
7 FUNDAMENTAL SOLUTIONS

✼✳✶✳ ■♥tr♦ ■♥ t❤✐s ☞♥❛❧ ❝❤❛♣t❡r ♦❢ t❤❡ ❧❡❝t✉r❡ ❝♦✉rs❡ ✇❡ ✐♥tr❞♦✉❝❡ ❛♥❞ ❞✐s❝✉ss ✐♥ s♦♠❡

❞❡t❛✐❧ t❤❡ ♥♦t✐♦♥ ♦❢ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ♦❢ ❧✐♥❡❛r P❉❖✳ ●✐✈❡♥ s✉❝❤ ❛♥ ♦♣❡r❛t♦r P(x,D)

t❤❡s❡ ❛r❡ ❞✐str✐❜✉t✐♦♥s Ey s✉❝❤ t❤❛t

✭✼✳✶✮ P(x,D)Ey = δy.

❆❢t❡r ♣r♦♣❡r❧② ✐♥tr♦❞✉❝✐♥❣ t❤✐s ♥♦t✐♦♥ ✐s ✐♥ s❡❝t✐♦♥ ✼✳✶ ✇❡ ✇✐❧❧ s❡❡ t❤❛t ❢✉♥❞❛♠❡♥t❛❧

s♦❧✉t✐♦♥s ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ❜♦t❤ ✐♥ s♦❧✈✐♥❣ P❉❊ ❛♥❞ ✐♥ ❞❡r✐✈✐♥❣ t❤❡ r❡❣✉❧❛r✐t②

♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♦❧✉t✐♦♥s✳ ■♥ ✼✳✷ ✇❡ ♣r♦✈❡ t❤❡ ▼❛❧❣r❛♥❣❡✲❊❤r❡♥♣r❡✐s t❤❡♦r❡♠ ✇❤✐❝❤ ❛s✲

s❡rts t❤❛t ❛♥② ❧✐♥❡❛r P❉❖ ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✍❝✐❡♥ts ♣♦ss❡ss❡s ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥✳ ■♥

s❡❝t✐♦♥ ✼✳✸ ✇❡ ❝❤❛r❛❝t❡r✐③❡ ❤②♣♦❡❧❧✐♣t✐❝ P❉❖ ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✍❝✐❡♥ts ✈✐❛ t❤❡ ♣r♦♣❡rt✐❡s

♦❢ t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s✳ ❋✐♥❛❧❧② ✐♥ s❡❝t✐♦♥ ✼✳✹ ✇❡ ❡①♣❧✐❝✐t❧② ❝❛❧❝✉❧❛t❡ ❢✉♥❞❛♠❡♥t❛❧

s♦❧✉t✐♦♥s ❢♦r s♦♠❡ ✇❡❧❧✲❦♥♦✇♥ P❉❖✳

✶✺✺
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✼✳✷✳ ▼♦t✐✈❛t✐♦♥ ✭❲❤❛t ❛r❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ❛♥❞ ✇❤❛t ❛r❡ t❤❡② ❣♦♦❞ ❢♦r❄✮ ❚❤❡

❜❛s✐❝ ✐❞❡❛ ♦❢ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ❝❛♥ ❜❡ ♣❤r❛s❡❞ ✐♥ ♣❤②s✐❝❛❧ t❡r♠s ❛s ❢♦❧❧♦✇s✳ ▲❡t ✉s

❝♦♥s✐❞❡r ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ☞❡❧❞s ❛s s♦❧✉t✐♦♥s ♦❢ t❤❡ ▼❛①✇❡❧❧ s②st❡♠ ♦❢ P❉❊✳ ❚♦ ❜❡❣✐♥ ✇✐t❤

✇❡ ❞❡r✐✈❡ t❤❡ s♦❧✉t✐♦♥ Ey ❢♦r t❤❡ ♣♦✐♥t ❝❤❛r❣❡ ✭❝❢✳ ✵✳✹✮ ❛t y ∈ R
3✱ ✐✳❡✳✱

✭✼✳✷✮ PEy = δy.

◆❡①t ✇❡ ❝♦♥s✐❞❡r ❛ ❛r❜✐tr❛r② ❝❤❛r❣❡ ❞❡♥s✐t② f ❛s ❛ ❭s✉♣❡r♣♦s✐t✐♦♥✧ ♦❢ ♣♦✐♥t ❝❤❛r❣❡s✱ ✐✳❡✳✱

f ≈
∫
f(y)δydy✳ ❚❤❡♥ ✇❡ s❤♦✉❧❞ ❡①♣❡❝t t❤❡ s♦❧✉t✐♦♥ u t♦ ❜❡ ❛ ❭s✉♣❡r♣♦s✐t✐♦♥✧ ♦❢ t❤❡

Ey✬s✱ ✐✳❡✳✱

✭✼✳✸✮ u ≈

∫

f(y)Ey dy.

❆ s❧✐❣❤t❧② ♠♦r❡ ♠❛t❤❡♠❛t✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ✇♦✉❧❞ ❜❡ ✭ϕ ∈ D✮

✭✼✳✹✮ 〈u,ϕ〉 ≈

∫ ∫

f(y)Ey(x)ϕ(x)dydx.

❲❡ ✇✐❧❧ ❣✐✈❡ ❛♥ ❡①❛❝t ✈❡rs✐♦♥ ♦❢ ✭✼✳✹✮ ✐♥ Pr♦♣♦s✐t✐♦♥ ✼✳✻ ❜❡❧♦✇✳

✼✳✸✳ ❉❊❋ ✭❋✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥✮ ▲❡t P(x,D) ❜❡ ❛ ❧✐♥❡❛r P❉❖ ✇✐t❤ ❝♦❡✍❝✐❡♥ts ✐♥

C
∞(Ω) ❛♥❞ ❧❡t y ∈ Ω✳ ❆ ❞✐str✐❜✉t✐♦♥ Ey ∈ D ′(Ω) ✐s ❝❛❧❧❡❞ ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦❢

P(X,D) ❛t y ✐❢

✭✼✳✺✮ P(x,D)Ey = δy.

✼✳✹✳ ❘❊▼ ✫ ❉❊❋ ✭❚❤❡ ❝❛s❡ ♦❢ ❝♦♥st❛♥t ❝♦❡✍❝✐❡♥ts✮ ■❢ P(x,D) = P(D) ✐s ❛ ❧✐♥❡❛r

P❉❖ ✇✐t❤ ❝♦♥st❛♥t ✭❝♦♠♣❧❡①✮ ❝♦❡✍❝✐❡♥ts ❛♥❞ E0 ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ❢♦r P(D) ❛t

0 t❤❡♥

✭✼✳✻✮ Ey := τyE0

✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦❢ P(D) ❛t y✳ ■♥❞❡❡❞ ✇❡ ❤❛✈❡

✭✼✳✼✮ P(D)Ey = P(D)τyE0 = τyP(D)E0

✭✼✳✺✮
↓
= τyδ

3.15(ii)
↓
= δy.
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❍❡♥❝❡ ❜② ❞❡☞♥✐t✐♦♥✴❝♦♥✈❡♥t✐♦♥ ✇❡ ❝❛❧❧ E ∈ D ′(Ω) ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦❢ P(D) ✐❢

✭✼✳✽✮ P(D)E = δ.

✼✳✺✳ ❘❊▼ ✭❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡ ♦❢ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s✮ ▲❡t P = P(D) ❜❡ ❛ P❉❖

✇✐t❤ ❝♦♥st❛♥t ❝♦❡✍❝✐❡♥ts ❛♥❞ ❝♦♥s✐❞❡r t❤❡ P❉❊

✭✼✳✾✮ Pu = f

✇✐t❤ f ∈ E ′✱ u ∈ D ′✳ ▼♦r❡♦✈❡r ❧❡t E ❜❡ ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦❢ P t❤❡♥ ✇❡ ❤❛✈❡ t❤❡

❢♦❧❧♦✇✐♥❣ t✇♦ ✐♠♣♦rt❛♥t ❡q✉❛t✐♦♥s

✭✼✳✶✵✮ E ∗ Pu = u ❛♥❞ P(E ∗ f) = f.

■♥❞❡❡❞ t♦ ❞❡r✐✈❡ t❤❡ ☞rst ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s ❥✉st ✇r✐t❡

✭✼✳✶✶✮ E ∗ Pu

4.5(ii)
↓
= PE ∗ u

✭✼✳✽✮
↓
= δ ∗ u

4.5(iv)
↓
= u.

❙✐♠✐❧❛r❧② t♦ ❞❡r✐✈❡ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✐♥ ✭✼✳✶✵✮ ✇❡ ✇r✐t❡

✭✼✳✶✷✮ P(E ∗ f)

4.5(ii)
↓
= (PE) ∗ f

✭✼✳✽✮
↓
= δ ∗ f

4.5(iv)
↓
= f.

◆♦t❡ t❤❛t ✭✼✳✶✵✮ ❥✉st ♠❡❛♥s t❤❛t E ❛❝ts ❛s ❛ ❧❡❢t ❛s ✇❡❧❧ ❛s ❛ r✐❣❤t ✐♥✈❡rs❡ ♦❢ P✳ ❚❤❡s❡

❡q✉❛t✐♦♥s ♣❧❛② ❛ ♣✐✈♦t❛❧ r♦❧❡ ❛s ✇❡ s❤❛❧❧ ❞✐s❝✉ss ♥♦✇✳

✭✐✮ ❚❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐♠♣❧✐❡s s♦❧✈❛❜✐❧✐t② ♦❢ t❤❡ P❉❊ ✭✼✳✾✮ ❢♦r ❛♥②

f ∈ E ′✳ ❲❡ r❡♣❤r❛s❡ t❤✐s ✐♠♣♦rt❛♥t ♦❜s❡r✈❛t✐♦♥ ❡①♣❧✐❝✐t❧②✿

▲❡t P(D) ❜❡ ❛ P❉❖ ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✍❝✐❡♥ts ❛♥❞ ❧❡t E ❜❡ ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥

♦❢ P✳ ❚❤❡♥ t❤❡ P❉❊ P(D)u = f ❤❛s ❛ s♦❧✉t✐♦♥ u ∈ D ′ ❢♦r ❛❧❧ f ∈ E ′✳ ■t ✐s ❣✐✈❡♥ ❜②

u = E ∗ f✳

✭✐✐✮ ❚❤❡ ☞rst ❡q✉❛t✐♦♥ ✐♥ ✭✼✳✶✵✮ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛❧❧♦✇s t♦ ❡①tr❛❝t r❡❣✉❧❛r✐t② ✐♥❢♦r✲

♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ u = E ∗ f ❢r♦♠ t❤❡ r❡❣✉❧❛r✐t② ♦❢ f = Pu✳

❆ ♠♦r❡ ❣❡♥❡r❛❧ st❛t❡♠❡♥t ♦♥ s♦❧✈❛❜✐❧✐t② ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✳

✼✳✻✳ Pr♦♣ ✭❙♦❧✈❛❜✐❧✐t② ✉s✐♥❣ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s✮ ▲❡t P = P(x,D) ❜❡ ❛ ❧✐♥❡❛r P❉❖

✇✐t❤ C∞✲❝♦❡✍❝✐❡♥ts✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r ❛❧❧ y ∈ Ω t❤❡r❡ ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ Ey ∈

D ′(Ω) ❛♥❞

∀ϕ ∈ D(Ω) : y 7→ 〈Ey, ϕ〉 ✐s C∞ ❢r♦♠ Ω t♦ C✭✼✳✶✸✮

ϕ 7→ (y 7→ 〈Ey, ϕ〉) ✐s s❡q✳ ❝♦♥t✐♥✉♦✉s ❢r♦♠ D(Ω) t♦ E (Ω).✭✼✳✶✹✮
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❚❤❡♥ ❢♦r ❛❧❧ f ∈ E ′(Ω) t❤❡ P❉❊

✭✼✳✶✺✮ P(x,D)u = f

❤❛s ❛ s♦❧✉t✐♦♥ u ∈ D ′(Ω)✳ ■t ✐s ❣✐✈❡♥ ❜②

✭✼✳✶✻✮ 〈u,ϕ〉 = 〈f(y), 〈Ey, ϕ〉〉.

Pr♦♦❢✿ ❬❛❝t✉❛❧❧② s❤♦rt❡r t❤❛♥ t❤❡ st❛t❡♠❡♥t❪ ❇② ✭✼✳✶✹✮ ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ f : E (Ω) →

C ✇❡ ❤❛✈❡ t❤❛t u ∈ D ′(Ω)✳ ◆♦✇ ❢♦r ❛❧❧ ϕ ∈ D(Ω) ✇❡ ❤❛✈❡

〈Pu,ϕ〉
2.21
↓
= 〈u, Ptϕ〉

✭✼✳✶✻✮
↓
= 〈f(y), 〈Ey, P

tϕ〉
︸ ︷︷ ︸

〉 = 〈f,ϕ〉.✭✼✳✶✼✮

=〈PEy,ϕ〉 =
↑

✭✼✳✺✮

〈δy,ϕ〉=ϕ(y)

�

✼✳✼✳ ❘❡♠❛r❦ ✭❉✐☛❡r❡♥❝❡ ♦❢ t✇♦ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s✮ ▲❡t P = P(x,D) ❜❡ ❛ ❧✐♥❡❛r

P❉❖ ✇✐t❤ C∞✲❝♦❡✍❝✐❡♥ts ❛♥❞ ❧❡t Ey ❛♥❞ Fy ❜❡ t✇♦ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ♦❢ P ❛t y✳

❚❤❡♥ t❤❡② ❞✐☛❡r ♦♥❧② ❜② ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❡q✉❛t✐♦♥✱ ✐✳❡✳✱ Ey = Fy+h ✇❤✐t❤

h ∈ D ′ ❛♥❞ Ph = 0✳ ■♥❞❡❡❞ ✇❡ ❤❛✈❡

✭✼✳✶✽✮ P(Ey − Fy) = PEy − PFy = δy − δy = 0.

✼✳✽✳ ▼♦t✐✈❛t✐♦♥ ✭▼❛✐♥ q✉❡st✐♦♥s ♦♥ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s✮ ◆♦✇ t❤❛t ✇❡ ❤❛✈❡ s❡❡♥

t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rt❛♥❝❡ ♦❢ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ✭❛t ❧❡❛st ❛s t❤❡ q✉❡st ❢♦r ❡①✐st❡♥❝❡

♦❢ s♦❧✉t✐♦♥s ♦❢ P❉❊ ✐s ❝♦♥❝❡r♥❡❞✮✱ t❤❡ ♠♦st ✉r❣✐♥❣ q✉❡st✐♦♥s ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭✐✮ ❋♦r ✇❤✐❝❤ P❉❖ ❞♦ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ❡①✐st❄

✭✐✐✮ ❍♦✇ ❝❛♥ ✇❡ ☞♥❞ ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ❢♦r ❛ ❣✐✈❡♥ P❉❖❄

❲❡ ✇✐❧❧ ♣❛rt❧② ❛♥s✇❡r ✭✐✮ ✐♥ ❙❡❝t✐♦♥ ✼✳✷ ❛♥❞ ❡①♣❧✐❝✐t❧② ❝♦♠♣✉t❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ❢♦r

s♦♠❡ ♣r♦♠✐♥❡♥t P❉❖ ✐♥ ❙❡❝t✐♦♥ ✼✳✹✳ ❲❡ ✇✐❧❧✱ ❤♦✇❡✈❡r✱ ❧♦♦❦ ❛t t✇♦ ✐♥str✉❝t✐♥❣ ❡①❛♠♣❧❡s

☞rst✳

✼✳✾✳ ❊①❛♠♣❧❡ ❖♥ R
2 ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦♣❡r❛t♦r

✭✼✳✶✾✮ P = P(Dx, Dy) = ∂x + a∂y = i(Dx + aDy)
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✇✐t❤ a ∈ C✳ ❲❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r E ∈ D ′(R2) s✉❝❤ t❤❛t

✭✼✳✷✵✮ ∂xE+ a∂yE = δ(x, y) = δ(x)⊗ δ(y).

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ♣❛rt✐❛❧ ❋♦✉r✐❡r tr❛♥s❢♦r♠

✭✼✳✷✶✮ (F2ϕ)(x, η) := Fy→η(ϕ(x, .)) =

∫

R

e−iyηϕ(x, y)dy

✇❤✐❝❤ ♦❜✈✐♦✉s❧② ✐s ❛ ✇❡❧❧ ❞❡☞♥❡❞ ❝♦♥❝❡♣t ♦♥ S (R2) ✇✐t❤ t❤❡ s❛♠❡ r❡s♣✳ ❛♥❛❧♦❣♦✉s

♣r♦♣❡rt✐❡s ❛s t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐ts❡❧❢✳ ❙♦ ✇❡ ❛❧s♦ ❤❛✈❡ F2 ♦♥ S ′(R2) ❛♥❞ ❢♦r E ∈

S ′(R2) ✇❡ ✇✐❧❧ ✇r✐t❡ ⑦E := F2(E)✳

◆♦✇ ❛❝t✐♥❣ ✇✐t❤ F2 ♦♥ ✭✼✳✷✵✮ ❣✐✈❡s

✭✼✳✷✷✮ ∂x
⑦E+ iaη⑦E

5.26(i)
↓
= δ(x)⊗ ❫δ(y)

5.27(i)
↓
= δ(x),

✇❤✐❝❤ ✐s ❛♥ ❖❉❊ ❢♦r ⑦E ✐♥ t❤❡ ✈❛r✐❛❜❧❡ x ✇✐t❤ ♣❛r❛♠❡t❡r η✳ ❲❡ s♦❧✈❡ ✐t ✈✐❛ ✈❛r✐❛t✐♦♥ ♦❢

❝♦♥st❛♥ts✱ t❤❛t ✐s ✉s✐♥❣ t❤❡ ❛♥s❛t③

✭✼✳✷✸✮ ⑦E(x, η) = c(x, η)e−iaηx,

✇❤❡r❡ c ∈ S ′(R2)✳ ❖❜s❡r✈❡ t❤❛t e−iaηx ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ✈❡rs✐♦♥ ♦❢

❡q✉❛t✐♦♥ ✭✼✳✷✷✮✳ ❲❡ ♦❜t❛✐♥

✭✼✳✷✹✮ ∂x
⑦E = ∂xce

−iaηx − iaη⑦E

✭✼✳✷✷✮
↓
= δ(x) − iaη⑦E

❛♥❞ ❤❡♥❝❡

✭✼✳✷✺✮ ∂xc = eiaηxδ(x)

✭✷✳✻✮
↓
= δ(x).

❙♦ ❜② ✭✷✳✷✮ ✇❡ ♦❜t❛✐♥

✭✼✳✷✻✮ c = H(x) + d(η), d ∈ D ′(R)

❛♥❞ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❛♥s❛t③

✭✼✳✷✼✮ ⑦E(x, η) =
(

H(x) + d(η)
)

e−iaηx,

✇❤❡r❡ d s❤♦✉❧❞ ❜❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t ❢♦r ❛❧❧ x 6= 0 ✇❡ ❤❛✈❡ t❤❛t ⑦E(x, .) ∈ S ′(R)✳

❲❡ ♥♦✇ ❞✐s❝✉ss t❤❡ ❝❛s❡s a ∈ R ❛♥❞ a ∈ C \ R s❡♣❛r❛t❡❧②✳
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✭✐✮ a ∈ R ❲❡ s❡t d = 0 s♦ t❤❛t ⑦E(x, η) = H(x)e−iaηx✳ ❚❤❡♥ ⑦E ✐s ❜♦✉♥❞❡❞ ❛♥❞ ❤❡♥❝❡

✐♥ S ′(R2)✳ ❙♦ ✇❡ ☞♥❞

✭✼✳✷✽✮ E(x, y) = F−1
2 (e−iax.)(y)H(x)

5.27(ii)
↓
= τ−axδ(y)⊗H(x).

❬■♥❞❡❡❞ ✇❡ ❤❛✈❡ ❢♦r ϕ ∈ D(R2)

〈E,ϕ〉 = 〈F−1
2

⑦E,ϕ〉 = 〈⑦E,F−1
2 ϕ〉 =

∫

R2

H(x)e−iaηx
(

F−1
2 ϕ

)

(x, η)dxdη

=

∫

R

H(x)

∫

R

e−iaηx
(

F−1
2 ϕ

)

(x, η)dη

︸ ︷︷ ︸

=ϕ(x,ax) ❜② 5.15

dx =

∞∫

0

ϕ(x, ax)dx. ]

❖♥❡ ♦❢t❡♥ ✇r✐t❡s

✭✼✳✷✾✮ E(x, y) = δ(y− ax)H(x)

s✐♥❝❡ ✐t ❛❝t✉❛❧❧② ✐s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ {x > 0, y = ax} ⊆ R
2✳ ♣ insert

figure ♣

✭✐✐✮ a ∈ C \ R ❲❡ ✇r✐t❡ a = α+ iβ ✇✐t❤ β 6= 0✳ ❚❤❡♥ ✇❡ ❞✐st✐♥❣✉✐s❤ t❤❡ ❝❛s❡s

x < 0 : ⑦E(x, η) = d(η)e−iαηx eβxη

x > 0 : ⑦E(x, η) =
(

1+ d(η)
)

e−iαηx eβxη.

◆♦✇ s❡t d(η) = −H(βη) t♦ ❛❝❤✐❡✈❡ |⑦E(x, η)| 6 Ce−|βxη| ❛♥❞ ❤❡♥❝❡ ⑦E ∈ L1(Rη) ❢♦r

❛❧❧ ☞①❡❞ x 6= 0✳ ◆♦✇ ✇❡ ❝❛❧❝✉❧❛t❡ ✐♥ ❝❛s❡ x < 0

E(x, y) = −
1

2π

∫

R

eiyηH(βη)e−iaxη dη

= −
sign(β)

2π

sign(β)∞∫

0

eiη(y−ax) dη

=
↑

β=■♠(a) 6=0

−
sign(β)

2π

1

i(y− ax)
sign(β)(0− 1) =

1

2πi

1

y− ax
.

❲❡ ♥♦✇ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛✐♠✿
1

2πi

1

y− ax
∈ S

′(R2)
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❚♦ ♣r♦✈❡ t❤❡ ❝❧❛✐♠ ✇❡ st❛rt ❜② ♦❜s❡r✈✐♥❣ t❤❛t

y− ax = 0 ⇔ y− αx = 0∧ βx = 0 ⇔ x = 0∧ y = αx = 0 ⇔ (x, y) = (0, 0).

❍❡♥❝❡ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ (x, y) 6= (0, 0)

✭✼✳✸✵✮ |y− ax| = r|y/r− ax/r| > µ|(x, y)|,

✇❤❡r❡ r =
√

x2 + y2 = |(x, y)| ❛♥❞ µ ✐s ❞❡☞♥❡❞ t❤❡ ♠✐♥✐♠✉♠ ♦❢ |y/r−ax/r| ♦♥ S1✳

❙♦ ✇❡ ✇r✐t❡ ❢♦r ϕ ∈ S (R2)

|

∫

R2

ϕ(x, y)

y− ax
dxdy| 6

1

µ

∫
|ϕ(x, y)|

|(x, y)|
dxdy

6 C

∫
(1+ |(x, y)|)−l

|(x, y)|
dxdy✭✼✳✸✶✮

6 C

∞∫

0

∫

S1

r dθdr

r(1+ r)l
6 ⑦C ❢♦r l > n,

✇❤✐❝❤ ❡st❛❜❧✐s❤❡s t❤❡ ❝❧❛✐♠✳

❙✐♠✐❧❛r❧② ✇❡ ❝❛❧❝✉❧❛t❡ ❢♦r x > 0

E(x, y) =
1

2π

∫

R

eiyη
(

1−H(βη)
)

e−iaxη dη

=
sign(β)

2π

0∫

sign(β)∞

eiη(y−ax) dη✭✼✳✸✷✮

=
sign(β)

2π

1

i(y− ax)
(1− 0) =

1

2πi

1

y− ax
.

❙✉♠♠✐♥❣ ✉♣ ✇❡ ❤❛✈❡ ❞❡r✐✈❡❞ t❤❛t ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦❢ ∂x + a∂y ✐s ❣✐✈❡♥ ❜②

✭✼✳✸✸✮ E(x, y) =

{
H(x)δ(y− ax) a ∈ R

1
2πi

1
y−ax

a ∈ C \ R

❆s ❛♥ ✐♠♣♦rt❛♥t s♣❡❝✐❛❧ ❝❛s❡ ✇❡ ❤❛✈❡ ❢♦r a = i✱ t❤❛t ✐s 1
2
P = 1

2
(∂x + i∂y) = ∂

∂✖z
t❤❡

❈❛✉❝❤②✲❘✐❡♠❛♥♥ ♦♣❡r❛t♦r ✭❝❢✳ ✻✳✹✹✭✐✐✮✮✳ ■t ❤❛s ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜②

✭✼✳✸✹✮ F = 2E =
1

iπ

1

y− ix
=

1

π

1

x+ iy
=

1

πz
(z ∈ C).
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❊①❡r❝✐s❡✿ ❙❤♦✇ t❤❛t F r❡❛❧❧② ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈❛✉❝❤②✲❘✐❡♠❛♥♥ ♦♣❡r❛t♦r ❜②

❞✐r❡❝t❧② ❝❛❧❝✉❧❛t✐♥❣ PF✳ ❖r ♠♦r❡ ❣❡♥❡r❛❧❧② s❤♦✇ ❜② ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ t❤❛t E ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧

s♦❧✉t✐♦♥ ♦❢ P = ∂x + a∂y✳

♣ insert later ♣

✼✳✶✵✳ ❊①❛♠♣❧❡ ✭❆♥ ♦r❞✐♥❛r② ❉❖ ✇✐t❤♦✉t ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥✮ ❖♥ Ω = R ✇❡

❝♦♥s✐❞❡r

✭✼✳✸✺✮ P
(

x,
d

dx

)

= (1− x2)3
d

dx
− 4x.

❲❡ ❝❧❛✐♠ t❤❛t P ❤❛s ♥♦ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ❛t 0✳ ❙✉♣♣♦s❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t t❤❡r❡

✐s E ∈ D ′(R) ✇✐t❤ (1− x2)3E ′ − 4xE = δ✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ✐♥ R \ {±1, 0}

✭✼✳✸✻✮ E ′ =
4x

(1− x2)3
E ⇒ E(x) = Ce

1

(1−x2)2 .

❍❡♥❝❡ ✐♥ ❛♥② ♦❢ t❤❡ ✐♥t❡r✈❛❧s J1 = (−∞,−1)✱ J2 = (−1, 0)✱ J3 = (0, 1)✱ ❛♥❞ J4 = (1,∞)

✇❡ ❤❛✈❡ Ek = Cke
1/(1−x2)2 (k = 1, 2, 3, 4) ✳ ♣ insert figure ♣

◆❡①t ❛s ✐♥ ✷✳✸✵✭✐✮ ✐t ❢♦❧❧♦✇s t❤❛t

6 ∃v ∈ D ′(−∞, 0) : v|Jk = Ek (k = 1, 2) ✇✐t❤ C1 6= 0 6= C2

6 ∃w ∈ D ′(−∞, 0) : w|Jk = Ek (k = 3, 4) ✇✐t❤ C3 6= 0 6= C4

❙♦ E|R\{0} = 0 ❛♥❞ ❤❡♥❝❡ s✉♣♣(E) = {0} ✭s✐♥❝❡ ♦t❤❡r✇✐s❡ E = 0 ⇒ PE = 0✮✳ ❚❤❡r❡❢♦r❡ ❜②

✶✳✼✵ t❤❡r❡ ✐s m s✉❝❤ t❤❛t

✭✼✳✸✼✮ E =

m∑

j=0

λj δ
(j) ✇✐t❤ λj ∈ C✱ λm 6= 0.

◆♦✇ ✇❡ ♠❛② ❝❛❧❝✉❧❛t❡

δ = (1− x2)3
(

m∑

j=0

λj δ
(j)
) ′

− 4x

m∑

j=0

λj δ
(j)

=

m∑

j=0

λj (1− x2)3 δ(j+1) −

m∑

j=0

4xλj δ
(j)✭✼✳✸✽✮

=

m∑

j=0

λj δ
(j+1) +

m∑

j=0

λj (−3x2 + 3x4 − x6)δ(j+1) − 4

m∑

j=0

λj x δ
(j).

︸ ︷︷ ︸
(∗)

❚❤❡ t❡r♠s ✐♥ (∗) ❛r❡ ♦❢ t❤❡ ❢♦r♠ xkδ(l) ❛♥❞ ❛s ✐♥ ❢♦r♠✉❧❛ (∗∗∗) ✐♥ ✷✳✸✵✭✐✮ ♦♥❡ ☞♥❞s t❤❛t

t❤❡② ❛r❡ ❞✐str✐❜✉t✐♦♥s ♦❢ ♦r❞❡r l− k✳ ❙♦ t❤❡s❡ t❡r♠s ❛r❡ ❛t ♠♦st ♣r♦♣♦rt✐♦♥❛❧ t♦ δ(m−1)✳

❙♦ λm ❤❛s t♦ ✈❛♥✐s❤ ❛♥❞ ✐♥❞✉❝t✐✈❡❧② ❛❧s♦ λj = 0 ❢♦r ❛❧❧ j ∈ {0, 1, . . . ,m}✳ ❙♦ E = 0✱ ❛

❝♦♥tr❛❞✐❝t✐♦♥✳

④ ④ ④ ④ ④ ④ ④ ④ ④ ❉ ❘ ❆ ❋ ❚ ✲ ❱ ❊ ❘ ❙ ■ ❖ ◆ ✭❏❛♥✉❛r② ✷✶✱ ✷✵✶✽✮ ④ ④ ④ ④ ④ ④ ④ ④ ④ ④



✼✳✷✳ ❚❍❊ ▼❆▲●❘❆◆●❊✲❊❍❘❊◆P❘❊■❙ ❚❍❊❖❘❊▼ ✶✻✸
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❚❍❊❖❘❊▼

✼✳✶✶✳ ■♥tr♦ ■♥ t❤✐s ♣❛r❛❣r❛♣❤ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❛♥s✇❡r t❤❡ q✉❡st✐♦♥ r❛✐s❡❞ ✐♥ ✼✳✽✭✐✮

❢♦r ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ P❉❖✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✇❡ st❛t❡ ❛♥❞ ♣r♦✈❡ t❤❡ t❤❡♦r❡♠ ♦❢ ▼❛❧❣r❛♥❣❡

❛♥❞ ❊❤r❡♥♣r❡✐s ✇❤✐❝❤ ❛ss❡rts t❤❛t ❛♥② ❧✐♥❡❛r P❉❖ ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✍❝✐❡♥ts ❤❛s ❛ ❢✉♥✲

❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ✐♥ D ′✳

❋✐rst ♣r♦♦❢s ♦❢ t❤✐s st❛t❡♠❡♥t ✇❡r❡ ✐♥❞❡♣❡♥❞❡♥t❧② ❣✐✈❡♥ ❜② ❇❡r♥❛r❞ ▼❛❧❣r❛♥❣❡ ❛♥❞ ▲❡♦♥

❊❤r❡♥♣r❡✐s ✐♥ ✶✾✺✸✴✺✹✳ ❲❡ ❣✐✈❡ ❛ s❤♦rt ❤✐st♦r✐❝❛❧ ♦✈❡r✈✐❡✇ ♦❢ ❞✐☛❡r❡♥t ♣r♦♦❢s ❛♥❞ r❡s✉❧ts

✐♥ t❤✐s r❡❛❧♠ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✳

1911, Nils Zeilon: ☞rst ❞❡☞♥✐t✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ✐♥ L1

1950/51 Laurent Schwartz: ❣❡♥❡r❛❧ ❞❡☞♥✐t✐♦♥ ♦❢ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s

1953/54 Berndard Malgrange & Leon Ehrenpreis: ❡①✐st❡♥❝❡ ♦❢ ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦✲

❧✉t✐♦♥ ❢♦r ❛♥② P❉❖ ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✍❝✐❡♥ts ✐♥D ′ ✉s✐♥❣ t❤❡ ❍❛❤♥✲❇❛♥❛❝❤ t❤❡♦r❡♠

1957/58 Stanis law  Lojasiewicz, Lars Hörmander: ❡①✐st❡♥❝❡ ❡✈❡♥ ✐♥ S ′

late 1950-ies Lars Hörmander, Jean-François Treves: ❝♦♥str✉❝t✐✈❡ ♣r♦♦❢s✱ ❝♦♥t✐♥✲

✉♦s ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ❝♦❡✍❝✐❡♥ts ♦❢ t❤❡ ♦♣❡r❛t♦r

mid 1990-ies Heinz König, Norbert Ortner and Peter Wagner: s❤♦rt ❡①♣❧✐❝✐t ❢♦r✲

♠✉❧❛❡

2009 Peter Wagner: ✈❡r② s✐♠♣❧❡ ❢♦r♠✉❧❛

❚❤❡ ▼❛❧❣r❛♥❣❡✲❊❤r❡♥♣r❡✐s t❤❡♦r❡♠ ♠❛② ❜❡ r❡❣❛r❞❡❞ ❛s ♦♥❡ ♦❢ t❤❡ ❜✐❣ s✉❝❝❡ss❡s ♦❢ ❞✐s✲

tr✐❜✉t✐♦♥ t❤❡♦r② ❛♥❞ ✐s ❛ ❝❡♥tr❛❧ r❡s✉❧t✳ ❍♦✇❡✈❡r✱ s♦♦♥ ❛❢t❡r ✐ts ♣r♦♦❢ ✐t t✉r♥❡❞ ♦✉t t❤❛t

❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ t❤❡ ❝❛s❡ ♦❢ P❉❖ ✇✐t❤ ♥♦♥✲❝♦♥st❛♥t ❝♦❡✍❝✐❡♥ts⑤✇❤✐❝❤ ✇❛s ❛❝t✉❛❧❧②

r❡❣❛r❞❡❞ ❛s ❛ ♥♦t✲t♦♦✲❤❛r❞ ♣r♦❜❧❡♠ ✭▲♦✉✐s ◆✐❡r❡♥❜❡r❣ s✉❣❣❡st❡❞ ✐t ❛s ❛ P❤✳❉ t♦♣✐❝ t♦

❏❡❛♥✲❋r❛♥✘❝♦✐s ❚r❡✈❡s✮⑤✐s ♥♦t ♣♦ss✐❜❧❡✳ ❍❛♥s ▲❡✇② ✐♥ ✶✾✺✼ ❣❛✈❡ t❤❡ ☞rst ❝♦✉♥t❡r❡①❛♠♣❧❡

✇❤✐❝❤ ❜❡❝❛♠❡ ✈❡r② ❢❛♠♦✉s ❛♥❞ ♥♦✇ ❜❡❛rs ❤✐s ♥❛♠❡❀ ❡①♣❧✐❝✐t❧② ❢♦r t❤❡ ♦♣❡r❛t♦r

✭✼✳✸✾✮ Lu(x, y, z) = −ux − iuy + 2i(x+ iy)uz
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t❤❡r❡ ❡①✐st f ∈ C∞(R3) s✉❝❤ t❤❛t Lu = f ❤❛s ♥♦ ❞✐str✐❜✉t✐♦♥❛❧ s♦❧✉t✐♦♥ ✐♥ ❛♥② ♦♣❡♥

s❡t Ω ⊆ R
3✳ ❋♦r ♣r♦♦❢s s❡❡ ❬❆❣♠✶✵❪ ✭♥♦♥✲s♦❧✈❛❜✐❧✐t② ✐♥ L2✮✱ ❬❏♦❤✼✽❪ ✭♥♦♥✲s♦❧✈❛❜✐❧✐t② ✐♥

❍⑧♦❧❞❡r✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s✮ ❛♥❞✱ ❢♦r t❤❡ ✉❧t✐♠❛t✐✈❡ tr❡❛t♠❡♥t ❬❍⑧♦r✻✸❪✳

❇❡❢♦r❡ ❤❡❛❞✐♥❣ t♦ t❤❡ t❤❡♦r❡♠ ✇❡ ❜r✐❡✌② ❞✐s❝✉ss ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ✐♥ S ′✳

✼✳✶✷✳ ❘❡♠❛r❦ ✭❖♥ S ′✲❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s✮ ❲❡ ❝♦♥s✐❞❡r ❛ ❧✐♥❡❛r P❉❖ P(D) ✇✐t❤

❝♦♥st❛♥t ❝♦❡✍❝✐❡♥ts ❛♥❞ ✇✐t❤ P(ξ) 6= 0 ❢♦r ❛❧❧ ξ ∈ R
n✳ ❚❤❡♥ 1/P(ξ) ∈ O▼(R

n) ⊆

S ′(Rn)✳ ❚❤❡♥ ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❜② E = F−1(1/P) ∈ S ′✳ ■♥❞❡❡❞ ✇❡ ❤❛✈❡

✭✼✳✹✵✮ P(D)E = P(D)F−1
( 1

P

)

= F−1
(

P(ξ)
1

P(ξ)
︸ ︷︷ ︸

=1

)

= δ.

▼♦r❡♦✈❡r✱ ✐♥ t❤✐s ❝❛s❡ E ✐s t❤❡ ♦♥❧② ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ✐♥ S ′ s✐♥❝❡ ✇❡ ❤❛✈❡

✭✼✳✹✶✮ P(D)E = δ ⇒ P(ξ)❫E = 1

1/P∈O▼
↓
⇒ ❫E =

1

P
.

✼✳✶✸✳ ❚❤❡♦r❡♠ ✭▼❛❧❣r❛♥❣❡✲❊❤r❡♥♣r❡✐s✮ ▲❡t P(D) ❜❡ ❛ ❧✐♥❡❛r P❉❖ ✇✐t❤ ❝♦♥st❛♥t

❝♦❡✍❝✐❡♥ts ✇❤✐❝❤ ✐s ♥♦♥✲tr✐✈✐❛❧ ✭✐✳❡✳✱ P 6≡ 0✮✳ ❚❤❡♥ P(D) ❤❛s ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ✐♥

D ′✱ ✐✳❡✳✱

✭✼✳✹✷✮ ∃E ∈ D ′(Rn) : P(D)E = δ.
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