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Shuffle compatibility



Stanley’s shuffling theorem

We let
@ &, be the group of permutations of [n] := {1,2,...,n}
and for mr € G,
o Des(m):={ie[n—1]:7(i) > n(i +1)}
be the descent set of .
For two disjoint permutations 7 and o of length n and m, respectively, we let

o o :={7 €S,im: 7, o appear as subsequences of 7}
be the set of all shuffles of 7 and o.

Theorem

For two disjoint permutations 7 and o of length n and m, respectively, the multiset
{Des(r):Temwo}

depends only on Des(r), Des(c), n and m.
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Quasisymmetric functions and P-partitions
We let
@ x = (x1,xp,...) be an infinite sequence of commuting indeterminates,

@ QSym be the Q-algebra of quasisymmetric functions
and

Fns(x) := Z Xiy Xy ©** Xi,

i1 <ip <+ <y
JES = ij<ijn

be the fundamental quasisymmetric function corresponding to S C [n — 1].

Theorem

If 7 and o are two disjoint permutations of length n and m, respectively, then

Fs ,Des() (X)Fm Des(o) X) Z Fn+m DES(T )

TETLWOo
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Quasisymmetric functions and P-partitions
Let P be a poset on [n]. A P-partition is a function f : P — Z~g such that
e i <p jimplies (i) < f(j)
e i <pjandi>zjimplies f(i) < f(j).
Consider weight enumerator
F(P; X) = Z XfF(1)XF(2) ** Xf(n) € QSym.

f:P—Z+o
f= P-partition

Theorem

@ We have

Z F(ﬂ' X Z FnDes(ﬂ')

reL(P) reL(P)
where £(P) C &, is the set of all linear extensions of P.
@ If P and @ are two posets on disjoint sets, then
F(P;x)F(Q;x) = F(P + Q;x).
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Shuffle algebras

A permutation statistic stat is called shuffle compatible if for any two disjoint
permutations 7 and o, the multiset

{stat(7) : T € T W o}

depends only on stat(w), stat(c) and the lengths of 7 and o.
Such statistics define an equivalence relation ~g,t on the set of all permutations
by letting

T ~gtat 0 <= 7 and o have the same length, and stat(r) = stat(o).

The space Agat of equivalence classes of permutations with multiplication given by

[7]stat[0]star = Z [T]stat

TETWOo

is called the shuffle algebra of stat.
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Shuffle algebras

Theorem (Gessel-Zhuang, ’18)

The descent set statistic Des is shuffle compatible and the corresponding shuffle
algebra Apes is isomorphic to QSym via the linear map

[7T]Des = Fn,Des(w)-
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Hadamard product and shuffle algebras

The Hadamard product of two formal power series in t is defined by

Zant" * Zb,,t” ::Za,,b,,t“.

n>0 n>0 n>0
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Hadamard product and shuffle algebras

The Hadamard product of two formal power series in t is defined by

Z ant" | % Z bot" | = Z a,b,t".
n>0 n>0 n>0
We let
@ Q[t«] be the space of formal power series in t with the Hadamard product
and formr € G,
o des(r) := | Des(n)|
o comaj(m) 1= > _cpes(n)(n — 1)
be the descent number and the comajor index of 7.

Theorem (Gessel-Zhuang, ’18)

The shuffle algebra A (ges,comaj) is isomorphic to certain subalgebra of Q[q, z|[t*]
via the linear map

geomai(m) gdes(m)+1

[ﬂ-](des,comaj) = {( —0d—qt)-(1-q0)%

ifmres,
if m=@.

fun
| |—=
=
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Ingredients for Shuffle-Compatibility
@ descent set
@ quasisymmetric functions
@ P-partitions

@ principal specialization




Colored shuffle compatibility



Colored descent set

We fix r € Z~¢, and think of
Z, ={0>"1>"--.>"r—1} as a set of colors.

A r-colored permutation of length n is a pair (,€), where 7 € &, and € € Z.
We let

@ 83, , be the group of r-colored permutations of length n,
where the product is given by

(m,€)(0,8) = (7o, 0(€) + 9).
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Colored descent set

We fix r € Z~¢, and think of
Z, ={0>"1>"--.>"r—1} as a set of colors.

A r-colored permutation of length n is a pair (,€), where 7 € &, and € € Z.
We let

@ 83, , be the group of r-colored permutations of length n,
where the product is given by

(m,€)(0,8) = (7o, 0(€) + 9).

Example

31221940516 € B3 J
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Colored descent set

Definition (Mantaci-Reutenauer, "95)

The colored descent set sDes(7, €) of (m,€) € &, , consists of pairs (i, €;) for
i € [n — 1] such that

? € 7é €i+1, Or
@ ¢; = €41 and i € Des(7)
together with (n, €,).
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Colored descent set

Definition (Mantaci-Reutenauer, "95)

The colored descent set sDes(7, €) of (m,€) € &, , consists of pairs (i, €;) for
i € [n — 1] such that

@ € # €11, OF

@ ¢; = €41 and i € Des(7)
together with (n, €,).

Example

sDes(3'2%1°4%5 61) = {(1,1),(2,2), (4,0),(6,1)}
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Colored quasisymmetric functions

For each color j € Z,, we let

o xU) = (xl(j),xg)7 ... ) be an infinite sequence of commuting indeterminates
o X" = (xO xM) x) . x(r=1),
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Colored quasisymmetric functions

Definition (Poirier, '98, Baumann—Hohlweg '08, Bergeron-Hohlweg,
"06)

The fundamental colored quasisymmetric function corresponding to a colored
permutation u = (m,¢€) € &, , is defined by

Fy = sDeS(u)(Xr) = Z X-(El)X-(Q) oo X.(en)

i i in 0
i1 <ip <<
Est55j+1 = Is; <’5j+1

where sDes(u) = {(s1, €s,) <lex *** <lex (Sk; €s.)}-
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Colored quasisymmetric functions

Definition (Poirier, '98, Baumann—Hohlweg '08, Bergeron-Hohlweg,
"06)
The fundamental colored quasisymmetric function corresponding to a colored

permutation u = (m,¢€) € &, , is defined by

Fy = sDeS(u)(Xr) = Z X-(El)X-(Q) o0 .X.(e,,)’

i i 17
1< <<y
€j<€s; . = s <ls41

where sDes(u) = {(s1, €s,) <lex *** <lex (Sk; €s.)}-

Example
For u = 31221°4%51 6!, we computed sDes(u) = {(1,1),(2,2), (4,0),(6,1)} and
thus

== Z xl(l)xz(Q)xéO)xio)Xél)xél).

1<h<i<ig<is<ig

VD Moustakas (UniPi) Colored shuffle compatibility and ask zeta functions SLCI1, March 2024 8/15



Colored quasisymmetric functions

Definition (Poirier, '98, Baumann—Hohlweg '08, Bergeron-Hohlweg,
"06)

The fundamental colored quasisymmetric function corresponding to a colored
permutation u = (m,¢€) € &, , is defined by

— ry . § : (1)  (e2) (en)
Fu:= sDes(u)(X ) = X R T R
i1<i<---<ip
esjgesjﬂ = i5j<isj+1

where sDes(u) = {(s1, €s,) <lex *** <lex (Sk; €s.)}-

Let

° QSym(') be the Q-algebra of colored quasisymmetric functions, spanned by
the fundamental colored quasisymmetric functions.
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Colored quasisymmetric functions

Definition (Poirier, '98, Baumann—Hohlweg '08, Bergeron-Hohlweg,
"06)

The fundamental colored quasisymmetric function corresponding to a colored
permutation u = (m,¢€) € &, , is defined by

— ry . § : (1)  (e2) (en)
Fu:= sDes(u)(X ) = X R T R
i1<i<---<ip
ESJSESJ'+1 = isj <isj+1

where sDes(u) = {(s1, €s,) <lex *** <lex (Sk; €s.)}-

Let

° QSym(') be the Q-algebra of colored quasisymmetric functions, spanned by
the fundamental colored quasisymmetric functions.

How can we multiply two fundamental colored quasisymmetric functions?

Question J

VD Moustakas (UniPi) Colored shuffle compatibility and ask zeta functions SLCI1, March 2024 8/15



Colored P-partitions
Let P be a poset on [n] X Z,. A colored P-partition is a function f : P — Z+
such that

e u<p v implies f(u) < f(v)

@ u<pvand u>uex v implies f(u) < f(v).
Consider the weight enumerator

XY (e1) () (€n)
F(PX") := > Xehe Xt s Xeimeny € QSYM.

f:P—Z<o
f=colored P-partition
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Colored P-partitions
Let P be a poset on [n] X Z,. A colored P-partition is a function f : P — Z+
such that

e u<p v implies f(u) < f(v)

@ u<pvand u>uex v implies f(u) < f(v).

Consider the weight enumerator
XY — (1), (e2) (€n)
F(P;X"):= Z xf(iq)xfé)q) C Xf(men € QSym(" .

f:P—Z<o
f=colored P-partition

Example

If P = (m,¢€)is an n-element (colored) chain represented by some (7,¢) € &, ,,
then

F(’D' Xr) = F(Tr,e)a

since (’/T,'7 6,') >rlex (7T;+1,6,'+1) translates to ¢; >/ €j+1 OF €; = €11 and i € Des(7r).
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Colored P-partitions
Let P be a poset on [n] X Z,. A colored P-partition is a function f : P — Z+
such that

e u<p v implies f(u) < f(v)

@ u<pvand u>uex v implies f(u) < f(v).

Consider the weight enumerator
XY — (1), (e2) (€n)
F(P;X"):= Z xf(iq)xfé)q) C Xf(men € QSym(" .

f:P—Z<o
f=colored P-partition

Example

If P = (m,¢€)is an n-element (colored) chain represented by some (7,¢) € &, ,,
then

F(’D' Xr) = F(Tr,e)a

since (’/T,', 6;) >rlex (7Ti+17 6,'+1) translates to ¢; < €i41 OF € = €j41 and i € Des(7r).
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Colored P-partitions

Let P be a poset on [n] X Z,. A colored P-partition is a function f : P — Z+

such that

e u <p v implies f(u) < f(v)

@ u<pvand u>yex v implies f(u) < f(v).
Consider the weight enumerator

FPIX)i= 30 X M € QS
f:P*)Z>[)
f=colored P-partition

Theorem (Hsiao—Petersen, '10)

@ We have
F(PX) = Y FuxN)= > F
ueL(P) ueL(P)
where £L(P) C &, , is the set of all linear extensions of P.

o If P and Q are two (colored) posets on disjoint sets, then

F(P;X")F(Q; X") = F(P + @; X").
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Colored P-partitions
Let P be a poset on [n] X Z,. A colored P-partition is a function f : P — Z+
such that

e u<p v implies f(u) < f(v)

@ u<pvand u>uex v implies f(u) < f(v).
Consider the weight enumerator

XY (a) () (en) r
F(P;X") := Z Xf(Ler)XF (o) X(men) € Qsym'”.

f:P—Z<¢
f=colored P-partition

Corollary (Hsiao—Petersen, ’10)
For two colored permutations u and v of length n and m, repsectively,
= Y
weullv

In particular, the distribution of sDes on u LU v depends only on sDes(u), sDes(v),
n and m.

v
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Colored shuffle compatibility

A (colored) permutation statistic stat is called shuffle compatible if for any two
disjoint r-colored permutations u and v, the multiset

{stat(w) : w € v v}

depends only on stat(u), stat(v) and the lengths of u and v.
Such statistic defines an equivalence relation ~g,: on the set of all r-colored per-
mutations by letting

U ~sat V <= u and v have the same length, and stat(w) = stat(o).

The space Aggt of equivalence classes of r-colored permutations with multiplication
given by

[t]stat[V]stat = Z [W]stat

weullv

is called the shuffle algebra of stat.
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Colored shuffle compatibility

Theorem (M., '21)

The colored descent set statistic sDes is shuffle compatible and the corresponding

shuffle algebra AgrD)es is isomorphic to QSym(’) via the linear map

[U]sDes = FsDes(u)'
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Hadamard product and (colored) shuffle algebras
For (m,€) € G, ,, let
des(m,€) = |{ie€[n—1] : ¢ < €i+1, ore; = €j41and i € Des(m)} U {0 : ¢; > 0}|
be the descent number of (7, €) and let
e comaj(m,€) == ZieDes(me)(n — )

o colj(m, e) :==|{i € [n] : € = j}|
be the comajor index and the number of j-colored entries of (7, €), respectively.
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Hadamard product and (colored) shuffle algebras
For (m,€) € G, ,, let

des(m,€) = |{ie€[n—1] : ¢ < €i+1, ore; = €j41and i € Des(m)} U {0 : ¢; > 0}|

be the descent number of (7, €) and let

© comaj(m, €) := 3 cpesr,e) (N — 1)

o colj(m, e) :==|{i € [n] : € = j}|
be the comajor index and the number of j-colored entries of (7, €), respectively.
Example
For u= 3122194951 6! € Gg 3, we have

des(u) =3

comaj(u) =(6—0)+ (6 —1)+ (6 —4) =13
col(u) = (2,3,1).
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Hadamard product and (colored) shuffle algebras

Theorem (Carnevale, M., Rossmann, '23+)

The tuple (des, comaj, col) is shuffle compatible and the shuffle algebra
AN is isomorphic to certain subalgebra of Q|q, z, po, p1, - - -, Pr—1][t*]

(des,comaj,col)
via the linear map
pgolo(u)_'.p,Cill,_l(”)qcomaj(u)tdes(u)+1 o e
[u](des,comaj,col) = 1 (1-t)(1—qt)--(1—q"t) ? . (il
- if u=g.
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Hadamard product and (colored) shuffle algebras

Theorem (Carnevale, M., Rossmann, '23+)

The tuple (des, comaj, col) is shuffle compatible and the shuffle algebra
AN ' is isomorphic to certain subalgebra of Q|q, z, po, p1, - - -, Pr—1][t*]

(des,comaj,col)
via the linear map

pCOIO(”) . 1r—1(u) comaj(u) des( )+1
0 n .
z if u
[4] (des,comai,col) — ) = t)(l qt)-(1—q"t) . €6,
e If u=go.

The proof is based on specializations of colored quasisymmetric functions (M., '21):

0 =po, A =pog, A =pog?, ., XD =pog™ Tt Xy = =0
xl(J):O, xz(J):qu, xéj):qu, ey X(J)—qu -1 Xgllz---ZO

forall1<j<r—1.
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Application: Hadamard products of ask zeta
functions



Zeta functions of algebraic structures

@ Let G be an algebraic structure (group, ring, module, variety, ...) and
consider the associated zeta function (g(s).
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Zeta functions of algebraic structures

@ Let G be an algebraic structure (group, ring, module, variety, ...) and
consider the associated zeta function (g(s).
@ It is often the case that (s(s) admits an Euler factorization

() =TI Cenls)

p prime

into local factors.
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Zeta functions of algebraic structures

@ Let G be an algebraic structure (group, ring, module, variety, ...) and
consider the associated zeta function (g(s).
@ It is often the case that (s(s) admits an Euler factorization

() =TI Cenls)

p prime

into local factors.
@ Results from p-adic integration imply that these local factors are rational
functions in p~*, i.e. of the form

C.p(s) = Wp(p™?),

for some W, (t) € Q(t).
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Zeta functions of algebraic structures

@ Let G be an algebraic structure (group, ring, module, variety, ...) and
consider the associated zeta function (g(s).
@ It is often the case that (s(s) admits an Euler factorization

() =TI Cenls)

p prime

into local factors.
@ Results from p-adic integration imply that these local factors are rational
functions in p~*, i.e. of the form

Ce,p(s) = Wy(p~%),

for some W, (t) € Q(t).

@ In many cases of interest, local factors exhibit the following uniformity
phenomenon: There exists a single bivariate rational function W(q, t) such
that

Cep(s) = W(p,p™)

for all primes p (modulo a finite number of exceptions).
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Zeta functions of algebraic structures

Problem
Understand, combinatorially if possible, W(g, t).
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Ask zeta functions

Definition
Let
@ © be a (compact) discrete valuation ring (think of integers mod p)
e m be the (unique) maximal ideal of ©
@ g be the size of the residue field ©/m.
The ask zeta function corresponding to M C Matgxe(®) is the formal power

series
Z3E(t) = > a(M)tk

k>0
where .
a (M) := Tl > [ker(A)]
kI pemy

denotes the average size of the kernels within the reduction M, of M modulo m*.
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Ask zeta functions

Examples
@ For M = Matgx (D),

1—qg~°t

ask
ZNfaty . (0)(t) = 1— )1 qgi<t)
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Ask zeta functions

Examples
@ For M = Matgx (D),

1—qg ¢t
ZMatdxe(’D)( ) (1 _ t)( qdfet)'

o If M=s04(D) ={Acgly(D): A+ A" =0}, then

1—qg'9t

Z?ilj(@)( )= m
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Ask zeta functions

For a simple graph G = ([n], E), let
@ Mg be the set of (n x n)-matrices A = (a;) such that a; =0, when {/,j} ¢ E

o Z¥K(t) .= Zf,‘\‘jif(t) be the corresponding ask zeta function.
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Ask zeta functions

For a simple graph G = ([n], E), let
@ Mg be the set of (n x n)-matrices A = (a;) such that a; =0, when {/,j} ¢ E

o Z¥K(t) .= Zj‘\‘jlg(t) be the corresponding ask zeta function.

Example

Let G = K,.2 V K, is the join of the complete graph on n + 2 vertices and the
edgeless graph on n vertices. For example, for n = 2
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Ask zeta functions

For a simple graph G = ([n], E), let
@ Mg be the set of (n x n)-matrices A = (a;) such that a; =0, when {/,j} ¢ E

o Z¥K(t) .= Zj‘\‘jlg(t) be the corresponding ask zeta function.

Example

Let G = K2 V K, is the join of the complete graph on n + 2 vertices and the
edgeless graph on n vertices. Then

as _ (1 — q_n_lt)(l — q_n_2t)
280 =" ha e — )
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Ask zeta functions

For a simple graph G = ([n], E), let
@ Mg be the set of (n x n)-matrices A = (a;) such that a; =0, when {/,j} ¢ E

o Z¥K(t) .= ZE,‘\‘jlg(t) be the corresponding ask zeta function.

Example

Let G = K2 V K, is the join of the complete graph on n + 2 vertices and the
edgeless graph on n vertices. Then

as _ (1 — q_n_lt)(l — q_n_2t)
0 e ey e

Claim

We can understand these ask zeta functions (and many more!) in a combinatorial
way, through colored permutation statistics and shuffle-compatibility!
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A reformulation in terms of colored configurations

Let G be the set of all colored permutations with
@ symbols taken from X := 7+, and
@ colors taken from I := N.
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A reformulation in terms of colored configurations

Let G be the set of all colored permutations with
@ symbols taken from X := 7+, and
@ colors taken from I := N.

A colored configuration is an element of Z& of the form

f= Zﬂ,u,

ued

where all but finitely many f, are zero. The support of f is defined by

supp(f) == {u e & : f, #0}.
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A reformulation in terms of colored configurations

Let G be the set of all colored permutations with
@ symbols taken from X := 7+, and
@ colors taken from I := N.

A colored configuration is an element of Z& of the form

f= quu,

ued
where all but finitely many f, are zero. The support of f is defined by
supp(f) == {u e & : f, #0}.

A labelled colored configuration is a pair (f,«), where f € Z& and
a:T —{+q*: k €7} is a map such that (possibly)

@ a(c) # 1 if ¢ appears as the nonzero color of some colored permutation in f.
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A reformulation in terms of colored configurations

Let G be the set of all colored permutations with
@ symbols taken from ¥ := 7, and
@ colors taken from I := N.

A colored configuration is an element of Z& of the form
f= Z fu,
ucS

where all but finitely many f, are zero. The support of f is defined by
supp(f) == {u e & : f, #0}.

A labelled colored configuration is a pair (f,«), where f € Z& and
a:T —{+q*: k €7} is a map such that (possibly)

@ a(c) # 1 if ¢ appears as the nonzero color of some colored permutation in f.
An example of a labelled colored configuration is the pair (f = 1° + 1%, ) with

a(l) = £¢*, a(0)=a(2)=---=1.
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A reformulation in terms of colored configurations

Definition

For an integer € € Z and a labelled colored configuration (f, «), we define

€ — au)ge comaj(u) pdes(u)
Wf,a(CI, t) = Z fu (L—t)(1— qt)--- (1L — gellt) € Q(q)[t],

u€supp(f)

where a(u) denotes the product of the values of « at every color of u and |u|
denotes the length of u.

VD Moustakas (UniPi) Colored shuffle compatibility and ask zeta functions SLC91, March 2024 14 /15



A reformulation in terms of colored configurations

Definition

For an integer € € Z and a labelled colored configuration (f, «), we define

€ — au)ge comaj(u) pdes(u)
Wf,a(q, t) = Z fu (L—t)(1— qt)--- (1L — gellt) € Q(q)[t],

u€supp(f)

where a(u) denotes the product of the values of « at every color of u and |u|
denotes the length of u.

Example

For the labelled colored configuration (f = 1° + 11, ) with a(1) # 1, we have

€
W (q.1) 1+ a(l)gt
T (=11 - q)
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A reformulation in terms of colored configurations

Definition

For an integer € € Z and a labelled colored configuration (f,«), we define

a(u) q° comaj(u) tdes(u)
We t) = fy t],
Pel@ 0= 2 ATE- g @ © Ol

where a(u) denotes the product of the values of « at every color of u and |u|
denotes the length of u.

Osbervation

We have Z33%(t) = Ws (g, t) for the following:
@ M= Matgxe(D), and f =10+ 11 o(1)=—g 9 ande=d —e.
o M=s504(D),and f =10+ 1" a(l) = —q~9, and e = 1.
o M = Mg, where G = K,,» V K, and

f=1%2°41922 41720 + 1122 (1) = a(2) = —¢7" 3, e=1.
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Hadamard products of ask zeta functions
Ask zeta functions satisfy the following property:

Zinem, (1) = Zig (£) x Zi(1).
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Hadamard products of ask zeta functions
Ask zeta functions satisfy the following property:

Zonkomn, () = Ziae(t) = Zins(2).

Theorem (Carnevale, M., Rossmann, '23+)

If (f,) and (g, 3) are two strongly disjoint labelled colored configurations, then
er,oz(q) t) * Wge,ﬁ(q) t) = eru_lg,aﬁ(q) t)7
for all ¢ € Z. In particular, for a fixed € € Z, the set

{Wf .(q,t) : (f,a)is a labelled colored configuration}

is closed under taking Hadamard products.

VD Moustakas (UniPi) Colored shuffle compatibility and ask zeta functions SLCI1, March 2024 15/15



Hadamard products of ask zeta functions

Example
If e=d; — e1 = dr — e, then

K K
3t oy (0)@Matey ey (0) (1) = Lt ey (0)(8) * Ziiaty, e () (2)
= W10+11,1._>_q—d1 (qv t) & W160+11,1._>_q—d2 (qv t)

= 160+11,1.—>_q—d1(q7 t) W2€0+22,2»—>—q—d2(q7 t)
=W —a (9, 7).

(w425 7 "3

We compute
(MBI Nl (a2 a 2 = GO SR O ORIEE) O Sy 2 CRIRY o SNy DI o 2 is 2 O
and therefore the ask zeta function above is equal to

1+ (1= =g *)qt+ (=g g *+q " *)g*t+ g 92t
-0 — g0 -1
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Thank you for your attention!

iGracias por su atencién!

Evxapioted yia tnv mpoooxt ooc!



