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EXTREMAL SUBSETS AND ATOM-POSITIVITY

SAM ARMON

Abstract. Demazure crystals give a combinatorial framework for the study of Demazure
modules. They are extremal, in that they satisfy Kashiwara’s string property, and they
are Demazure atom-positive, in that they decompose naturally into subsets called crystal
Demazure atoms. The properties of extremality and atom-positivity are further linked
by a conjecture of Polo, which concerns the structure of the tensor product of two De-
mazure modules. We study these two properties in isolation — first providing a recursive
formula for generating crystal Demazure atoms, which generalizes a result of Lascoux and
Schützenberger, and then examining the structure of extremal subsets and their characters —
before commenting on the connection (or lack thereof) between them.

1. Introduction

The finite-dimensional simple modules V (λ) of a (connected, simply connected) complex
semisimple Lie group G are parameterized by dominant weights λ ∈ P+. The representation
theory of G is fairly well-understood; in particular, for λ, µ ∈ P+, the tensor product
V (λ)⊗ V (µ) admits a good filtration; that is, a filtration in which each successive quotient is
isomorphic to V (ν) for some ν ∈ P+. The theory of crystal bases, developed independently by
Kashiwara [Kas90] and Lusztig [Lus90], provides a combinatorial model for the representation
theory of G. In particular, for each λ ∈ P+ there exists a highest weight crystal B(λ) —
which one may regard as a directed, weighted graph — whose character agrees with V (λ),
and the tensor product of highest weight crystals B(λ)⊗B(µ) decomposes as a direct sum of
highest weight crystals, witnessing the good filtration of V (λ)⊗ V (µ).

For B ⊆ G a Borel subgroup, the Demazure module Vw(λ) ⊆ V (λ) is a cyclic B-submodule
indexed by an element w ∈ W of the Weyl group, generated by the (unique, up to a scalar)
extremal weight vector of weight w ·λ in V (λ); see [Dem74]. Generalizing the Borel–Weil–Bott
theorem, the dual of Vw(λ) may be identified with H0(Xw,L−λ), the space of sections of the
tautological line bundle L−λ associated with the antidominant weight −λ over a Schubert
variety Xw ⊆ G/B. On the level of crystals, Kashiwara [Kas93] and Littelmann [Lit95]
construct a subset Bw(λ) ⊆ B(λ) whose character agrees with that of the Demazure module
Vw(λ), and this character is computed via the refined Demazure character formula; cf. [Jos85].

A filtration {0} = V0 ⊆ V1 ⊆ · · · ⊆ Vn = V of a B-module V is said to be excellent if
each successive quotient Vi/Vi−1 in the filtration is isomorphic to Vw(λ) for some λ ∈ P+

and w ∈ W . The tensor product Vv(λ) ⊗ Vw(µ) does not, in general, admit an excellent
filtration, and correspondingly, Bv(λ)⊗ Bw(µ) does not always decompose as a direct sum
of Demazure crystals. A conjecture of Polo [Pol89, Section 2.9] states, however, that this
tensor product should always admit a more general B-module filtration called a Schubert
filtration, whose successive quotients are isomorphic to a B-module whose dual is of the
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form H0(S,Lλ), where S is a union of Schubert varieties. We study two crystal-theoretic
properties — atom-positivity, and extremality — related to Polo’s conjecture, which we will
now briefly outline.

In type A, Demazure characters form a basis for the polynomial ring Z[t1, . . . , tn] which lifts
the basis of Schur polynomials for the ring of symmetric polynomials. Polynomial Demazure
atoms — originally studied by Lascoux and Schützenberger [LS90] — decompose the Demazure
characters, in that Demazure characters are positive sums of polynomial Demazure atoms.
These polynomials were shown by Mason [Mas09] to be certain specializations of nonsymmetric
Macdonald polynomials in type A, and Brubaker et al. [BBBG21] construct a solvable lattice
model whose partition function equals the Demazure atom. The product of Demazure
characters cannot, in general, be written as a positive sum of Demazure characters, but Polo’s
conjecture suggests that this product should expand positively in the basis of Demazure
atoms; this more general conjecture was also directly proposed by Pun [Pun16], who proved
it in the case that the indexing compositions each have length ≤ 3.

For λ ∈ P+ and w ∈ W , Kashiwara [Kas02] defines a subset Aw(λ) ⊆ B(λ) called a crystal
Demazure atom which lifts the above decomposition to the level of crystals; that is, Demazure
crystals naturally decompose into disjoint unions of crystal Demazure atoms, and (at least in
type A) the character of a crystal Demazure atom is a polynomial Demazure atom. Particular
crystal subsets which play a vital role in Polo’s conjecture have the atom-positivity property

— that is, they decompose into a disjoint union of crystal Demazure atoms. To this end, we

define a new family of operators {F̂i : i ∈ I}, and prove that they may be used to recursively
generate entire crystal Demazure atoms in Theorem 3.3. This theorem generalizes a result
of Lascoux and Schützenberger in type A to arbitrary finite type, and it provides a global
alternative to the right key map of Lascoux and Schützenberger, which was later generalized
by Jacon and Lecouvey [JL20] and Santos [San20].

The second property we consider is extremality ; this is one of the three defining properties
of Demazure crystals found by Kashiwara, and in particular is the only property which does
not directly follow by necessity (see Theorem 2.2(3)). While Bv(λ) ⊗ Bw(µ) does not, in
general, decompose as a direct sum of Demazure crystals, Kouno [Kou20] found a global
condition which is necessary and sufficient for this decomposition to hold. A recent theorem
of [ADG24] replaces Kouno’s global condition with the local condition of extremality; that
is, Bv(λ)⊗ Bw(µ) is a direct sum of Demazure crystals if and only if the tensor product is
extremal. We prove that extremal subsets are generated by their lowest weight elements, and
furthermore that an extremal subset generated by a single lowest weight element is uniquely
determined by its character in Proposition 4.2. We also examine the relationship between
extremality and atom-positivity due to their shared relationship with Polo’s conjecture, but
find that the relationship is not so direct; in particular, we construct an extremal subset
whose character is not a positive sum of polynomial Demazure atoms, and an atom-positive
subset which is not extremal.

The paper is structured as follows. In Section 2 we review the necessary facts about
semisimple Lie groups, and then introduce highest weight crystals and Demazure crystals. In
Section 3 we define crystal Demazure atoms and introduce a new family of operators which
allows one to recursively construct these subsets in the crystal, before discussing the notion
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of (strong and weak) atom-positivity. Finally, in Section 4 we define extremal subsets and
study their characters.

2. Crystals

We first fix some notation and recall some common results in Lie theory. For missing
definitions, see e.g. [BS17]. Let G be a connected, simply connected, complex semisimple Lie
group, with B ⊆ G a Borel subgroup and T ⊆ B a maximal torus. The adjoint action of T on
the associated Lie algebra g determines a root system Φ; we let I denote the index set of the
corresponding Dynkin diagram, and P ⊇ Φ the weight lattice of g. Let {αi}i∈I ⊂ Φ denote
the set of simple roots, {α∨i }i∈I ⊂ Φ∨ the set of simple coroots, and {si}i∈I the corresponding
set of simple reflections.

The Weyl group W is generated by {si}i∈I . If w = sik · · · si1 for some i1, . . . , ik ∈ I, where
k is minimal among all such expressions for w ∈ W , then we say that sik · · · si1 is a reduced
word for w, and that the length of w is `(w) = k. The Bruhat order on W is the partial
order ≤ determined by the subword property : for v, w ∈ W , we have v ≤ w if and only if, for
any reduced word for w, there exists a subword which is a reduced word for v.

The Weyl group W acts on the weight lattice P . For λ ∈ P+, let Wλ ≤ W denote the
stabilizer subgroup of λ. Many of the constructions in this paper depending on w ∈ W will
depend only on the left coset of w in W/Wλ for a given λ ∈ P+. To this end, we let W λ

denote the set of minimal-length coset representatives in W/Wλ.
The cone P+ ⊂ P of dominant weights is given by

P+ = {λ ∈ P : 〈λ, α∨i 〉 ≥ 0 for all i ∈ I},
and the simple G-modules V (λ) are parameterized by λ ∈ P+. Let O denote the free
abelian group generated by {tβ : β ∈ P}. Each G-module V decomposes into weight spaces
V ∼=

⊕
β∈P Vβ, and the formal character of V is given by:

char(V ) =
∑
β∈P

dim(Vβ)tβ ∈ O.

2.1. Highest weight crystals. The theory of crystal bases provides a combinatorial model
for the representation theory of the quantized universal enveloping algebra Uq(g) in the
limit q → 0. A (normal) crystal B is a finite set equipped with the data of: a weight map
wt : B → P , raising and lowering operators ei, fi : B → B t {0} for each i ∈ I such that, for
all x, y ∈ B,

(A1) fi(x) = y if and only if ei(y) = x, in which case wt(y) = wt(x)− αi,
along with string lengths εi, ϕi : B → Z satisfying:

(A2) ϕi(x) = max(k : fki (x) 6= 0}, εi(x) = max(k : eki (x) 6= 0}, and
(A3) ϕi(x) = 〈wt(x), α∨i 〉+ ε(x).

We depict a normal crystal as a directed, weighted graph with directed edges given by the

lowering operators {fi}i∈I . For i ∈ I and x ∈ B, let f ∗i (x) = f
ϕi(x)
i (respectively e∗i (x) = e

εi(x)
i ),

and define an equivalence relation ∼i on B by x ∼i y if and only if x = eki (y), or vice-versa,
for some k ≥ 0. The equivalence classes are called i-strings, and each equivalence class S
contains a unique highest weight element uS given by uS = e∗i (x) for any x ∈ S.
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For λ ∈ P+ the G-module V (λ) admits a highest weight crystal B(λ) with a highest
weight element bλ satisfying wt(bλ) = λ and ei(bλ) = 0 for all i ∈ I. From now on we will
only consider normal crystals whose connected components are isomorphic to B(λ) for some
λ ∈ P+. The character of a crystal B is:

char(B) =
∑
b∈B

twt(x) ∈ O,

and char(B(λ)) = char(V (λ)) recovers the formal character of the simple G-module V (λ).
Furthermore, Kashiwara [Kas90] defines the tensor product B⊗C of two normal crystals; the

vertex set is the Cartesian product B×C, the weight map is given by wt(x⊗y) = wt(x)+wt(y),
and the lowering operators fi are determined by the rule:

fi(x⊗ y) =

{
fi(x)⊗ y if εi(x) ≥ ϕi(y),

x⊗ fi(y) if εi(x) < ϕi(y).

The tensor product B(λ)⊗ B(µ) of highest weight crystals decomposes as a direct sum of
highest weight crystals, and this replicates the decomposition on the module level; that is,

V (λ)⊗ V (µ) ∼=
⊕
ν

V (ν)⊕c
ν
λµ if and only if B(λ)⊗ B(µ) ∼=

⊕
ν

B(ν)⊕c
ν
λµ .

2.2. Tableau crystals. In type An−1, the dominant weights are identified with integer
partitions λ = (λ1 ≥ · · · ≥ λn ≥ 0) ∈ (Z≥0)n, and there is a well-known realization of the
highest weight crystal B(λ) in terms of semistandard Young tableaux (SSYT) of shape λ which
we will use to construct many of our examples. An SSYT of shape λ is a filling T : λ→ Z>0

of λ for which the entries weakly increase across rows, and strictly increase along columns.
We denote the set of such fillings by SSYT(λ). For instance,

3 4
1 1 2

∈ SSYT(3, 2), but 3 4
1 3 2

6∈ SSYT(3, 2), 1 4
1 1 2

6∈ SSYT(3, 2).

Note that we are using French (coordinate) notation to depict our integer partitions.
The underlying vertex set for the type An−1 highest weight crystal B(λ) is SSYTn(λ),

which is the subset of SSYT(λ) consisting of those tableaux filled with entries ≤ n. For
instance,

2 4
1 1 2

∈ SSYT4(3, 2, 0, 0), but 2 4
1 1 2

6∈ SSYT3(3, 2, 0).

The weight map is given by:

wt(T ) = (T−1(1), . . . , T−1(n)) ∈ (Z≥0)n,
where T−1(i) denotes the number of entries = i in T . For instance, the weight of the above
tableau is (2, 2, 0, 1). The raising and lowering operators are defined as follows.

Definition 2.1 ([KN94], [Lit95]). Let λ = (λ1 ≥ · · · ≥ λn ≥ 0) and T ∈ SSYTn(λ). For
1 ≤ i ≤ n− 1, we iteratively i-pair the entries of i, i+ 1 in T by pairing an i+ 1 with an i
lying weakly to its right whenever all entries of i, i+ 1 lying weakly between them are already
i-paired. Then:

• if all entries of i+ 1 in T are i-paired, then ei(T ) = 0; otherwise, ei(T ) is obtained by
changing the leftmost i-unpaired i+ 1 in T into an i.
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• if all entries of i in T are i-paired, then fi(T ) = 0; otherwise, fi(T ) is obtained by
changing the rightmost i-unpaired i in T into an i+ 1.

The data of (SSYTn(λ), {ei, fi, εi, ϕi}i∈I) determines a directed, weighted graph which is
isomorphic to the highest weight crystal B(λ). There are also tableaux models for the other
classical Lie types in [KN94] and [Lit95] which we will not define here.

2.3. Demazure crystals. Demazure [Dem74] studied certain cyclic B-submodules Vw(λ) of
V (λ). To define them, recall that V (λ) decomposes into weight spaces as V (λ) ∼=

⊕
β∈P V (λ)β.

The extremal weight spaces are {V (λ)w·λ : w ∈ W}, and are each one-dimensional. For w ∈ W ,
the Demazure module Vw(λ) is the B-module generated by the extremal weight space V (λ)w·λ,
and for v, w ∈ W λ, we have the containment Vv(λ) ⊆ Vw(λ) if and only if v ≤ w in Bruhat
order.

The character of Vw(λ) can be obtained as follows. For β ∈ P and i ∈ I, the Demazure
operator Di acts on O via:

Di(t
β) =

tβ+ρ − tsi·(β+ρ)

1− t−αi
t−ρ,

where ρ is the Weyl vector. The Demazure operators are idempotent and satisfy the same
braid relations as the underlying Weyl group, so we may define Dw := Dik · · ·Di1 for w ∈ W
with reduced word w = sik · · · si1 . The refined Demazure character formula is:

Theorem 2.1 ([Jos85], [Kas93], [Lit95]). For λ ∈ P+ and w ∈ W ,

char(Vw(λ)) = Dw(tλ) ∈ O.

Littelmann [Lit95] proved the existence of a subset Bw(λ) whose character agrees with
Vw(λ); Kashiwara [Kas93] constructed it and derived many of its beautiful properties. By
analogy, Bw(λ) is called a Demazure crystal. To understand its structure we require the
following operators, defined for i ∈ I and X ⊆ B(λ):

Fi(X) := {fdi (x) : x ∈ X, d ≥ 0} − {0} ⊆ B(λ),

Ei(X) := {edi (x) : x ∈ X, d ≥ 0} − {0} ⊆ B(λ).

Definition 2.2 ([Kas93]). Let λ ∈ P+ and w ∈ W with w = sik · · · si1 a reduced word. The
Demazure crystal Bw(λ) is:

Bw(λ) = Fik · · · Fi1({bλ}),
where bλ is the highest weight element of B(λ).

Although it is not obvious from the definition, the set Fik · · · Fi1({bλ}) is independent of
the choice of reduced word for w, so Bw(λ) is well-defined (see, for instance, [Kas93] or [BS17,
Theorem 13.5]). Strictly speaking, Fik · · · Fi1({bλ}) determines the underlying vertex set, and
Bw(λ) is the corresponding induced subgraph of B(λ).

The element bw·λ := f ∗ik · · · f
∗
i1

(bλ) ∈ Bw(λ) has wt(bw·λ) = w · λ, and bw·λ is the unique
element of its weight in B(λ). As for Demazure modules, such elements are called extremal
weight elements. Note that, if w · λ = w′ · λ, then Bw(λ) = Bw′(λ), so the Demazure crystal
Bw(λ) is determined solely by the left coset of W/Wλ containing w. Thus we will often
assume for simplicity that w ∈ W λ is a minimal-length coset representative.
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Theorem 2.2 ([Kas93]). Demazure crystals satisfy the following properties:

(1) Ei(Bw(λ)) ⊆ Bw(λ) for all i ∈ I,
(2) if siw < w, then

Bw(λ) = {fki (x) : x ∈ Bsiw(bλ), k ≥ 0, ei(x) = 0} − {0},
so that in particular Fi(Bw(λ)) = Bw(λ), and

(3) for any i-string S in B(λ),

S ∩ Bw(λ) ∈ {∅, {uS}, S},
where uS is the highest weight element of S.

Note that we only have Fi(Bw(λ)) ⊆ Bw(λ) when siw < w; this may not be the case when
siw > w (in fact it never is, as long as w, siw lie in different cosets of W/Wλ). However,
Bw(λ) is closed under Ei for all i ∈ I. The third property of Theorem 2.2 is noticeably
different from the first two — we call a subset which satisfies this condition extremal — and
it will receive a closer look in Section 4.

One may realize a Demazure crystal of classical type combinatorially as the truncation
of a tableau highest weight crystal, but there is also a dedicated tableau model for type A
Demazure crystals which uses objects called key tableaux, due to [AS18].

3. Demazure atoms

Just as Demazure modules are naturally filtered by Bruhat order, there is a well-known
analogous result for Demazure crystals.

Proposition 3.1. For all λ ∈ P+ and v, w ∈ W λ, we have the containment Bv(λ) ⊆ Bw(λ)
of Demazure crystals if and only if v ≤ w in Bruhat order.

Because of this containment, it is natural to study the minimal nonintersecting pieces
of Demazure crystals, which was initiated by Lascoux and Schützenberger on the level of
characters in type A. After Mason [Mas09], these pieces are referred to as Demazure atoms.

Definition 3.1 ([Kas02]). Let λ ∈ P+ and w ∈ W λ. The (crystal) Demazure atom Aw(λ) is

Aw(λ) = Bw(λ) \
⋃
v<w

Bv(λ).

Intuitively, the crystal Demazure atom Aw(λ) consists of those elements of Bw(λ) which
were added at the “last step”, i.e., those elements which are not contained in any strictly
smaller Demazure crystal. Much of the literature concerning Demazure atoms is on the level
of characters; in type A, the characters of Demazure crystals and Demazure atoms form
combinatorially interesting bases for the polynomial ring Z[x1, . . . , xn], and they were studied
extensively in [LS90] and [Mas09]. Following [BBBG21], we will refer to the character of a
crystal Demazure atom as a polynomial Demazure atom when there may be confusion.

We now briefly review this theory in type An−1, where W = Sn, P = Zn/〈(1, . . . , 1)〉, and
O = Z[t1, . . . , tn]. For 1 ≤ i ≤ n − 1, the Demazure operator Di specializes to the divided
difference operator πi, which acts on f ∈ Z[t1, . . . , tn] via

πi(f) =
tif − si · (tif)

ti − ti+1

∈ Z[t1, . . . , tn],
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where si · f is obtained by swapping ti and ti+1 in f . Lascoux and Schützenberger define a
related operator to obtain polynomial Demazure atoms.

Theorem 3.1 ([LS90]). For 1 ≤ i ≤ n− 1, let θi denote the operator on Z[t1, . . . , tn] given
by

θi(f) = πi(f)− f.
Then, for λ ∈ P+ and w ∈ W λ with w = sik · · · si1 a reduced word, the (polynomial) Demazure
atom is

char(Aw(λ)) = θik · · · θi1(t
λ1
1 · · · tλnn ).

The Demazure character is often denoted by κβ = char(Bw(λ)), where β = w · λ is a
weak composition, and called a key polynomial. We may similarly index Demazure atoms by
weak compositions in this case, and they are denoted by Aβ = char(Aw(λ)). In fact, in type
An−1, key polynomials {κβ}β and polynomial Demazure atoms {Aβ}β both form bases for
Z[t1, . . . , tn] as β ranges over the weak compositions of length n.

Lascoux and Schützenberger [LS90] define a map K+ : SSYTn(λ)→ Sn called the (right)
key map which associates to any SSYT an element K+(T ) of the Weyl group, and Jacon
and Lecouvey [JL20] generalize the key map to K+ : B(λ)→ W for B(λ) the highest weight
crystal associated to any symmetrizable Kac–Moody algebra. Santos [San20] also defines the
type C key map with a distinct approach using the symplectic plactic monoid. The shared
property of these maps is that they determine membership in a given Demazure atom.

Theorem 3.2 ([LS90], [JL20], [San20]). For all λ ∈ P+ and w ∈ W λ, we have

Bw(λ) = {b ∈ B(λ) : K+(b) ≤ w},
Aw(λ) = {b ∈ B(λ) : K+(b) = w}.

In particular,

Bw(λ) =
⊔

v≤w,v∈Wλ

Av(λ).

Taking w = w0, the preceding theorem shows that the set of crystal Demazure atoms
{Av(λ) : v ∈ W λ} consists of pairwise disjoint elements for any fixed λ ∈ P+.

The key map is profoundly useful in that it gives a uniform way to determine, for any given
crystal element, in which Demazure atom it resides. In the following section, we approach
the problem from the other direction, and provide a method for recursively generating the
entire Demazure atom.

3.1. Atomic operators. Fix λ ∈ P+ for the remainder of the section. The results of this
subsection hold in arbitrary finite type, unless otherwise indicated.

Definition 3.2. For i ∈ I and X ⊆ B(λ), define

F̂i(X) = Fi(X) \X.

We call F̂i an atomic operator.

In type A, these operators are equivalent to the maps πi defined on the plactic monoid

in [LS90], but we define them for any highest weight crystal of finite type. The F̂i’s do not,
in general, satisfy the braid relations. However, they do in the following special case.
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Theorem 3.3. For w ∈ W λ with w = sik · · · si1 a reduced word, we have

F̂ik · · · F̂i1(bλ) = Aw(λ).

In particular, if w = sjk · · · sj1 is another reduced word, then

F̂ik · · · F̂i1(bλ) = F̂jk · · · F̂j1(bλ).

Proof. Proceed by induction on k = `(w). When k = 1, we have F̂i(bλ) = Fi(bλ) \ {bλ} =
Bsi(λ)− Bid(λ), and the result follows.

Now let k > 1, and select i ∈ I such that siw < w. Then siw ∈ W λ since, if it were not,
then siw · λ = w · λ, which would imply that Bsiw(λ) = Bw(λ), contradicting the assumption
that w is a minimal-length coset representative in W/Wλ. Since siw < w, we have a reduced
word for w of the form sisik−1

· · · si1 , so that sik−1
· · · si1 is a reduced word for siw. By

induction,

F̂ik−1
· · · F̂i1(bλ) = Asiw(λ) = Bsiw(λ) \

⋃
v<siw

Bv(λ).

We then have

F̂iF̂ik−1
· · · F̂i1(bλ) = Fi (Asiw(λ)) \ Asiw(λ).

Denote this set by L, and first notice that L ⊆ Fi(Bsiw(λ)) = Bw(λ). We aim to show that
L = Aw(λ). Let x ∈ L, so that x 6∈ Asiw(λ), but e∗i (x) is. Assume to the contrary that
x 6∈ Aw(bλ), and pick v < w such that x ∈ Bv(λ) and `(v) is minimized. Then we distinguish
between the following three cases:

i. v = siw, in which case x ∈ Bsiw(λ)\
⋃
v<siw

Bv(λ) = Asiw(λ), which is a contradiction.
ii. v < siw, in which case e∗i (x) ∈ Bv(λ) by Theorem 2.2(1). But we assumed e∗i (x) ∈
Asiw(λ) and Asiw(λ) ∩ Bv(λ) = ∅, so this is a contradiction.

iii. v 6< siw. We have v < w since L ⊆ Bw(bλ), so this forces siv < v for the following
reason: every reduced word for v is a subword of sisik−1

· · · si1 , and, by assumption,
there is no reduced word for v which is also a subword of sik−1

· · · si1 . Thus v must
have a reduced word ending in si, i.e., siv < v. For this reason, we also have siv < siw.
But this forces e∗i (x) ∈ Bsiv(λ) by Theorem 2.2.2, which is again a contradiction since,
by assumption, e∗i (x) ∈ Asiw(λ) and Asiw(λ) ∩ Bsiv(λ) = ∅.

Thus x ∈ Aw(λ), so that L ⊆ Aw(λ).
Now assume y ∈ Aw(λ). Then y 6∈ Bsiw(λ) since siw < w, so y 6∈ Asiw(λ). Since y ∈ Bw(λ)

and siw < w, we have by Theorem 2.2(2) that e∗i (y) ∈ Bsiw(λ). Now, it suffices to show that
e∗i (y) ∈ Asiw(λ), i.e., e∗i (y) 6∈ Bv(λ) for all v < siw. If this were the case for some v < siw,
then either siv < v and y ∈ FiBv(λ) ⊆ Bv(λ) by Theorem 2.2(2), or v < siv and y ∈ Bsiv(λ).
We have v, siv < w in either case, so this is a contradiction since y ∈ Bw(λ) \

⋃
v<w Bv(λ).

Thus y ∈ L and Aw(λ) ⊆ L; we conclude finally that the two sets are equal. �

For example, Figure 3.1 shows how the type A2 Demazure crystal Bs1s2(3, 2, 0) decomposes
into crystal Demazure atoms, using the atomic operators.

Corollary 3.1. For w ∈ W λ, and i ∈ I such that siw < w, we have

Aw(λ) = F̂i(Asiw(λ)).
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2 2
1 1 1

2 3
1 1 1

3 3
1 1 1

2 2
1 1 2

2 3
1 1 2

2 3
1 2 2

3 3
1 1 2

3 3
1 2 2

3 3
2 2 2

f2

f1
F̂id(b320)

F̂2(b320)

F̂1(b320)

F̂1F̂2(b320)

Figure 1. Bs1s2(3, 2, 0) = F̂id(b320) t F̂2(b320) t F̂1(b320) t F̂1F̂2(b320)

In particular, for each x ∈ Aw(λ) and any reduced word w = sik · · · si1, there exist d1, . . . , dk >
0 such that

x = fdkik · · · f
d1
i1

(bλ),

and for 1 ≤ j ≤ k − 1 we have

(1) eij(f
dj−1

ij−1
· · · fd1i1 (bλ)) = 0.

Proof. For the first assertion, note that, if siw < w, then siw ∈ W λ and there exists a reduced
word for w of the form w = sisik−1

· · · si1 , so that siw = sik−1
· · · si1 . Thus by Theorem 3.3,

Aw(λ) = F̂iF̂ii−1
· · · F̂i1(bλ) = F̂i(Asiw(λ)).

The second assertion now follows from the first by induction on `(w). The base case is trivial,
and, if `(w) > 1 with reduced word w = sisik−1

· · · si1 , then we have siw < w. Thus, by the
first assertion, for x ∈ Aw(λ), we have ei(x) 6= 0, and e∗i (x) =: x′ ∈ Asiw(λ). By induction

x′ = f
dk−1

ik−1
· · · fd1i1 (bλ) for d1, . . . , dk−1 > 0 satisfying Equation (1), and x = fdi (x′) for some

d > 0, so

x = fdi f
dk−1

ik−1
· · · fd1i1 (bλ),

and since ei(x
′) = 0, x satisfies Equation (1). �

The atomic operators therefore provide a recursive way of obtaining entire crystal Demazure
atoms. It is in fact necessary to require w ∈ W λ in the above theorem, as illustrated by the
following proposition.

Proposition 3.2. For w ∈ W λ, we have

Fi(Aw(λ)) =

{
Aw(λ), if siw < w or siw 6∈ W λ,

Aw(λ) t Asiw(λ), if w < siw and w ∈ W λ.

Proof. First assume siw < w, so that Fi(Bw(λ)) = Bw(λ) by Theorem 2.2(2). Then
Fi(Aw(λ)) ⊆ Bw(λ), and if there exists x ∈ Aw(λ) and v < w such that fdi (x) ∈ Bv(λ)
for some d > 0, then x ∈ Bv(λ) since Bv(λ) satisfies Theorem 2.2(3). But this is a con-
tradiction, so fdi (x) ∈ Aw(λ) for all x ∈ Aw(λ), i.e., Fi(Aw(λ)) = Aw(λ). If w < siw and
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siw 6∈ W λ then w · λ = siw · λ, so that Fi(Bw(λ)) = Bw(λ). Thus it follows from the above
argument that Fi(Aw(λ)) = Aw(λ).

Now assume w < siw and that siw ∈ W λ. Then by definition we have

Asiw(λ) = F̂i(Aw(λ)) = Fi(Aw(λ)) \ Aw(λ),

or Fi(Aw(λ)) = Aw(λ) t Asiw(λ). �

This proposition shows that, if we pick w 6∈ W λ and a reduced word w = sik · · · si1 , then
letting j be minimal such that sij · · · si1 ∈ W λ but sij+1

sij · · · si1 6∈ W λ, then

F̂ij+1
(Asij ···si1 (λ)) = Fij+1

(Asij ···si1 (λ)) \ Asij ···si1 (λ) = Asij ···si1 (λ) \ Asij ···si1 (λ) = ∅,

so that F̂ik · · · F̂i1(bλ) = ∅.

Remark 3.1. Proposition 3.2 is essentially the content of Lemma 3.11 and Remark 3.12
in [AGL24]. In the same Remark 3.12, the authors define a crystal operator ∆̇i which bears

a close resemblance to our F̂i (although the notions are distinct). In particular, the authors
demonstrate that char(∆̇i(Aw(λ))) = Di(char(Aw(λ))) for any i and w, which can be viewed
as a kind of character-theoretic mirror of Corollary 3.1.

3.2. Atom-positivity. As seen above, Demazure crystals decompose as a disjoint union of
Demazure atoms, and in particular their characters are positive sums of polynomial Demazure
atoms. We generalize this notion as follows.

Definition 3.3. A subset X ⊆ B(λ) is called strongly atom-positive if there exists LX ⊆ W λ

such that

X =
⊔

w∈LX

Aw(λ),

and X ⊆ B(λ) is weakly atom-positive if there exist λ1, . . . , λk ∈ P+ and w1, . . . , wk ∈ W
with wi ∈ W λi for all i such that

char(X) =
k∑
i=1

char(Awi(λi)).

As the names suggest, strong atom-positivity implies weak atom-positivity, but not con-
versely.

Example 3.1. The following subset of the type A2 crystal B(3, 2, 0),

X =

2 2
1 1 1

2 3
1 1 1

2 3
1 1 2

2 3
1 2 2

3 3
1 1 1

f2

f1 ⊆ B(3, 2, 0)
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satisfies char(X) = A(3,2,0) + A(3,0,2) + A(1,3,1). However, one can check that X is not a
disjoint union of crystal Demazure atoms, i.e., X is weakly atom-positive but not strongly
atom-positive.

Arbitrary unions of Demazure crystals are strongly atom-positive. The following theorem
follows, more or less, from the corresponding decomposition for Demazure crystals.

Theorem 3.4. For w1, . . . , wk ∈ W λ, we have
k⋃
i=1

Bwi(λ) =
⊔

w≤wi for some i and w∈Wλ

Aw(bλ).

Proof. Let D =
⋃k
i=1 Bwi(λ). For w ∈ W λ, we will verify that

D ∩Aw(λ) =

{
Aw(λ), if w ≤ wi for some i,

∅, otherwise.

First, if w ≤ wi for some i with 1 ≤ i ≤ k, then by Theorem 3.2 we have Aw(λ) ⊆ Bwi(λ) ⊆ D,
so D ∩Aw(λ) = Aw(λ).

If w 6≤ wi, then Bwi(λ) ∩ Aw(λ) = ∅, so that, if w 6≤ wi for all i with 1 ≤ i ≤ k, we have
D ∩Aw(λ) = ∅. Therefore,

D = D ∩ B(λ) = D ∩
⊔

w∈Wλ

Aw(λ) =
⊔

w≤wi for some i and w∈Wλ

Aw(bλ). �

The indexing set in the above theorem forms a (lower) order ideal in Bruhat order; that is,
a set I ⊆ W such that w ∈ I and v ≤ w imply v ∈ I (also sometimes called a downset, see e.g.
[Sta12, Section 3.1]). Any lower order ideal in Bruhat order is thus determined by its maximal
elements. If w1, . . . , wk ∈ I are the maximal elements, then we write I = 〈w1, . . . , wk〉. With
this notation, we have the following.

Definition 3.4. For w1, . . . , wk ∈ W λ, let I = 〈w1, . . . , wk〉. The Schubert crystal BI(λ) ⊆
B(λ) is

BI(λ) =
k⋃
i=1

Bwi(λ),

and the Schubert character κλ,I ∈ O is

κλ,I = char(BI(λ)).

Schubert crystals and characters play a significant role in Polo’s conjecture, as discussed
below.

4. Extremal subsets

Polo’s conjecture [Pol89] concerns the structure of the tensor product of Demazure modules
Vv(λ) ⊗ Vw(µ). To introduce it, we first briefly discuss filtrations of B-modules. The
Borel–Weil–Bott theorem realizes the simple G-module V (λ) as the dual of the space of
sections H0(G/B,L−λ) of a line bundle L−λ over the flag variety G/B. Generalizing this,
the Demazure module Vw(λ) may be identified with H0(Xw,L−λ), where Xw = BwB/B is a
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Schubert variety. As a further generalization, Polo defines the B-module H0(S,L−λ), where
S is a union of Schubert varieties, and calls it a Schubert module.

We say that a B-module V admits an excellent filtration if each successive quotient in the
filtration is isomorphic to a Demazure module. The tensor product Vv(λ)⊗ Vw(λ) does not
always admit an excellent filtration; however, Polo conjectured that there should always exist
a Schubert filtration.

Conjecture ([Pol89, Section 2.9]). For λ, µ ∈ P+ and v, w ∈ W , the tensor product
Vv(λ)⊗Vw(λ) admits a filtration in which each successive quotient is isomorphic to a Schubert
module. In particular, there exist ν1, . . . , νk ∈ P+ and lower order ideals I1, . . . , Ik ⊆ W
such that

char(Bv(λ)) · char(Bw(µ)) =
k∑
i=1

ciκνi,Ii

for some ci ∈ Z>0.

Polo’s conjecture suggests that the tensor product Bv(λ)⊗Bw(µ) should admit a decompo-
sition such that each connected component is a Schubert crystal. However, while Kashiwara’s
tensor product rule witnesses good filtrations in the category of highest weight crystals —
that is, B(λ)⊗ B(µ) decomposes as a direct sum of highest weight crystals, replicating the
decomposition on the module level — this rule is not well-equipped to deal with tensor
products of Demazure crystals. That is, when one restricts the tensor product to the subset
Bv(λ)⊗ Bw(µ), the connected components are not always isomorphic to Schubert crystals.
However, they are in the following case.

Theorem 4.1 ([ADG24]). The Kashiwara tensor product of Demazure crystals decomposes
as a direct sum of Demazure crystals if and only if the tensor product satisfies Theorem 2.2(3).

This is in fact a special case of Polo’s conjecture, as the connected components of the tensor
product are single Demazure crystals, as opposed to Schubert crystals. Kouno [Kou20] first
found a global criterion that gives necessary and sufficient conditions for this decomposition
to hold, but we opt to work with the local criterion of [ADG24].

Definition 4.1 ([AG21]). A subset X ⊆ B(λ) satisfying Theorem 2.2(3) is called an extremal
subset.

Note that any extremal subset X ⊆ B(λ) also necessarily satisfies Theorem 2.2(1), and
thus contains the highest weight element bλ. In particular, every extremal subset of a highest
weight crystal is connected. The class of extremal subsets is also closed under union and
intersection:

Lemma 4.1. If X, Y ⊆ B(λ) are extremal subsets, then so are X ∪ Y and X ∩ Y .

Proof. For a given i-string S contained in B(λ), we have (X ∪Y )∩S = (X ∩S)∪ (Y ∩S), so
since X ∩S = ∅, S, or uS (respectively Y ∩S), it follows that the same is true of (X ∪Y )∩S.
A similar argument shows the same result for (X ∩ Y ) ∩ S. �

Corollary 4.1. Schubert crystals are extremal.
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Thus extremal subsets of highest weight crystals take on particular importance in the
context of Polo’s conjecture. As such, the original impetus for this work was to study the
relationship between extremality and atom-positivity. The relationship, it turns out, is not
so direct, as the class of extremal subsets is much broader than the special cases considered
above. In particular, there exist extremal subsets which are not weakly atom-positive.

Example 4.1. The highlighted extremal subset X ⊆ B(3, 2, 0, 0) in Figure 2 satisfies

char(X) = A(3,2,0,0) + A(3,0,2,0) + A(0,3,2,0) + A(3,0,0,2) + A(2,3,0,2) − A(1,3,0,1).

This incongruence essentially follows from the fact that crystal Demazure atoms are not,
in general, connected, so that an extremal subset may contain a strict subset of a crystal
Demazure atom. Conversely, there also exist atom-positive subsets which are not extremal.

Example 4.2. Let λ ∈ P+ such that there exist i, j, k ∈ I which are pairwise disjoint,
satisfying sisk = sksi and sj, sisj, sksisj ∈ W λ. Then, define

X = Aid(λ) t Asj(λ) t Asisj(λ) t Asksisj(λ) ⊆ B(λ),

noting that each set on the right-hand side is nonempty by choice of i, j, k. The subset X
is furthermore connected by Corollary 3.1, since in particular there exists a path in X to
the highest weight element bλ for all x ∈ X. Now, let w = sksisj. Since sisk = sksi, we have

siw < w, so by Corollary 3.1 we have Aw(λ) = F̂i(Asksj(λ)); in particular, e∗i (x) ∈ Asksj(λ)
for any x ∈ Aw(λ). But Asksj (λ)∩X = ∅, i.e., x ∈ X but e∗i (x) 6∈ X. Thus X is a connected,
strongly atom-positive subset which is not extremal.

Nevertheless, extremality is still a rather rigid condition to impose on a subset of a highest
weight crystal, and we wish to further study the structure of extremal subsets. To this end,
Assaf and González define the lowest weight elements of an extremal subset.

Definition 4.2 ([AG21]). Given an extremal subset X ⊆ B(λ), an element x ∈ X is said to
be a lowest weight element if, for each i ∈ I, either fi(x) = 0 or fi(x) 6∈ X.

Lowest weight elements are closely related to extremal weight elements, but are more
general: there exist lowest weight elements whose weights are not extremal. For instance, one
such element is f 2

1 f2(bλ) in Figure 2. Note furthermore that, if x is a lowest weight element
and 0 6= fi(x) 6∈ X, then we must have ei(x) = 0 since X is extremal. Thus, for i ∈ I, we
have either fi(x) = 0 or ei(x) = 0 (or both), so x must lie at the top or the bottom of each
i-string passing through x. However, there exist crystal elements x ∈ B(λ) satisfying this
weaker condition which are not lowest weight elements in any extremal subset X ⊆ B(λ).

Example 4.3. Let λ = (4, 4, 3, 2, 0, 0) and consider the type A5 crystal B(λ), along with the
element

x =

5 6
3 4 5
2 3 4 4
1 2 3 3

∈ B(λ).

Then f1(x) = f2(x) = e3(x) = e4(x) = e5(x) = 0, so x lies either at the top or the bottom
of each i-string incident to x. If X ⊆ B(λ) is an extremal subset containing x, then, since
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2 2
1 1 1

2 2
1 1 2

2 3
1 1 1

2 3
1 1 2

2 3
1 2 2

3 3
1 1 1

3 3
1 1 2

3 3
1 2 2

3 3
2 2 2

2 4
1 1 1

2 4
1 1 2

2 4
1 2 2

3 4
1 1 1

4 4
1 1 1

3 4
1 1 2

3 4
1 2 2

3 4
2 2 2

4 4
1 1 2

4 4
1 2 2

4 4
2 2 2

f2

f1

f3

Figure 2. The type A3 Demazure crystal Bs1s3s2(3, 2, 0, 0), with an extremal
subset X highlighted. Note that the crystal Demazure atom As1s3s2(3, 2, 0, 0)
is not connected.

e2(x) 6= 0, we have

e2(x) =

5 6
3 4 5
2 3 4 4
1 2 2 3

∈ X.

We then have e3e2(x) 6= 0, so the 3-string through e2(x) must be contained in X. In particular,

f3e2(x) =

5 6
4 4 5
2 3 4 4
1 2 2 3

∈ X.

Finally, since e2f3e2(x) 6= 0, the 2-string through f3e2(x) must also be contained in X, so
that

f2f3e2(x) =

5 6
4 4 5
2 3 4 4
1 2 3 3

∈ X.
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But f2f3e2(x) = f3(x) ∈ X, so x is not a lowest weight element in any extremal subset of
B(λ).

Extending the Ei operator, for X ⊆ B(λ) we define

E(X) = {edkik · · · e
d1
i1

(x) : x ∈ X, ij ∈ I, dj ≥ 0} − {0} ⊆ B(λ).

An extremal subset is generated by its lowest weight elements in the following sense.

Proposition 4.1. Let X ⊆ B(λ) be an extremal subset and {z1, . . . , zk} its set of lowest
weight elements. Then X = E({z1, . . . , zk}).

Proof. Let x ∈ X. We must show that x ∈ E(zj) for some j with 1 ≤ j ≤ k, or, equivalently,
that zj ∈ F(x). If for all i ∈ I we have fi(x) = 0 or fi(x) 6∈ X, then x is a lowest weight
element of X, and we are done. Otherwise, select i1 ∈ I such that fi1(x) ∈ X. Then
x′ := f ∗i1(x) ∈ X, since X is extremal. Repeating the above recipe, we find i2 ∈ I such
that fi2(x

′) ∈ X. If this is not possible, then x′ ∈ {z1, . . . , zk}. Otherwise, repeat with
x′′ := f ∗i2(x

′). Since X is finite, we can continue in this way to obtain i1, . . . , ik ∈ I such that
f ∗ik · · · f

∗
i1

(x) ∈ {z1, . . . , zk}, i.e., x ∈ E({z1, . . . , zk}). �

As a shorthand, we will say that a subset X ⊆ B(λ) is E-generated by L ⊆ X if X = E(L).
While a lowest weight element need not, in general, have extremal weight, it must in the
following special case.

Proposition 4.2. If X ⊆ B(λ) is extremal and X = E({x}) for some x ∈ X, then x = bw·λ
for some w ∈ W λ.

Proof. We will show that there exist i1, . . . , ik ∈ I such that x = f ∗ik · · · f
∗
i1

(bλ). Assume this

is not the case, so that for every expression x = fdkik · · · f
d1
i1

(bλ), there exists an index j such

that dj < ϕij(f
dj−1

ij−1
· · · fd1i1 (bλ)). Assume j is the minimal such index, so that

x = fdkik · · · f
dj
ij
f ∗ij−1

· · · f ∗i1(bλ),

and let x′ = f ∗ij−1
· · · f ∗i1(bλ). We claim that f ∗ij(x

′) 6∈ E({x}). If it were, then f ∗ij(x
′) =

ec1a1 · · · e
c`
a`

(x) for some a1, . . . , a` ∈ I and c1, . . . , c` > 0, so that

x = f c`a` · · · f
c1
a1

(f ∗ij(x
′)) = f c`a` · · · f

c1
a1
f ∗ijf

∗
ij−1
· · · f ∗i1(bλ).

By the minimality of j, though, this is impossible, so f ∗ij (x
′) 6∈ E(x). But this now contradicts

the assumption that E({x}) is extremal, since for S the ij-string through x′,

S ∩ E(x) 6∈ {∅, {uS}, S}.
Thus there exist i1, . . . , ik such that x = f ∗ik · · · f

∗
i1

(bλ), i.e., x = bw·λ for w = sik · · · si1 . �

Corollary 4.2. Assume X ⊆ B(λ) is an extremal subset such that X = E({x}) for some
x ∈ X. If Y ⊆ B(λ) is another extremal subset such that char(X) = char(Y ), then X = Y .

Proof. By Proposition 4.2, we have x = bw·λ for some w ∈ W λ. In particular, since bw·λ is
the unique element of B(λ) of weight w · λ, we must have x ∈ Y since char(X) = char(Y ).
Thus X = E({x}) ⊆ Y since Y satisfies Theorem 2.2(1), and since their characters coincide,
we must have equality: X = Y . �
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Thus extremal subsets which are E-generated by a single element are uniquely determined
by their character. This result is not true in general for extremal subsets. However, the
following is true.

Proposition 4.3. Extremal subsets are not uniquely determined by their character. That is,
there exist λ ∈ P+ and X, Y ⊆ B(λ) extremal subsets such that char(X) = char(Y ).

A witness to this proposition is given in Example 4.4, and the statement more or less
follows from the fact that there may exist lowest weight elements in an extremal subset which
do not have extremal weight.

To construct two such subsets, it is useful to recall the notion of Levi branching of normal
crystals (see, for instance, [BS17]). For J ⊆ I, we obtain a normal crystal B(λ)J for the root
system ΦJ given by discarding the data of fi, ei, ϕi, εi for i 6∈ J . It is fairly straightforward
to see that extremal subsets are preserved under Levi branching: that is, if X ⊆ B(λ) is
an extremal subset and J ⊆ I, then letting XJ ⊆ B(λ)J denote the image of X under Levi
branching to J , we have that each connected component of XJ is extremal.

In the special case that B(λ) is a type An−1 crystal and J = [n− 2], the branched crystal
B(λ)J decomposes as

B(λ)J ∼=
⊕

µ:λ/µ a horizontal strip

B(µ) � B(λ/µ),

where B(µ) � B(λ/µ) consists of those x ∈ SSYTn(λ) such that x|≤n−1 ∈ SSYTn−1(µ), and
λ/µ is a horizontal strip if it does not contain multiple cells in the same column (see e.g.
[BS17, Theorem 8.14]). Thus x, y ∈ B(λ) are in the same connected component of B(λ)J if
and only if their entries of n are in the same positions. As a crystal, B(µ)�B(λ/µ) is related
to B(µ) via the natural restriction map on the weight lattice PGLn → PGLn−1 .

Example 4.4. Consider the type A5 crystal B(λ) indexed by λ = (3, 1, 1, 0, 0, 0), so that
I = [5], and the subsets of B(λ) shown in Figure 3. Note that char(Y1) = char(Y2) (the purple
coloring indicates those elements which are not in Y1 ∩ Y2). The connected component X of
B(λ)J containing bλ is isomorphic to B(3, 1, 1, 0, 0), consisting of those SSYT with entries
≤ 5, and is thus extremal when considered as a subset of the full crystal B(λ). Furthermore,
for all y ∈ Y1 ∪ Y2 we have e4(y) = 0, f5(y) = 0, and e5(y) ∈ X. Thus X t Y1 and X t Y2 are
both (connected) extremal subsets of B(λ), and char(X t Y1) = char(X t Y2).
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Figure 3. Subsets of B((3, 1, 1, 0, 0, 0))


