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1. Introduction

The stored energy of a hyperelastic material can be written in terms of the defor-
mation gradient Vv as

/ W(x. Vo) dx, (1.1)
Q

where 2 C R” is the reference configuration, and the energy density W (x, F) is
a function defined for x € Q2 and F in the space M"*" of n x n matrices. The stress
tensor corresponding to the deformation gradient Vv is then given by T (x, Vv) =
arW(x, Vu).

By frame indifference we can express W (x, Vv) in terms of the right Cauchy—
Green strain tensor C(v) := VvTVu or, equivalently, in terms of the Green—
St. Venant tensor %(C (v) — I), where [ is the identity matrix. Thus we can write
W(x, Vv) = V(x, %(C(v) — 1)) for a suitable function V (x, E) defined for x € Q
and E in the space M of symmetric n x n matrices.

We prefer to express these quantities in terms of the displacement u, defined by
u(x) ;== v(x) —x. As Vv = I 4+ Vu the Green—St. Venant tensor %(C(v) —I)can
be written as E (1) := e(u) + %C(u), where e(u) := %(VMT-F Vu) is the symmetric
part of the displacement gradient.

We assume that the reference configuration is stress free, i.e., T (x, I) = 0, and
thus dpW(x,I) = 0gV(x,0) = 0. As W(x, -) and V(x, -) are defined up to an
additive constant, it is not restrictive to assume also that W(x, 0) = V(x,0) = 0.
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Since the displacement u = 0 is an equilibrium configuration when no external
loads are applied, it is natural to expect small displacements for small external
loads. It is then convenient to rescale the variables and to write the load as ¢ and
the displacement as cu for a suitable (adimensional) small parameter € > 0. Thus
we have v(x) = x +¢eu(x), and the equilibrium configurations are stationary points
of the total energy

/ Wx, I +¢eVu)dx — 52/ fu dx. (1.2)
Q Q

As

W(x, I+ eVu) = V(x,ge(u) + 1e*Cw)), (1.3)
if Vu is bounded we have, by Taylor expansion,

W(x, I +eVu) =05V (x,0)[e(u), eu)] + o(e?), (1.4)
where 8%V(x, -) denotes the second derivative of V(x, -) on Mg’yﬁ, and o(e?) is

uniform with respect to x. The tensor A(x) := 8,23V(x, 0) is called the elasticity
tensor, and the linearized elastic energy is then defined as

1
5 / A(x)[e(u), e(u)] dx.
2 Ja
The previous discussion shows that, if we rescale the total energy given by (1.2),
we obtain

1
lim—z(/ W(x,I+8Vu)dx—82/£udx>
e—0 & Q Q

= 1/A(x)[e(u),e(u)]dx —fﬁudx (1.5)
2 Ja Q
for every Lipschitz function u. This equality is usually considered as the main
justification of linearized elasticity.

Note that this argument does not prove that the minimizers u, of (1.2), sat-
isfying suitable boundary conditions, actually converge to the minimizer of the
corresponding limit problem

l / A(x)[le(u), e(u)]dx — / Ludx.
2 Ja Q
Indeed we shall see that this is not always true (see Example 3.5).

In this paper, given a load £ € L*(Q2,RY), a boundary value g € W@, RY),
and a closed subset Q2 of Q2 with H#"~1(3Q2p) > 0, we consider the minimum
problems

min {/ W(x,I—{—eVu)dx—sz/Zudx}, (1.6)
Q Q

1
MEHg,BQD
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where Hgl’mD denotes the closure in H'(2, R") of the space of functions u €

W1>(Q, R") such that u = g on dQ2p. Suppose that, for every & > 0, there exists
a solution u, of (1.6) which satisfies the orientation preserving condition det(/ +
eVu,) > 0. Under some natural hypotheses on the function V, we prove that u,
converges weakly in H'(€2, R") to the (unique) minimizer u of the problem

min {l/A(x)[e(u),e(u)]dx—/@udx}.
MEH;.(’)QD 2 Ja Q

Moreover, we prove the convergence of the rescaled energies, i.e.,

lim iz{/ W(x,I—{—sVug)dx—sz/ Eugdx}
e—=>0 & Q Q
1
= E/A(x)[e(uo),e(uo)]dx —/Zuodx- (1.7)
Q Q

More generally, the same results hold if det(/ + eVu,) > 0 and

/ W(x, I+ ¢eVu,)dx — 82/ Cu,dx = g, + o(g?),
Q Q

where ¢, is the (possibly not attained) infimum of problem (1.6). This provides
a full variational justification of linearized elasticity.
These results are proved under the following additional hypotheses on V':
(@) inf|g|>, infieq V(x, E) > 0 for every p > 0;
(b) there exist « > 0 and p > 0 such that inf,cq V(x, E) > «|E|* for every
|E| < p; |
(¢) liminf — inf V(x, E) > 0.
|E|>+00 |E| xeQ
These conditions say that O is the unique minimizer of V (x, -) (with a uniform
estimate with respect to x) and that V (x, -) grows more than quadratically near the
origin and more than linearly at infinity.
If (c) is replaced by the slightly stronger condition
(¢) liminf L inf V(x,E) >0
|E|>+400 |E|P x€Q
for some exponent p > 1, then we prove also that u, converges to u strongly in
wha(Q, R") for every g < 2.
The proof is obtained in two steps. First we show that the sequence u, is com-
pact in the weak topology of H'!(2, R"), using a recent lemma proved by Friesecke,
James and Miiller [4]. Then we prove that the functionals

Prod _ l 1.2
Folw) = V(x, ee(u) + 36°C(u)) dx
Q
I"-converge to the functional

1
Fu) = 5/ A(x)[e(u), e(u)] dx.
Q
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These two facts lead to the weak convergence of the solutions in H'(, R") and
to the convergence of the rescaled energies expressed by (1.7). The strong conver-
gence in Wha(Q, R") for g < 2 is obtained from (1.7).

2. The Main Results

Let the reference configuration be an open, bounded, connected domain €2 C R”,
for n > 2, having Lipschitz boundary. Let |F|*> = Zi, j |E]~|2 be the norm in the
space M"*" and let SO(n) be the subset of rotations (orthogonal matrices with
positive determinant).

We will assume that the material is hyperelastic, i.e., there exists a stored energy
density W: Q x M™" — [0, +o00] such that for a.e. x € Q2 we have

W(x, F)=+occ ifdetF <0 (2.1)
(orientation preserving condition), and such that for a.e. x € Q2
W(x, F) < +o00 (2.2)

for F in a neighborhood U of the identity / independent of x (so that small defor-
mations of the reference configuration have finite energy). By frame indifference
the stored energy density can be written as

W(x, F)=V(x, }(FTF — D)) (2.3)

for every F with det F > 0, where FT denotes the transpose of the matrix F. We
suppose that V: € x M — Ris £L" x B"-measurable (where £" and B" are
the o -algebras of Lebesgue measurable and Borel measurable subsets of R") and
that, for some 8§ > 0, the function B — V (x, B) is of class C? for |B| < 8 and
for a.e. x € Q2. Moreover, we will assume that the reference configuration has zero
energy and is stress free, which means that for a.e. x €

V(x,0) =0, dgV(x,0)=0. (2.4)

Finally we require the coercivity assumptions (a), (b), (c) and for a.e. x € Q the
upper bound

102V (x, E)[T, T < 2y|T|* for |E| <8and T € M'X" (2.5)

sym

for some constant y > 0 independent of x.
From (2.4) it is easy to deduce by Taylor expansion that for a.e. x €

1
V(x,E) = Eafgvoc, tE)[E, E] (2.6)
for some ¢ € (0, 1) depending on x, hence,

V(x, E)| < y|E]* YE € M"X" with |E| < 6. 2.7)

sym
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Let A(x) := B%V(x, 0). From (2.6) and (b) it follows that for a.e. x € Q
AX)[E, E] =32V (x,0)[E, E] > 2«|E|* VE € M"*" (2.8)

sym *

Finally for every x € Q and F € M"*" let Fyyyy = (F + FT)/2 and

W, F-—lW I F—iv F. 12FTF 2.9
(@ F) = S Wi I +eF) = (x, e Fyym + 3¢ )- (2.9)

It is easy to see that for a.e. x € Q

1
lin(l)Ws(x,F) EB%W(x,I)[F, F]
£—

1 1
= 58125‘/()(, O)[Fsyma Fsym] = EA(X)[Fsyma Fsym]- (2.10)

We consider the functional #,: H'(2, R") — [0, +o0] defined as

Felu) = /Q We(x, Vu) dx, (2.11)
and the functional £: H'(Q,R") — [0, +00) given by

Fu) = %/QA(x)[e(u), e(u)] dx. (2.12)

Let 92 a closed subset of 92 with #"~1(dQp) > Oandlet g € WH°(Q, R").
Let Hgl,aszD be the closure in H' (2, R") of the space of functions u € W!*°(Q, R")
such that u = g on 0€2p. By strong (resp. weak) topology in Hgl’ aq, We mean the
restriction of the strong (resp. weak) topology of H HQ,RY. LetL: HY(Q,R") —
R be a continuous linear operator, representing the work of the (rescaled) loads. We
define the functionals G, : Hgl’QD — [0, +o0] as §.(u) = F.(u) — L(u) and
Gw) = F W) — L(u).

The main convergence results, proved in Section 5, are the following:

THEOREM 2.1. Assume that V: Q x M\ — [0, +00] satisfies conditions (a),
(b), (¢), (2.1), (2.4), and (2.5). If u. satisfies
Gue) = inf  G.w)+o(1) (2.13)

ueH, 5o

then u, converges weakly to the (unique) solution ugy of

min  §(u).
”EHgl,aQD

THEOREM 2.2. Under the hypotheses of the previous theorem, if condition (c') is
satisfied then u, converges to uq strongly in Wh4(Q,R") for 1 < q < 2.
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The proof follows basically from the following results, contained in Sections 3
and 4 respectively.

PROPOSITION 2.3. Ife; — Oand u,; € H ;’ aqp IS a sequence such that
gnsj-(usj-) < C < 400,
then U, is equibounded in H'(2, R").

PROPOSITION 2.4. Let ¢; — 0. The functionals §.; I'-converge to 4 in the weak
topology of Hgl,aszD-

3. Compactness

From conditions (a), (b) and (c) it follows easily that there exists a nondecreasing,
continuous function ¢ (t), of the form

at? for0 <t <ec,
o) =1 ac? forc <t <d,
(ac*dHt ford < t,

such that ¢ (|E|) < V(x, E) for a.e. x € Q and every E € M’fyfr'l’ For a positive g
let ¥/ (¢) be the function defined as

_ at? for 0 <t < B,
v = { QapB)t — (@p?) fort > B. G.D
It is easy to check that v (¢) is increasing, C I and convex. Moreover, since
lim 2aB8 =0
pimy af =0,
for B sufficiently small we have ¥ () < ¢(¢) and then
Vix, E) = ¢y (E]) (3.2)

for a.e. x € Q and every E € M X"

sym *

LEMMA 3.1. Lete > 0and u, € H'(Q, R"). Denote the rescaled deformation
x + eus(x) by v.(x). Then there exists a function R,: Q — SO(n) such that

/ |Vv, — R.|*dx < Ce>F,(u,), (3.3)
Q

where C depends only on the function W (in particular it does not depend on ¢
or v,).
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Proof. We may assume ¥, (u.) < 400, so that det Vv, > 0 a.e. in 2 by (2.1).
Considering that

Fe(ue) :/ W, (x, Vu,) dx = é/ V(x, 3(VuI Vv, — 1)) dx (3.4)
Q Q

and using (3.2) we get

/ ¥ (31V! Vv, — I1)dx < / V(x, 3(VuI Vv, — ) < 2 F(ue).  (3.5)
Q Q

As det Vv, > 0 a.e. in Q by polar decomposition (see for instance [2]) for a.e.
x € 2 there exists a rotation R, and a symmetric positive definite matrix U, such
that Vv, = R, U,. In particular Vv Vv, = U2, hence,

VoIV, — 1| = |U? - I|. (3.6)

Since U, is symmetric and positive definite, using an orthonormal basis in which
U, is diagonal, we can prove that

Ue =11 <|UZ =11,
Thus, by the definition of v, it follows that for %lU 82 —I|<B
o 2 1
7V =11 =v (3102 = 11).
Moreover, for a suitable constant c¢;, depending on g,
cllUs —IP <|UZ—1| for 5|UZ—1| > B.

Indeed, using again the diagonal form, we can write

zn:(,\i—l)z < i/\%n
i=1 i=1
— Xn:(,\f_l)+2—”ﬂ<<1+ﬁ>i|xf—1|.
i=1 p =

Moreover, there is a constant ¢, such that 2¢c,t < ¥ (¢) for t > S, hence, for
S\UE—11>8

cielUs — I < e|U2 = 11 < ¢ (51U7 — 11).

By this inequality and by (3.5) and (3.6) there exists a constant c3, depending only
on v, such that

/|U8—1|2dx < 382 Fo(ue).
Q
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Finally considering that for a.e. x € Q2 we have Vv, = R.U, we can write

/ |V, — Re|* dx :/ Ue — 117 dx < 36 F(ue)
Q Q
which is the required estimate. a

The following lemma (for which we refer to [4]) will be crucial in our proof.

LEMMA 3.2. Let Q C R" be an open bounded set with Lipschitz boundary. There
exists a constant C such that for every v € H'(Q,R") there exists a constant
rotation R € SO(n) such that

/ [Vu(x) — R|*dx < C/ dist(Vv(x), SO(n))? dx, (3.7)
Q Q
where dist(F, SO(n)) denotes the distance from the matrix F to the set SO(n).

Moreover we will need the following result.

LEMMA 3.3. Let S C R”" be a bounded H™-measurable set with 0 < H™(S) <
400, for some m > 0. Then

12
|Flg := <minf |Fx — §|2dJ€m(x))
{ER" s

is a seminorm on M"*",

Let Sy be the set of points x € S such that #H" (S N B,(x)) > 0, and let aff(Sy)
be the smallest affine space containing Sy. Let K C M"™*" be a closed cone such
that for every F € Kwith F # 0

dim(ker(F)) < dim(aff(Sp)). (3.8)
Then there exists a constant C > 0 such that
C|F| < |F|s (3.9)

forevery F € K.

Proof. 1t is not difficult to check that | F|g is a seminorm and the minimum is
attained for ¢ = fsFx dJ#™. We will prove (3.9) by contradiction. Suppose that
for every integer k it is possible to find a matrix F; € K with |F;| = 1 such that

1 1 2 2 m
== ZIFl” > | |Fex — G |7 dH™ >0, (3.10)
k k s
with ¢ := fsFyx d#H™. It is not restrictive to assume that Fy converges to F € K,
with | F| = 1. Then by (3.10) and by continuity it follows that

/lFx—§|2dJ{”" =0
S



LINEARIZED ELASTICITY AS I'-LIMIT OF FINITE ELASTICITY 173

for { = fgFxd#™. Then Fx = ¢ for #™-a.e. x € S and, hence, for every x € Sp.
By continuity and linearity Fx = ¢ for every x € aff(Sy). Then dim(ker(F)) >
dim(aff(Sp)) and thus, by (3.8), F = 0. This is clearly impossible because
|F|=1. a

Now we are ready to prove the following compactness result.

PROPOSITION 3.4. Let u, be a sequence in H ;’ oqp,- Then

/lvuslde<C?s(us)+C/ gl dx" !, (3.1
Q 0Q2p

where C depends only on v, Q, and 02 p.
Proof. By Lemma 3.1 we have

/ dist(Vv (x), SO(n))*dx < Ce>F.(u,)
Q
and by Lemma 3.2 there exists a constant rotation R, such that
/ |Vve(x) — R[> dx < Ce*Fo(uy). (3.12)
Q
If ¢ = fo(ve(x) — R.x) dx, then by the Poincaré inequality
H%@—RM—Q%wm”<9LW%W—RfM<C§ﬂWJ
Moreover, by the continuity of the traces
/ |Us(x) - Rsx - §s|2d]€n_l < C”va(x) - Rax - QHEI(Q,R”)
aQp
< Ce?Foluy)
Considering that on 02 we have v.(x) = x + eg(x) we can write

/ |x — Rox — &2 dH" ' < Ce®Fo(uy) + C82/ lgl>dFe" . (3.13)
9Qp 9Qp

Let K be the closed cone generated by SO(n) — I, which is the union of the cone
generated by SO(n) — I and of the space of antisymmetric matrices. Therefore,
dim(ker(F)) <n—1if F € Kand F # 0. Let S := 0Q2p. As § is contained in the
Lipschitz manifold 92 and #"~'(S) > 0, we have #"~'(Sy) > 0. This implies
that dim(aff(Sy)) > n — 1 and thus condition (3.8) is satisfied. Using Lemma 3.3
and the previous inequality we obtain

u—&Fgcu—&@=C/ lx — Rex — &[> da" ™!
aQp
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and thus by (3.13)

/ I — R.|>dx < Ce>F.(u,) + Csz/ lg|>d#e . (3.14)
Q 0Q2p

By (3.12) and (3.14) we have easily

/ Vv, — I17dx < Ce*Folu,) + Cszf lg|>dge .
Q aQ2p

Substituting Vv, = I 4+ ¢Vu, in the previous inequality we get (3.11). O
Proof of Proposition 2.3. Using Proposition 3.4 we have

/ |Vu8j|2dx g Cﬂj(ué‘j) + C/ |g|2d'}€n_l’
Q a

Qp

Hence, we can write

/Q |Vue, | dx < C(Ge, (us,) + L)) + 1),
and by the Poincaré and the Holder inequality it follows that

”qu ”i]l(Q,R”) < C + C”l’ta‘_/ ”HI(Q,R”)’
which gives the boundedness of u,, in H'(2, R"). O

Finally we remark that for n = 2 and for a sequence u,, € H; (€2, R*) we can

prove the compactness result in a more elementary way without using Lemma 3.2.
Indeed for every ¢; let R.;: €2 — SO(2) be given by Lemma 3.1. Define M., =
(Re; — I)/¢;. Then, substituting Vv, = I +¢;Vu,, in (3.3), we get

/ Vite, — M, dx < C1F, (ug,)).

o . .

Note that M, has the form

M, = (“8/ _ba-/‘)

! be;  ae;

for some real functions ag; and bg_/.. Denote the components of u by u'. By a linear
combination we obtain

2
/ !Vlu;/_ — Vzug/_‘ dx
Ve |
= f (Viul = a.) — (Va2 —a.)[" dx < CoF, (),
A |
2
/ |V2uéj +V1u§j| dx
Q

2 P
= /Q |(Vauy, +be)) + (Viug, = be))|” dx < C3F (ue)).
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Moreover, being n = 2, we can write
/ |Vue, [P dx = / |Viu! — Vou? |2dx + f |Vou! + Viu? |*dx +
Q Q J J Q J J
+ 2/ det Vi, dx.
Q
As Ug; € HO1 (2, R?) we have (see, e.g., [2])
/ det Vu,; dx = 0.
Q
Then by the previous inequalities we get

/|ng|2dx = /|V1u;_—v2u§|2dx+f |Vou! + Viu? |*dx
Q Q J J Q J J
< C\(st-(usj-)

and thus u,, is bounded in Hj (2, R?). O

The following example shows that, if other potential wells are present, with the
same value of the energy, we might lose compactness of solutions.

EXAMPLE3.5. LetQ = (—1,1) x (—1,1),£ =1and w € Hj (2, R?) defined

as w'(xy, x2) = —max{|x;|, [x2|} + 1 and w?(x;, x2) = 0. Let&; — 0, w,, (x) =
w(x)/e; and ve,(x) = x + €jw,;(x). Then Vv, = I +¢;Vw,;, = [ + Vw
does not depend on ¢; and takes only four values, denoted by Fi, ..., Fy. Let

E;, = %(FiTFi —I),fori =1,...,4. Let V be the function satisfying conditions

(b) and (c) and such that V(x,0) = V(x, E;) =0fori =1, ...,4. Then

1
inf{G., (u) : u € Hy(Q)} < —2/ V(x, 3(Vvg, Vo, —I))dx—/ we, dx
€j Ja ' ' Q
J
= _8_j||w||Ll(Q,R")~

If u,, is a sequence satisfying (2.13) then

1
——llwllpiq.rey +0(1) 2 G (us) = —llug; 1Ry
g J J J
J

hence, [lu, |11 r2) diverges.
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4. TI'-Convergence

Forx € Q2 and E € Ml let | E|a(x) be the norm defined by

Elaw = [JAWIE, E1}'? = [La2v(x, 0)[E, E1}'. (4.1)
Note that by (2.5) and (2.8) we have
a|El* < |Elam < VIEI 4.2)

If ®:Q2 — M is a measurable map, the function x + | (x)|ac) is denoted
by [®|a.

Let us fix a sequence ¢; — 0. By Proposition 2.3 the functionals §.; are
equicoercive in Hgl’ sa, and by Proposition 8.10 in [3] we can characterize the

I"-limit in the weak topology of H, gl’ s, in terms of weakly converging sequences.
In particular we have

§/(u) = T-liminf g, (u) = inf{ljjr_r)lglofggj () foru; —~ uin Hl g, .
J

q"(u) = F—limsgp G, (u) = inf{limsup Ge;(uj) : foru; — uin Hgl’mD}.
gj—>

Jj—>+oo

We will prove that for every function u € Hgl’ aq, We have §"(u) < Gu) <
g/ (u), from which Proposition 2.4 follows.

PROPOSITION 4.1. For every u € H;»BQD we have §" (1) < G(u).

Proof. Consider first the case u € W (Q, R"). By (2.10) it follows that for
ae. x € Q

lim W, (x, Vu) = 3A()[e(w), ew)].

€j

Using the upper bound (2.7) we deduce that Ve, (x, Vu) is equi-bounded in L*°(£2).
Then taking the sequence u.; = u, by dominated convergence it follows that

limsup G, (us,) = lim | Ve (x, Vi) dv — L)
Q

ej—0 ej—>
1
= 3 /QA()C)[B(M), e(u)]dx — L(u). 4.3)

If u ¢ WH°(Q,R") by the definition of Hgl_mp there exists a sequence u; in
Wh(Q, R"), which satisfy the boundary condition u; = g on dQ2p and converge
to u strongly in H'(2, R"). Since, by (4.3), " (ux) < G(uz), the lower semiconti-
nuity of the I'- lim sup and the continuity of § respect to strong convergence imply
that

§"(u) < liminf §(u) < lim inf §.(ue) = G(u)

and the proof is concluded. O
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LEMMA 4.2. Let ¢; — 0 be a decreasing sequence. For every k € N there exist
an increasing sequence of Carathéodory functions V;‘: Q x M — [0, +00)
and a measurable function u*: Q — (0, +00) such that V}‘ (x, -) is convex for a.e.

x € Q and satisfies

Vi(x,E) < V(x,e;E)/e; VE € My, (4.4)
1
Vf(x, E) = <1 — E)|E|§\m for |Elag) < uk(x)/e; . 4.5)

Proof. By Taylor’s formula, from (2.4) and (4.2) it follows that for a.e. x € Q
and every k € N there exists r*(x) > 0 such that

1
(1 N %)IE%) < V(x, E) for |E|aw < rf(). (4.6)

Let us consider the function h*: © x M?** — R defined by

sym

(I - %)|E|/2-\(x) for | E|aw) < rf(x),
1

U (y 2| Elaw) for |Elaw > rf(x),

which is less than or equal to V (x, E) by (4.6), (4.2), and (3.2).
For a suitable choice of u*(x) > 0 the function

f ) = (1— 1 for 0
pen = 2(1 — ke — (1 — P x)? fort

W (x, E) = [

1 < k),

<
> uk(x),

is convex in ¢ and satisfies ¢*(x, |E|aw) < h¥(x, E) < V(x, E). To conclude
the proof it is enough to define V;‘ (x, E) := ¢k(x, ¢ JlIElax)/ 8?. From the special
form of ¢* (x, -) itis easy to see that V;‘ (x, -) is increasing with respect to j and that
(4.5) holds, while (4.4) follows from the inequality ok (x, |E| Aw) SV, E). O

LEMMA 4.3. Let g;: Q2 x R" — [0, +00) be Carathéodory functions such that
gj(x,-) is convex. Let g;(x,&) be increasing in j and pointwise converging to
a function g(x, &). If w; converges weakly to w in L'(Q2, R™), then

/ g(x, w)dx < limin / gj(x,w;)dx. “4.7)
Q Q

J—>t+0o0

Proof. As gi(x,w;) < gj(x,w;) for j > i, by the lower semicontinuity of the
functional [, g;(x, v) dx we have

/gi(x,w)dxélimin /gi(x,w,-)dxél_iminf/ gj(x, w;)dx,
Q Q Jj=t0 Jo

J—=+0

which proves (4.7) for i — oo. O
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PROPOSITION 4.4. For every u € Hgl’mD and every sequence u; € Hgl,aszD
weakly converging to u, we have the I'-lim inf inequality

1
—f Ax)le(u), e(u)]dx < liminf G, (u;), (4.8)
2 Q e;—0 4
from which it follows that §(u) < §'(u).

Proof. Forevery k € N let V}‘ (x, E) be the sequence given by Lemma 4.2. Note
that by (4.5) for every E € M we have

lim Vi(x, E) = -1 |E A (4.9)
Jim vy ) = (1= )IEGe -

Then inequality (4.4) gives

W, (x,V = 1V ; Le2vul v
e (x, Vug) = o (x,eje(ug_/.)—l-gsj U, usj)
j

> V;‘ (x, e(ug_/.) + %sjVu;erugj).

Since Vue, — Vu in L?(2, M) we have that gj Vugj Vug,, — 0 strongly in
L'(2, M™"), hence e(ugj)+%8jVusTj Vu,, — e(u) weakly in L'(Q, M), Then
by Lemma 4.3 and (4.9) for every k € N we have

liminff We, (x, Vu,;) dx
o .

Sj—)O

> Liminf/ V}( (x, eue,) + %SJV“sT,V“Sj) dx
Q

J—>+o0

> 1/(1 — l)A(x) le(u), e(u)] dx. (4.10)
2 Jq k

Taking the supremum as k — oo and considering the weak continuity of £ we
deduce inequality (4.8). O

5. Convergence of Minimizers

We are now in a position to prove Theorem 2.1.

Proof of Theorem 2.1. It is enough to prove the statement for every sequence
gj — 0. Since G, (g) < C < 400, we have §.. (u,;) < C < +00, then by Propo-
sition 2.3 u,; is equibounded in H 1(Q, R"). Thus there exists a subsequence Ug,
converging weakly to some limit w € H gl aq,- BY I'-convergence we know that w
must be the minimizer ug of the limit functional § (see, e.g., [3], Corollary 7.17).

Finally, as the limit w depends neither on the subsequence w,, nor on the
sequence ¢, the whole sequence w, converges weakly to u in H, ; 9" a
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In the sequel we will assume that V (x, E) satisfies conditions (a), (b), and (¢’).
It is not restrictive to assume that 1 < p < 2. Let o be the constant appearing in
(b). From (a), (b), and (¢’) it follows that there exists a nondecreasing, continuous
function ¢ (¢) of the form

at? for0 <t <c,
d(1) = § ac? forc<t<d, forO0<c<d,
(ac?d=P)t?  ford < t,

such that ¢ (|E|) < V(x, E) for a.e. x € Q. Consider the function v/, () defined as

at? for0 <t <,

vp ) = { a(t —b)? foru < t, G-

fora=ap P2’ u’>Pandb = (1 — g)u. It is not difficult to check that v, (¢) is
increasing, C ! and convex. As 1 < p < 2, we have

lim ap = P2P u>7? = 0, (5.2)
n—0
thus for u sufficiently small v,(t) < ¢(¢) for every + > 0 and then v, (|E|) <
V(x, E) fora.e. x € 2 and every E € M. O

LEMMA 5.1. Let ¢; — 0. For every k € N there exists an increasing sequence
of Carathéodory functions V}‘: Q x M — [0, +00) and a measurable function

sym
uk: Q — (0, 400) such that for a.e. x € Q the function V}‘ (x, )7 is convex and
(4.4) and (4.5) hold.

Proof. We follow the proof of Lemma 4.2, with v replaced by ¥,, and we
consider the functions

(1— P for 0 < 1 < pk(x),

k —
oplx.1) = { a()(t = b(x))? fort > p*(x).

Note that ¢¥ (x, 1)!/7 is convex for a(x) = (1 — )27 p~7(u*(x))*77 and b(x) =
(1-— %) uk (x). By (5.2) for uf(x) sufficiently small we have that

¢y (x. |Elagm) < V(x, E)

fora.e. x € Q and every E € M. Then the sequence defined by V;‘ x, E) =

qb;j(x, gilE|aw)) /8? satisfies (4.4) and (4.5), is increasing with respect to j, and
V;‘(x, )P is convex for a.e. x € Q. O

LEMMA 5.2. Let ®, — ® weakly in L'(2, M) such that |®,|a converges to
|D|a in measure. Then ®,, converges to ® in measure.
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Proof. By passing to a subsequence and to a suitable measurable subdomain,
it is not restrictive to suppose that ®(x) # O for every x € Q and that |®,|a
converges to |®|a pointwise.

By (4.2) and by weak convergence we have

P
/<— P, — c1>> dx — 0, (5.3)
a\lPla A

where (-, -)a 1s the scalar product associated with the norm | - |4, i.e.,
(W1, Wo)a = SA)[ W) (x), W (x)].

Moreover by the Schwarz inequality

® +
/<<—, (Dn_q)> ) dx</(|(bn|A_|(D|A)+dx
Q |CD|A A Q

As |®,|a is equiintegrable and converges to |®|a in measure, it converges also in
L'(Q). Thus

[z eme)) oo

Then by (5.3) <|<1>| , ®,—®)a — 0in L'(R) and, up to a subsequence, it converges

for a.e. x € Q, hence (==, ®,)a — |D|a pointwise a.e. in 2.

[®[p°
Considering the identity

o 2 ® 2
|, — @2 —Z< <I>n—<1>> +|<I>n|2—<—,c1>,,>,
AT\ Dl A ANl A

we deduce that |®, — <I>|i — 0 pointwise for a.e. x € €.
Since for every subsequence of &, we can find a further subsequence converg-
ing pointwise to &, it follows that ®, converges to ¥ in measure. O

PROPOSITION 5.3. Let&; — 0" and let u; — u weakly in H'(2, R") such that
1

2 /Q V(x,gje(u;) + 765Cw;)) dx —> [ le(u)lz dx. (5.4)
j

Then uj — u strongly in Wha(Q,R") for1 < q < 2.
Proof. For every k let V]k (x, E) be the sequence given by Lemma 5.1. Denote

e(u;) + %st(uj) by ®;. By (4.4) for every k and every j we have

1

Vi, @) < 5V (x, gje(u)) + 365C(uy)). (5.5)
J

o
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By (5.4) it follows that, for every k, V;‘ (x, ®;)!/7 is bounded in L”(£2) uniformly
with respect to j and k. Being p > 1, by a diagonal argument there exists a se-
quence j,, — oo such that for every k

VE(x, ®;,)"7 — wh  weakly in LP(Q), (5.6)

for a suitable function w* € LP(2). Moreover, by the weak convergence of u;

it follows that ®; converges weakly to e(u) in L'(2, M™"). Since the functions
V;‘ (x, £)V/7 are convex in &, by Lemma 4.3 and by (4.5) for every Borel set B C 2
we have

1 1/p
1— - le@) ¥ dx < liminf | V¥ (x, ®; )/Pdx = | wFdx.
k B A m—oo  [p Jm m B

Thus
1 1/p )
wk > <1 - E) leu)|/”  a.e.in Q. (5.7)

Moreover, by the weak lower semicontinuity of the norm, from (5.4), (5.5), and
(5.6) it follows that

/(wk)de </ le(u)|% dx. (5.8)
Q Q

Being p > 1, there exists w € L”(2) and a subsequence of w* which converges
weakly to w in L”(€2). Then passing to the limit in (5.7) we get

(w)? > le(u)|x

for a.e. x € Q, and by (5.8) we have

/wpdx</ le(u)|a dx.
Q Q

These inequalities imply that w = |e(u)|i/ P, Being the limit independent of the
subsequence, we have proved for whole sequence w* that

wk — le(u)|/?  weakly in L”(R). (5.9)

Let 1 (x) be the functions defined in Lemma 5.1. As uf > 0 a.e. in €, there exists
a decreasing sequence of constants 7, such that

meas({x € Q: 1 (x) < n*}) < % (5.10)

Considering that V;ﬁn (x, ®;,)/7 is bounded in L”(£2) uniformly with respect to m
and k, and, hence, we can use a metric equivalent to the weak topology, by (5.6)
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and (5.9) we can extract a subsequence i; of j,, such that, writing for simplicity &
instead of ¢;,, we have

k
" -k and VEG, @07 — Je()[}/? weakly in L? (). (5.11)
Ek

Then by (5.4) and (5.5) we have

limsup/ Vk(x d,) < /|e(u)IA

k— 00

By the uniform convexity of the L”(£2) space this implies that
Vi, @) — le(u)|/?  strongly in L7 ().

Then we have
Vi (x, @) — le(w)l3

strongly in L'(2) and a.e. in Q.
Now we can prove that |e(u;, )|a converges in measure to |e(u)|a. Indeed, for
every 6 > O the set {||e(u; )|a — |e(u)|a] > 8} is contained in

)
et = Jeau) + bl = 5

8
U{||e(u,~k) + 36C ;) |, — le)|a] > 5}. (5.12)

The first set is contained in {| %ekC (i)l > %}, whose measure tends to zero since
exC(u;,) — 0in L'(, M™"). Note that for x € {u*(x) > n*}if

le(ui) + 36 Cuy) |, < k
then by (4.5) and (5.11) we have

V@, @) = k_l|e(u~ )+ 16, C(u; )|2
i A i) = k ir 2%k i)

Then the second set in (5.12) is contained in

) < 0" YU {leuy) + 3ecCluy) |, > k)

ko, 172 5
U{‘(Tl‘/ik(x’q)ik)) — le(u)|a| > 5}

k
The measure of all these sets tends to zero as k — +oo. The first one by (5.10),
the second one since |e(u;,) + %skC (u;,)|a 1s equibounded in L'(2), and the third
one because (A5 VF(x, @,,))!/2 — |e(u)|a pointwise. This concludes the proof of
the convergence in measure of |e(u;,)|a to |e(u)]|a.
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Then by Lemma 5.2 it follows that e(u;, ) converges in measure to e(u). As e(u;,)
is bounded in L?(2, M"*"), we deduce that e(u;,) converges strongly to e(u) in
L2(2, M™") for 1 < g < 2. Since the limit does not depend on the subsequence
we have that e(u ;) converges strongly to e(u) in L7 (2, M™*").

By the Korn inequality (see, e.g., [6]) there exists a constant C, such that

/lV(u—uj)lqugcq/Ie(u—uj)lqu—i-Cq/Iu—ujlqu.
Q Q Q

As e(uj) converges strongly to e(u) in L(2, M"*") and u; converges strongly
to u in L9(€2, R") by the Rellich theorem, we deduce that u; converges to u in the
strong topology of W14 (Q, R"). O

Proof of Theorem 2.2. Let ¢; — 0. By Proposition 2.3 u.; converges weakly
to u in H'(2, R") and by I'-convergence we have Gue;) — $u) (see, e.g., [3],
Corollary 7.17). By weak continuity we have £(u,;) — «£L(u), so that (5.4) holds.

The conclusion follows from Proposition 5.3. a
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