >Bl(t;X7y7_avq)+ Bn(av q)<t >Bl(t;X7Y7a7q) )

where the notation (t")f(t) stands for the coefficient of t" in f(t).
Chao Xu Université Claude Bernard Lyon 1 25/31



Signed Eulerian polynomial

In 1989 Loday conjectured, Désarménien and Foata first investigated the
relationship between a signed Eulerian polynomial and the classic Eulerian
polynomial in 1992,

Z ( 1 des7r — (1 _ t)n Z tdes(ﬂ')

TES2, eSS,

Z (_1)Z(7r) tdes(fr) 1 o t Z td% )

TEG2n41 T€ESh1

and

In 1992, Wachs proposed an elegant involution proof.
@ J.L. Loday,

Opérations sur I'homologie cyclique des algébres commutatives.

@ J. Désarménien, D. Foata,

The signed Eulerian numbers.

@ M. Wachs,

An involution for signed Eulerian numbers.
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Counting signed alternating descents

Dey and Sivasubramanian computed the signed alternating descent
enumeration in classical Weyl groups of types A and B.

@ H. K. Dey, and S. Sivasubramanian, Signed alternating descent enumeration
in classical Weyl groups,
Discrete Math. 346 (2023), no. 10, Paper No. 113540.

We now evaluate the signed alternating descent enumeration for colored

permutations.
Define g-alternating descent polynomials over wreath product by

AlEO (x,q) 1= Y x%O)ghe),

YEG(r;n)

and let A1tS()(x) := A1tS()(x, —1).

Chao Xu Université Claude Bernard Lyon 1 27 /31



Counting signed alternating descent

If r > 2 is an even integer, then

Alez " (x) = (1)L (1 — )" for n > 0.

v
Theorem

If r > 1 is an odd integer, then Altf(')(x) = x and

x(1 = X)™Am(x) if n=2m (m e N*);
LS (x) = § Z2(1 = x)*™Agm(x)  if n=4m+1(m e N
0 if n=4m+3(meN).

When r = 1,2, the above formulas reduce to Dey and Sivasubramanian’s
results.
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Sketch of the proof

Note that Alt,f(')(x7 q) := xlr+1/2) Grm(x,1/x,1, q).

Lemma

Let Altg(')(x; q) =1 and M =1 — x. For positive integer r, we have
5 Al (xa) e
—q[r — 1]giq)2n  [2n]¢!
(1 — x cos(Mt; q))cosg(r)(Mt; q) — x sin(Mt; q)sing()(Mt; q)
x — (x2 4+ 1) cos(Mt; q) + x exp(iMt; q) exp(—iMt; q)

=(x—1)x

bl

Alez, 21 (x, q) SN
. — (x —
= (—alr —1lg; @)2nt1 [2n+ 1]¢!
(x — cos(Mt; q))sing(,)(Mt; q) + sin(Mt; g)cosc(,)(Mt; q)
x — (x2 + 1) cos(Mt; q) + x exp(iMt; q) exp(—iMt; q)
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Sketch of the Proof

Multiplying the two sides by
x — (x* + 1) cos((1 — x)t; q) + xexp(i(1 — x)t; q) - exp(—i(1 — x)t; q),

then taking the limit ¢ — —1. By the limits of g-binomial coefficients:

2n
=0
-1 <2m+1> ’
q
im (27} = fim (27T} =i (2T} (7
g——1\2m 7qa—1 2m 7q~>71 2m+1 T \m)’
q q q

1—qg1 _{ 0, if risodd;

lim [r —1]g = lim 1, if ris even.

q—— g—-1 1—gq

For n = 4m + 3, we construct a weight preserving and sign reversing involution to prove
that Alt§"),(x,—1) = 0.
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The final slide

Thanks
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