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f and h polynomials

Let A be a simplicial complex of dimension d— 1 and o € A a face of
A.

@ The f-vector of A is the VectorfA =(f11,...,f4-1) where
fi=#{oeA| dim(o) =i}.

o The f-polynomial of A is £ (x) = Z?zoﬁ_lxd_i.

o The h-polynomial of Ais h®(x) = fA(x—1) = ¥4 hix@~L,

@ The h-vector of A is h® = (hy, ..., hy).

LiliMu (lilimu@jsnu.edu.cn) itivi i i iadis Joint work with Volkmar Welker 2/18



AT-inequality

Let h* = (hy),..., h3) be the h-vector a simplicial complex A of
dimension d — 1. Athanasiadis and Tzanaki study the inequalities

A A A KA
h_gsﬁ_ls...shd_;l‘s)h_z, (1)
hd hd—l hl hO

under the assumption all terms are defined.

e (1holds for any Gorenstein® complex by the Dehn-Summerville
equations h; = hg_;. J
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AT-inequality

Let h* = (hy),..., h3) be the h-vector a simplicial complex A of
dimension d — 1. Athanasiadis and Tzanaki study the inequalities

A A A BA
h_gsﬁ_ls...shd_;l‘gh_z, (n)
hd hd—l h] hO

under the assumption all terms are defined.

Question (Athanasiadis, Tzanaki, 2021)
(1) may hold for all 2-Cohen-Macaulay simplicial complexes. J

[§ C.Athanasiadis, E. Tzanaki, Symmetric decompositions,
triangulations and real-rootedness, Mathematika 2021.
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Face uniform subdivision

A geometric realization |A| in some real vector space in which each

face o € A is represented by a geometric simplex |o| of dimension
dim(o) such that |o|n|t|=|onT|forall o, € A.

A face uniform subdivision (or triangulation) of A is a simplicial
complex Az with geometric realizations |A| = |Ag|, such that

e each |o| for o € A is a union of |¢'| for ¢’ € Az and

e there are numbers fj;, 0 < i < j < dim(A) such that for any o € A
we have fij=#T €Az : 1| S |0|,dim(7) = i}.
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The transformation matrix of the subdivision

Proposition (Athanasiadis, 2022)

Let & be a face uniform triangulation in dimension d— 1. Then there
is a matrix Hg = (hjj)o<i j<a Such that for any simplicial complex A of
dimension d— 1 we have

WA7 = Hg W,

Moreover, we have hjj=hg_;qj for0<ij<d.

[1 C.Athanasiadis, Face numbers of uniform triangulations of
simplicial complexes, Int. Math. Res. Not. 2022.
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Example 1

@ The barycentric subdivision of A: the simplicial complex of all
chains in the poset of nonempty faces of A.

The barycentric subdivision of a triangle.
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Hr =11 5 4 4
0001

M hij=tweS,: des(w) =i, w(d) = j}.
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Example 2

o The r'-edgewise subdivision of A: the triangulation of a
simplicial complex A by which every k-dimensional face of A is
subdivided into r* simplices of dimension k.

The 4"-edgewise subdivision of a triangle.

Hg is the Amazing matrix.

d+1\[d-1-i+({+1-kr
& hij=) (-D* :

k=0 k d
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The total positivity of matrix

An infinite matrix is called totally positive of order r (TP;) if its
minors of all orders < r are nonnegative.
The matrix is called TP if its minors of all orders are nonnegative.

a Ip 0y 0y 03

ay ao f gz 23 24

ol [ T 3 U4 U

[al—f}l.jzﬂ = ”2 (11 ”0 [al-l-j]IJZU - 04 aS aﬁ

a3 G2 a1 Q4

Toeplitz matrix Hankel matrix

Tp=>Rz =>Lc=>U Tp <=> SM => Lex

LiliMu (lilimu@jsnu.edu.cn) itivi i i iadis Joint work with Volkmar Welker 8/18



The barycentric subdivision preserve the
AT-inequality
Proposition

Let & be a face uniform subdivision such that Hg is TP>.
Then for any simplicial complex A satisfying (1) we have that A&
satisfies (1).

Theorem
Let F be the barycentric subdivision. Then Hg is TP,.

Corollary

Let & be the barycentric subdivision. If A satisfies (1), then so does
Ag.
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The r'"'-edgewise subdivision preserve the
AT-inequality

Theorem (Diaconis, Fulman, 2009)
Let & be the r'™-edgewise subdivision. Then Hg is TP,.

Corollary

Let & be the r'™-edgewise subdivision. If A satisfies (1), then so does
Ag.

y

[1 P Diaconis, J. Fulman, Carries, shuffling, and an amazing matrix,
Am. Math. Mon. 2009.
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Conjecture

Theorem (Mao, Wang, 2022)
Let & be the r'-edgewise subdivision. Then Hg is TP

Conjecture
Let & be the barycentric subdivision. Then Hg is TP

[{ J.Mao, Y. Wang, Proof of a conjecture on the total positivity of
amazing matrices, Adv. in Appl. Math. 2022.
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The inverse of Hg

& The unsigned inverse of a TP matrix is still TP J

Let & be the barycentric subdivision.

Theorem

Let Pj(x) be the generating polynomial of the j column of H,!, where
0<j<d. Then

d—] 1
Pj(x) = ]’[ (—kx+k+1)- H((k+1)x k).
k=
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Example of Hg is not TP,

Let & be the subdivision of d-dimensional simplicial complexes
which replaces each d-simplex by a cone over its boundary. The f;;
here take following form

0 for0<j<i<d
fi= 1 forj=i<d
(Y forosj<d=i

Recall

fi=#HteAg : |7l S0l dim(7) = i}.
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Example of Hg is not TP,

Let & be the subdivision of d-dimensional simplicial complexes
which replaces each d-simplex by a cone over its boundary. The f;;
here take following form

0 for0<j<i<d
fi= 1 forj=i<d
(1) for0sj<d=i

Then Hg takes the following form:

1 0 01
1 211 --- 11
1121 --- 11
Hg = )
1 111 2
0 0
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Labeled path

Let P(d) be the set of d-tuples ((ar, u),..., (g, ug)) in ({E, N} xN)?,
satisfying:

(L1) ifa; = Ethen uy =1,
(L2) if a; = a;;1 = N are both vertical, or a; = a;.1 = E then u; = u;y1,
(L3) ifa; # ajy1 then u; + ujp 1 < i+1.
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\PZSd—>P(d)

Foro=0,---04€ Sy, define ¥(0) = ((a1, w), ..., (aq, ug) ) where:
o (ay,u1)=(E1)
o for 2 < i< dwe obtain (a;, u;) as follows.
Lett=1;---7;€ S;such thatfor 1 </ < j<iwe have

Ty<Tj<0¢<0j.

» If the position i— 1 in o or equivalently 7; is a descent, let the
a;=Nandset u; =71;.

» Ifthe position i— 1 in o or equivalently 7; is an ascent, let the
a;=Eandsetu;=i+1-1;.

||l i b
—— 243165
| |2
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Bijection ¥ : S; — P(d)

Theorem (Bona, Ehrenborg, 2000)
The map V¥ : Sy — P(d) is a bijection. J

[§ M. B6na, R. Ehrenborg, A combinatorial proof of the
log-concavity of the numbers of permutations with k runs, J.
Combin. Theory Ser. A 2000.

e Let P(d, i,j) be the set of labeled paths in P(d) with i steps N and

= d—j if az=N
471 j+1 if ay=E

o LetA(d,i,j)=floe€S,:des(o) =i0(d) =d-j.

Corollary
VY :A(d,i,j) — P(d, ij) is a bijection. J
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TP,

Proposition
Ford=1and0<ij<d-]1 thereis an injection

®:P(d, i,j+1) x P(d,i+1,j) — P(d, i,)) x P(d,i+1,j+1).

Theorem
Let & be the barycentric subdivision. Then Hg is TP;.
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Thank you for your attention!
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