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Isomonodromic deformations

We start off with an ODE on
P1\{a0, a1, a2, . . . , ap}.

d

dz
Y (z) = A(z)Y (z).

Ym+1(z) = Ym(z)Sm.
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Riemann-Hilbert-Birkhoff Problem

Suppose Y (z) ∈ GL(N,C)

dY

dz
(z) =

(
U

z2
+

V

z

)
Y (z), U = diag(u1, u2, . . . , uN),

and V is off-diagonal and holomorphic.

RIemann-Hilbert-Birkhoff Problem:

Stokes Factors Sl Matrix V

Assumption: (Isomonodromy)

dVα =
∑

β+γ=α

[Vβ,Vγ ]d logU(γ).
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Power Series

Theorem

For each Stokes ray l , the Stokes factor is given by,

Sl = IN + 2πi
∑
m≥1

∑
U(α1),...,U(αm )̸=0
U(α1+···+αm)∈l

Mm(U(α1), . . . ,U(αm))Vα1 . . .Vαm ,

Examples

α1 = r1 − r2 ⇒U(α1) = u1 − u2 and Vα1 = V12

α2 = r2 − r3 ⇒U(α1 + α2) = u1 − u3 and Vα1+α2 = V13.
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Number of terms and paths on graphs

m 2 3 4 5 6 7 8 9 10

number of terms 1 2 5 10 21 42 85 170 341

u1

u2 u3
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Higher dimensions
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Multiple Polylogarithms

Definition

Set M1(z) = 1 and, for n ≥ 2, define the function Mn : (C∗)n → C by the iterated integral

Mn(z1, . . . , zn) =

∫
C

dt

t − s1
◦ · · · ◦ dt

t − sn−1
,

where si = z1 + · · ·+ zi , 1 ≤ i ≤ n and the path of integration C is the line segment
]0, sn[ perturbed if necessary to avoid any point si ∈ [0, sn] by clockwise arcs.

∫ 1

0

dt

t − (x1 . . . xm)−1
◦ dt

t︸ ︷︷ ︸
n1-times

◦ · · · ◦ dt

t
◦ · · · ◦ dt

t − x−1
1

◦ dt

t
◦ · · · ◦ dt

t︸ ︷︷ ︸
nm-times

=

=(-1)nLin1,n2,...,nm(x1, x2, . . . , xm) =
∑

0<k1<···<km

x
k1
1 ...xkmm

k
n1
1 ...knm

m
.
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Example: N = 2 case

V =

[
0 v12
v21 0

]
, M2m−1 =

∫ 1

0

dt

1− t
◦ dt

t
. . .

dt

1− t
◦ dt

t︸ ︷︷ ︸
(m−1)-times

= (−1)m−1Li2,...,2(1, . . . , 1).

Using

Li2, . . . , 2︸ ︷︷ ︸
(m−1)-times

(1, . . . , 1) = ζ
(
{2}m−1

)
:=

∑
0<l1<l2<···<lm−1

1

l21 l
2
2 · · · l2m−1

=
π2m−2

(2m − 1)!
.

We obtain,

sl21 =

[
1 0

2πiv21
sin(

√
v12v21π)√

v12v21π
1

]
, sl12 =

[
1 2πiv12

sin(
√
v12v21π)√

v12v21π

0 1

]
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Inverting the power series

Theorem

The inverse power series is given in the variables sα by

Vα =
∑
m≥1

∑
U(αi )̸=0

α1+···+αm=α

Fm(U(α1), . . . ,U(αm))sα1sα2 . . . sαm ,
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Special function

Definition

The function Ln : (C∗)n → C is given by L1 = 2πi and, for n ≥ 2,

Ln(z1, . . . , zn) =
n∑

k=1

∑
0=i0<···<ik=n
sij−sij−1

∈R>0.sn

(−1)k−1

k
(2πi)k

k−1∏
j=0

Mij+1−ij (zij+1, . . . , zij+1
),

where sj = z1 + · · ·+ zj .
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The F functions

For each m, the function Fm will be a sum over trees with m leaves.

Example

For m = 3:

L3

U(α3)U(α2)U(α1)

L2

U(α3)L2

U(α2)U(α1)

L2

L2

U(α3)U(α2)

U(α1)
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Example

•

•

U(α6)U(α5)U(α4)

U(α3)•

U(α2)U(α1)

∝ −L3(U(α1)+U(α2),U(α3),U(α4)+U(α5)+U(α6))L2(U(α1),U(α2))L3(U(α4),U(α5),U(α6))
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Example

•

•

U(α7)U(α6)U(α5)

•

U(α4)U(α3)U(α2)U(α1)

∝ −L2(U(α1) + U(α2) + U(α3) + U(α4),U(α5) + U(α6) + U(α7))·

L4(U(α1),U(α2),U(α3),U(α4))L3(U(α5),U(α6),U(α7))
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Example: N = 2 case

We have two Stokes factors:

s12 = 2πiv12
sin(

√
v12v21π)√

v12v21π
, s21 = 2πiv21

sin(
√
v12v21π)√

v12v21π
.

Recall that since M does not depend on u1 nor u2, both the L and F functions also do
not depend on u1 and u2. The equation becomes:

V12 =
∑
m≥1

F2m−1(s21s12)
m−1s12.
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The F functions

Since the functions do not depend on the variables u1 and u2, we only need to look at
trees up to permutations of their subtrees.

Example

For m = 3:

• +
•

•
+

•

•
⇒ • + 2×

•

•
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The F functions

Lm = 2πiMm. Hence, in particular, we only need to look at trees with even valency
greater than 2.

Example

For m = 3:

• + 2×
•

•
⇒ •
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The F functions

(2πi)3F3 = −M3 =
π2

6
;

(2πi)5F5 = −M5 + 3(M3)
2 = − π4

120
+ 3

π4

36
=

3π4

40
.

(2πi)7F7 = −M7 + 5M5M3 − 3(M3)
3 − 9(M3)

3 + 3M3M5 =
5π6

112
.

Theorem

There is an identity,

F2m−1 =
π2m−2

(2πi)2m−1

(2m − 2)!

22m−2((m − 1)!)2(2m − 1)
.
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Proof

F2m−1 =
∑

k2i−1∈N
k1+3k3+···+(2m−3)k2m−3=2m−1

k!

k1! . . . k2m−3!
(−1)kMk

m−1∏
i=1

F
k2i−1

2i−1 ,

Plugging in the values of Mk and the induction hypothesis. And after some algebra...

i

2

∑ m∏
j=1

[
2i(2j − 2)!

(j − 1)!2(2j − 1)

]k2j−1 1

k2j−1!
= 0

But these are the odd coefficients of the Taylor series of the exponential function:

→ e i arcsin 2t !!
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Inverted power series

v12 =
v12√

v12v21π

∑
m≥1

(2m − 2)!

22m−2((m − 1)!)2(2m − 1)
sin2m−1(

√
v12v21π).

Now, we have,

arcsin(x) =
∑
m≥1

(2m − 2)!

22m−2((m − 1)!)2(2m − 1)
x2m−1,

so that,

v12 =
v12√

v12v21π
arcsin(sin(

√
v12v21π)).

We conclude as desired

V =

[
0 v12
v21 0

]
.
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Conclusion

Stokes Phenomenon Number Theory
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Future work

HIGHER DIMENSIONS!!
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THANK YOU!
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