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8 
A COUNTEREXAMPLE IN THE VECTORIAL 

CALCULUS OF VARIATIONS 

BERNARD DACOROGNA and PAOLO MARCELLIN! 

Let us consider the integral 

I(u) = J f(Vu(x))dx, (1) 

Il 
where Il is a bounded open set of 1Rn, u:rlcJR.n-+ JR.m, l!u is the 

n X m mat rix of the gradient of u, and f: Rnm -+ lR is a con­

tinuous function. 

When one studies the weak lower semicontinuity of I in a 

Sobolev space w1
•P, one is led to considera necessary condi­

tion for f, called rank one convexity, and a sufficient condi­

tion known as polyconvexity (cf. below for the definitions). 

Both conditions reduce to the ordinary convexity of f if either 

m = 1 or n = 1 • The two conditions are known not to be equiva­

lent if m ;;;> 3 and n ;;;> 3 (see, Terpstra [4] , Serre [3] ). Recently 

Aubert [1] gave an example showing that these conditions are not 

equivalent if m =n = 2; the example is expressed in terms of 

isotropie functions, i.e.: 

f(llu) =g(À,Jl), (2) 

where À and ]1 are the eigenvalues of (\!uT l!u )~, the function 

g being defined (and fini te) only if À, ]1 > 0. 

We show here that the example remains valid even if one sup­

presses the condition of positivity of À and ]1. Moreover, we 

do not need to consider the representation of f in terms of 
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g like in (2); therefore we have a direct proof. 

First let us define precisely the notions of rank one con­

vexity and polyconvexity; we limit ourselves to the case m=n=2. 

We denote lR 
4 

the set of 2 X 2 matrices ~. We will use for 

the matrix ~ also the vectorial notation in terms of components: 

A VAR' 

DEFINITION 2: A functi 

if there exists a conve 

~ ElR4
: 

We note that in g 

The scalar product and the norm are defined as usual: THEOREM: Let f be deJ 

4 

\ L ~i Ài , 
i=l 

4 

1~1 = ( I 
i=l 

Finally, the determinant of the mat rix ~ is 

(4) 

(5) 

DEFINITION 1 : A function f: lR 4 -> lR is sa id to be rank one 

convex if 

f (t~ + (1-t)À) ~tf(~)+ ( 1-t) f(À) (6) 

for every tE[0,1] and for every ~,ÀElR4 with rank {~-À}~I, 

i.e. with det(~-À)=O. 

If fE C2 then (6) is equivalent to the well known Legendre­

Hadamard (or ellipticity) condition: 
2 

I (7) 

i,j,a.,f3=1 

for every 

for every 

~ = (ë) E lR 4 (here we 
a. 

use the matricial notation) and 

J.l nE:rn. 2 • 

Since a matrix À E lR 4 can be represented in the form 

(J.l 1 n 1 ,J.l 1 n 2 ,J.l2 n 1 ,J.l2 n 2) if and only if detÀ=O, the Legendre­

Hadamard condition (7) is equivalent to: 
4 
\ 
L f~.~.(~)\ÀJ;;;.o 

i,j=l -z, J 

(8) 

for every ~ E JR.4 and for every À E JR.4 with det À= 0. 

Ball in [2] proposed the following: 

f(~ 

Then f is rank one co· 

REMARKS 

(i) The function f 
example if we restrict 

values. 

(ii) It is not known 

f as in (Il), is weal 

p;;;. 1. 

PROOF: -Part 1: The 

seen. To this end, 1 

polyconvex and that t 

function g, like eve 

from below by an aff] 

for sorne a. E lR ( i= 
-z, 

Since 6 = det ~ 

and (9) there exists 

This is absur 

real parameter, we 
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DEFINITION 2: A function f: 1R4
-+ lR is said to be polyconvex 

if there exists a convex function g: JR5 -+ lR so that, for every 

~ E1R4: 
f(~) = g(~, det ~) (9) 

We note that in general we have: 

f polyconvex ==9 f rank one convex . ( 1 0) 

THEOREM: Let f be def ined, for ~ E JR4 , by 

f( f,) = 1 ~ 14 -A 1 f, 1
2 

det f, • (Il) 

Then f is rank one convex but not polyconvex. 

REMARKS 

(i) The function f defined in (Il) gives essentially Aubert' s 

example if we restrict to diagonal matrices with positive eigen­

values. 

(ii) It is not known if the integral I(u) defined in ( 1), with 

f as in (Il), is weakly lower semicontinuous in W1 'P for sorne 

p;;;. 1. 

PROOF: -Part 1: The fact that f is not polyconvex can be easily 

seen. To this end, let us assume, for contradiction, that f i s 

polyconvex and that the representation formula in (9) holds. The 

function g, like every proper convex function, must be bounded 

from below by an affine function; that is 
4 

\ + / a.f,.+a 5 o 
·-' '!- '1-

i=l 

for sorne a. E lR ( i =0 , • • • , 5) and for every f, E JR
4 

, o E lR . 
'1-

( 12) 

Since o = det f, is quadratic with respect to f, , by ( 12) 

and (9) there exists a constant c such that 

f(f,) 

1 + lsl 2 ;;;. c' ( 13) 

This is absurd; in fac t, for f, = ( t, 0, 0 , t) , wi th t a 

real parame ter, we have 1 f, 1
2 = 2 t 2 , det f, = t 2 , and th us 
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4t
4
-(8//3)t4 =4(13-2) t 4 

1+2t
2 13 1+2t2 

( 14) 

which goes to -oo as t-+ co • 

Part 2: To prove that f is rank one convex is more 

involved and we decompose the proof into three steps, We will 

show that f satisfies the Legendre-Hadamard condition as in 

(8). 

Step 1: With the a~m of computing the quadratic form in (8) we 

introduce sorne notation. To every E; E :nt we associa te € E lR4 

defined by: 

A 

then E;- (t;4 ,-Ç3, -Ç2 'Çl). 

(15) 
A 

The components of E; will be denoted by E;i , i = 1 , • • • , 4 . We 

observe that: 

lt;l i€1 
A 

det Ç det E; 

(ç,€) = 2 det E; 
( 1 6) 

A 

( L ;q . (E;,À) = 

With this notation we can easily express the gradient of 

the determinant of Ç : 

(detÇ)c- =€. for i=l,•••,4; i.e. 'il(dett;}=€. (17) s· 7.-
7.-

For the second derivatives of the determinant we use the 

notation 

az a A A 

aç. aç. (det ç) = aç. (t;i) = 0ij · 
7.- J J 

(18) 

Since the quadratic form associated to the matrix of the 

second derivatives is equal to twice the original quadratic form, 

we have 
4 

I 
A 

o .. Lt...= 
1.-J 7.- J 

i,j=l 

4 

I 
i,j=l 

(det E;)c- E; À. À.= 2 det À. 
"i j 7.- J 

(19) 

Finall 

Step 2: We ' 

with the der 

fe =~ ' 7.-

f = E; .t;. 
7.- J 

Then the quac 
4 

I tl 
i,j=l 

In the 

l/!(E;,À) de 

Step 3: The 

the nonne ga t:Î! 

Observe 

E; (and in À) 

tive, it is s 

mi 
ç 

It is o 

fold jçj = 1. 

tJ!(t;
0

,À) ~ o f 



( 14) 

is more 

We will 

mas in 

in (8) we 

! ~ E lR4 

•, 4. We 

( 16) 

lient of 

A 

= E,. (17) 

use the 

(18) 

,x of the 

atic form, 

(19) 
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Finally, as usual, we denote 6 .. = 0 if i * j and 6 .. = 1 .. 
~J ~~ 

Step 2: We compute the quadratic form in (R). Let us begin 

with the derivatives of f: 

fE,. = ar ( 1 E, 1
4

- ~3 1 E, 1
2 

det E,) 
~ ~ 

41 E, l2 t, . - ~ E,. det E, - .!!..._ \ E, 12 € .. 
~ ~3 ~ ~ ~ 

1 1
2 8 A ) 8 E,. E,. + 4 E, 6 .. -- ( 6 .. det E, + E,. E, 

~ J ~J 13 ~J "1- j f E, .E, • 
"1- J 

4 ( A 1 12 " ) - -- 2 E, • E, • + E, 6 . . . 13 ~ J "1-J 

Then the quadratic form in (8) is equal to 

4 
\ 
L 

i,j=l 

t~ ~LÀ. =8(t,,À) 2 +4It,I 2 IÀI 2 -~dett,IÀI 2 

'->i '->j ~ J 13 

(20) 

16 A 8 
- - ( E, , À) ( E,, À)- --= 1 E, 12 det À . (21) 
~ 13 

In the case of interest (det À= 0) we have 

4 
\ 
i w 

i,j=l (22) 

1
2 4 A 

detE,IÀ -- (E,,À)( f, ,À)· 
13 

Step 3: The rank one convexity of f(E,) is reduced to showing 

the nonnegativity of l}!(f,,À) for every f,À, with detÀ=O. 

Observe first that l}!(f,, À) is homogeneous of degree 2 in 

E, (and in À). Therefore, in order to show that 1}! is nonnega­

tive, it is sufficient to prove that 

\1 À : det À = 0 • (23) 

It is clear that the minimum of 1}!( •, À) exists on the mani­

fold 1 E, 1 = 1. Let a be a Lagrange multiplier; we will prove that 

l}!(E,
0

,À) ~ 0 for every critical point t,
0 

of the function of E,: 
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The gradient (with respect to 0 of the above function is 

equal to zero when: 

1 12 ( 1 1 12 A À ~ 0 +2~ 0 ,À)À- 13 À ~ 0 
2 [ A A 

-/3 (~ 0 ,À) À+ (~ 0 ,À) À]= a~ 0 • (25) 

Upon multiplication by ~ , bearing in mind that 1~ 0 1 2 = 1 
A 0 

and that ( ~ 0 , ~O) = 2 det ~ 0 , we ob tain 

(26) 

Upon multiplication of (25) first by À, then by À, bear­

ing inmind that (À,À)=2detÀ=0 and that (€,~)=(~,À), we 

have 

l (31ÀI 2 -a)(~ 0 .À) -13IÀI
2 (€~,À) = o 

" (27) 
-/31ÀI2(~o•À) + (IÀ12-a)(t;o,À)=O, 

which leads to either (~ 0 À) = (€
0

, À)= 0, or 

(3IÀI
2
-a)( IÀI 2 -a) -3IÀI 4 = a 2 - 4IÀI 2 a =o. (28) 

In this second case we would have either a=O or a=4IÀI 2 , and 

thus 1ji(~ 0 , À) =a;;;. O. In the first case (~ 0 , À) = (~ 0 , À) = 0 we 

would have 

1 À 12 (1 ~o 12 - ~ det ~o) 
(29) 

;;;. 1 À 1
2

1 ~0 12 
( 1 - ~ ) ;;;. 0 , 

since 21 det ~ 1 .;;;; 1 ~ 12 
for every ~ E lR

4
• This completes the 

proof. 
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