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Pak-Stanley labeling of hyperplane arrangements
- Motivation

Motivation

In the 1990s Pak and Stanley introduced a labeling of the regions
of the m-Shi arrangement of hyperplanes with m-parking functions.
It is easy to determine the label assigned to a region but the
inverse can be “hard” to find.

We started by extending the Pak-Stanley labeling to other
hyperplane arrangements and determined the inverse for them.

Let n € N. In what follows [n] := {1, ..., n}.
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Parking functions

Assume n drivers want to park on a one-way street with n parking
spaces.

ith driver prefers space a; and parks there if it is free. If a; is
occupied, i takes the next available space.

a=(a1,...,an) is a parking function of length n if all cars can
park.

Example

(3,1,1) is a parking function of length 3
.= __1-52_1—-231

(1,3,3) is not a parking function of length 3
.= 1__—=1_2—=1_2

3 can't park
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PF, ={parking funtions of length n}

PF, ={11,12,21}

PFs; ={111,112,113,121,122,123,131,132,
211,212,213, 221,231,
311,312,321}

a=(a1,...,an) € N"is a parking function of length n iff

a (i) ={elnla<i}
= {drivers who want to park in the first i places}

has at least i elements, for every i € [n].
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a=(a1,...,an) € N"is a parking function of length n iff the
unique weakly increasing rearrangement b = (by,..., b,) of a
satisfies

b; < i, for every i € [n],

ie.,
b=<(1,2,3,...,n).

(= denotes the product order or componentwise order.)

a=(a1,...,an) € N"is an m-parking function of length n iff the
unique weakly increasing rearrangement b = (by,..., b,) of a
satisfies

bi < m(i —1)+1, for every i € [n],

b=<(1,1+ml+2m,....,14+(n—1)m).
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A parking function a € N” of length n is prime iff it remains a
parking function (of length n — 1) when we remove a 1.

PF/ ={prime parking funtions of length n}
PF, ={11}

PF, ={111,112,121,211}
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A parking function a € N” of length n is prime iff the unique
weakly increasing rearrangement b = (b, ..., b,) of a satisfies

bi+1 < i, for every i € [n—1],

b= (1,1,2,...,n—1).

A parking function a € N” of length n is prime iff

a (i) ={elnla<i}

= {drivers who want to park in the first i places}

has more than i elements for every i € [n —1].
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An m-parking function a € N” of length n is prime iff the unique
weakly increasing rearrangement b = (by, ..., b,) of a satisfies

biv1 < m(i —1)+1, for every i € [n—1],

b=<(1,1,14+m,...,14 m(n—2)).

m-PF, = {m-parking functions of length n}

m-PF’ = {prime m-parking functions of length n}
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|PF,|=(n+1)"!

and

[PF, | = (n—1)""
|m-PF,| = (mn+1)"!

and

|m-PF! | = (mn—1)"1
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Hyperplane arrangements

n-dimensional Coxeter arrangement or braid arrangement:
Cox, = U {xi —x; =0}
1<i<j<n
n-dimensional Shi arrangement (Shi, 1986):
Shi, = U {xi—x;=0,x; —x; = 1}
1<i<j<n
n-dimensional Ish arrangement (Armstrong, 2013):
Ish, = U {xi—x; =0,x1 —x; =i}
1<i<j<n
n-dimensional Catalan arrangement:

Caty = |J {5 —26=0—x=Lx—x=-1}

1<i<j<n
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Shiz and Ishs
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Figure: Shis (left) and Ishs (right)



R
Pak-Stanley labeling of hyperplane arrangements
I—Hyperplane arrangements

;

n-dimensional m-Shi arrangement:

m-Shi, = U {xXi—xi=k|ke{-(m—-1),...,0,1,
1<i<j<n

., m}}

n-dimensional m-Catalan arrangement:

1<i<j<n

m- Cat, = U {xXi—xi=k|ke{-m,...,0,1,

.,m}}
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| hyperplane arrangement | # regions | # rel. bounded regions
Cox, n! 0
Shi, e e
Ish, (n+1)"1 (n—1)"!
Cat,, B = nlC, GO~ 1€,
m- Ship, (mn+1)"-1 (mn— 1)1
(mn+n)! mn+n—1)!
m- Cat, (mnil)! = n!F(n, m) (;n)!
C, = %(2:) is a Catalan number
F(n,m) = 25 (™"") is a Fuss-Catalan number

(Remark: F(n,1) = Cp)
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Pak-Stanley labeling

Let Ro={x€R" | x,+1>x3>--+> x,} be the fundamental
alcove, i.e, the region bounded by the hyperplanes of equation
xi —Xj+1 =0, for i € [n—1], and x; — x, = 1.

AMRo) :=1:=(1,1,...,1) e N".

Let Ry and R be two regions separated by a unique hyperplane H,
of equation x; — x; = k, such that Ry and R; are on the same side

of H. Then
MR . ifk<0
MR = L NR)F g k=0,
AMR1)+e if k>0,
where ¢, = (0,...,0, 1 ,0,...,0)
~~

ith pos.
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Problem

The original Pak-Stanley labeling is not injective when applied to
the Ish arrangement.

N
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Pak-Stanley labeling (adapted)

Let Ro={x€R" | x,+1>x3 >+ > x,} be the region bounded
by the hyperplanes of equation x; — xj+1 = 0, for i € [n — 1], and
x1 — X, = 1.

/(Ry):=1:=(1,1,...,1) e N".

Let Ry and R be two regions separated by a unique hyperplane H,
of equation x; — x; = k, such that Ry and R; are on the same side
of H. Then
IR ;if k<0,
URy) = (Ry)+-e I -
U(R1)+ ¢ if k>0,

where ¢, = (0,...,0, 1 ,0,...,0)
~~

ith pos.
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The Pak-Stanley labels of the regions of the m-Shi arrangement
are the m-parking functions and the labels of the relatively

bounded regions of the m-Shi arrangement are the prime
m-parking functions.
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Definition (D. and Guedes de Oliveira, 2021)

Let a = (a1,...,an) € N and p € Z. The p-center of a, Z,(a), is
the largest subset X = {x1,...,xq} of [n] such that if

1<xq <Xg—1<---<x1 <nthen

ax; < p+j, forevery j € [q].
In other words,

(3xgr g1+ s dxmdx) 2 (P+q,p+q—1,....,p+2,p+1).
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Example

Let a = 1352.

a=1352 (a3 =1 <1 and there is no aja;, = 21)
Zo(a) = {1}

a = 1352 (a1a2a4 = 132 < 432 and a £ 5432)
Zi(a) = {1,2,4}

a = 1352 (a1a2a4 = 132 < 543 and a £ 6543)
Zy(a) ={1,2,4}

a = 1352 (a < 7654)

Z3z(a) ={1,2,3,4}

(Zp(a) =2, if p< 0, and Z,(a) = [4], if p > 3.)
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The m-Catalan arrangement

Theorem (D. & Guedes de Oliveira, 2021)

If b and c are the Pak-Stanley labels of two regions Ry and Ry of
the m-Catalan arrangement such that R, is the image of Ry by
refletion on the hyperplane of equation x; — xj+1 = 0 and Ry and
Ry are on the same side of x; — xj;1 = 0, then

bj ifj#iandj#i+1,
G={bi1+1 ifj=i
bi ifj=i+1.
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;

Let m € S,. The inversion table of m, I(m), is defined by

I(m)i = 4> i [771() <77 H(0)}

|, for every i€ [n].
For every a € N, let p(a) € (NU {0})" be defined by

p(a); := min{j e NU{0} | / € Z;(a)},

for every i € [n].
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Theorem (D. & Guedes de Oliveira, 2021)

Let m € S,, R be a region of m-Cat,, contained in
{X | Xpy > Xg, > -+ > Xz, }, and b be the Pak-Stanley label of R.
Then

b—p(b) =1+ /().

1+ /() is the minimum label among the labels of the regions of
m- Cat,, contained in {X | Xz, > Xz, > -+ > Xz, }
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Theorem (D & Guedes de Oliveira, 2021)

Given a € N", a is the Pak-Stanley label of a region of m-Cat,, if
and only if for every i € [n],

|Z(i—1ym(a)| > i.

This labeling is bijective.

Theorem (D & Guedes de Oliveira, 2021)

Given a € N", a is the Pak-Stanley label of a relatively bounded
region of m-Cat, arrangement if and only if for every i € [2, n],

| Z(i—1ym-1(a)| > i.
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The Ish arrangement

Theorem (D. and Guedes de Oliveira, 2018)

Given a € N", a is the Pak-Stanley label of a region of Ish,, if and
only ifa € [n]" and 1 € Zy(a). This labeling is bijective.

IPF, ={Pak-Stanley labels of the regions of Ish,}
IPF; ={111,112, 113, 121,122, 123,131,132, 133,
211,212,213, 221, 231,
311,321}

133 € IPF3\ PF3 and 312 € PF3\ IPF;
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Theorem (D.)

Let R be a region of Ish, and i,j € [n] such that i < j. Then Ry
and R are separated by the hyperplane of equation x; = x; + i iff

J ¢ Zia(U(R)).
Theorem (D.)

Given a € N", a is the Pak-Stanley label of a relatively bounded
region of Ish,, if and only ifa € [1] x [n — 1]""1.

IPF/, ={Pak-Stanley labels of the rel. bounded regions of Ish,}
IPF, ={111,112,121,122}
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Given a € N”, let p(a),q(a) € (NU {0})" be defined by

and

p(a)i = min{j € NU{0} | i € Zj(a)}

q(a); :== min{p(a);, i — 1},



Pak-Stanley labeling of hyperplane arrangements

LThe Ish arrangement

Theorem (D.)
Let R be a region of Ish,, a:={(R) and m € S,. Then

RCA{Xx€R" | Xgy > Xy > -+ > Xz, }

if and only if
a—q(a)=1+I(n).

1+ /() is the minimum label among the labels of the regions of
Ish,, contained in {X | Xz, > Xg, > -+ > Xz, }
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Example

Let R be the region of Ish, such that a = ¢(R) = 1424. Then

2y = {].}, 71 = {].,3}, Iy = {1,2,3}, I3 = {1,2,3,4}. It follows
that p(a) = 0213 and g(a) = 0213 A 0123 = 0113. Hence

1+ /() =a—q(a) = 1311 and © = 1342. Finally,

m=1342
R={xeR*|X > x3 > x4 > xo,
X1>X2+1,X3+1<X1<X3+2,X1>X4+3}.

q2=1 q3=1 qs=3
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Thank you for your attention!
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