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t❤❡r❡ ❡①✐st f ∈ C∞(R3) s✉❝❤ t❤❛t Lu = f ❤❛s ♥♦ ❞✐str✐❜✉t✐♦♥❛❧ s♦❧✉t✐♦♥ ✐♥ ❛♥② ♦♣❡♥

s❡t Ω ⊆ R
3✳ ❋♦r ♣r♦♦❢s s❡❡ ❬❆❣♠✶✵❪ ✭♥♦♥✲s♦❧✈❛❜✐❧✐t② ✐♥ L2✮✱ ❬❏♦❤✼✽❪ ✭♥♦♥✲s♦❧✈❛❜✐❧✐t② ✐♥

❍⑧♦❧❞❡r✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s✮ ❛♥❞✱ ❢♦r t❤❡ ✉❧t✐♠❛t✐✈❡ tr❡❛t♠❡♥t ❬❍⑧♦r✻✸❪✳

❇❡❢♦r❡ ❤❡❛❞✐♥❣ t♦ t❤❡ t❤❡♦r❡♠ ✇❡ ❜r✐❡✌② ❞✐s❝✉ss ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ✐♥ S ′✳

✼✳✶✷✳ ❘❡♠❛r❦ ✭❖♥ S ′✲❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s✮ ❲❡ ❝♦♥s✐❞❡r ❛ ❧✐♥❡❛r P❉❖ P(D) ✇✐t❤

❝♦♥st❛♥t ❝♦❡✍❝✐❡♥ts ❛♥❞ ✇✐t❤ P(ξ) 6= 0 ❢♦r ❛❧❧ ξ ∈ R
n✳ ❚❤❡♥ 1/P(ξ) ∈ O▼(R

n) ⊆

S ′(Rn)✳ ❚❤❡♥ ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❜② E = F−1(1/P) ∈ S ′✳ ■♥❞❡❡❞ ✇❡ ❤❛✈❡

✭✼✳✹✵✮ P(D)E = P(D)F−1
( 1

P

)

= F−1
(

P(ξ)
1

P(ξ)
︸ ︷︷ ︸

=1

)

= δ.

▼♦r❡♦✈❡r✱ ✐♥ t❤✐s ❝❛s❡ E ✐s t❤❡ ♦♥❧② ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ✐♥ S ′ s✐♥❝❡ ✇❡ ❤❛✈❡

✭✼✳✹✶✮ P(D)E = δ ⇒ P(ξ)❫E = 1

1/P∈O▼
↓
⇒ ❫E =

1

P
.

✼✳✶✸✳ ❚❤❡♦r❡♠ ✭▼❛❧❣r❛♥❣❡✲❊❤r❡♥♣r❡✐s✮ ▲❡t P(D) 6≡ 0 ❜❡ ❛ ❧✐♥❡❛r P❉❖ ✇✐t❤ ❝♦♥st❛♥t

❝♦❡✍❝✐❡♥ts✳ ❚❤❡♥ P(D) ❤❛s ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ✐♥ D ′✱ ✐✳❡✳✱

✭✼✳✹✷✮ ∃E ∈ D ′(Rn) : P(D)E = δ.

❲❡ ✇✐❧❧ ❛❝t✉❛❧❧② ❣✐✈❡ ❛ s✐♠♣❧❡ ❛♥❞ ❡①♣❧✐❝✐t ❢♦r♠ ♦❢ E ❢♦❧❧♦✇✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❬❲❛❣✵✾❪✳

❲❡ ☞rst ♥❡❡❞ ❛ ♣r❡♣❛r❛t♦r② st❛t❡♠❡♥t ❢r♦♠ ❧✐♥❡❛r ❛❧❣❡❜r❛✱ ✇❤✐❝❤ ✇❡ ✭❢✉♥♥✐❧②✮ ♣r♦✈❡ ❜②

❝♦♠♣❧❡① ❛♥❛❧②s✐s ♠❡t❤♦❞s✳

✼✳✶✹✳ ▲❡♠ ▲❡t λ0, . . . , λm ∈ C ❜❡ ♣❛✐r✇✐s❡ ❞✐☛❡r❡♥t✳ ❚❤❡♥ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡

❧✐♥❡❛r s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s

✭✼✳✹✸✮

m∑

j=0

ajλ
k
j =

{
0 (1 6 k 6 m− 1)

1 (k = m)

✐s ❣✐✈❡♥ ❜② aj = Πm
l=0,l6=j(λj − λl)

−1✳

Pr♦♦❢✳ ❚❤❡ ❝♦❡✍❝✐❡♥t ♠❛tr✐❝ ♦❢ t❤❡ s②st❡♠ ✐s ❥✉st ❱❛♥❞❡r♠♦♥❞❡✬s ♠❛tr✐① ❛♥❞ s✐♥❝❡ ✐ts

❞❡t❡r♠✐♥❛♥t Π06j<k60(λj − λk) ❞♦❡s ♥♦t ✈❛♥✐s❤ ❢♦r ♣❛✐r✇✐s❡ ❞✐☛❡r❡♥t λ✬s t❤❡ s♦❧✉t✐♦♥

✈❡❝t♦r (a0, . . . , am) ∈ C
m+1 ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞✳

◆❡①t ✇❡ s❡t p(z) = Πm
l=0(z − λl) ❛♥❞ ❝❛❧❝✉❧❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❧❡① ❝♦♥t♦✉r ✐♥t❡❣r❛❧

♦✈❡r ❛ ❝✐r❝❧❡ ♦❢ r❛❞✐✉s N > |λj| ❢♦r ❛❧❧ j ✉s✐♥❣ t❤❡ r❡s✐❞✉❡ t❤❡♦r❡♠ ✭♦❜s❡r✈❡ t❤❛t ❜② ♦✉r
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❛ss✉♠♣t✐♦♥ ❛❧❧ λj ❛r❡ s✐♠♣❧❡ ♣♦❧❡s✮

1

2πi

∫

|z|=N

zk

p(z)
=

m∑

l=0

❘❡s
( zk

p(z)
, λl

)

=

m∑

l=0

❧✐♠
z→λl

(z− λl)
zk

Πm
l=0(z− λl)

=

m∑

l=0

λk
j

Πm
l=0,l6=j(λj − λl)

=

m∑

j=0

ajλ
k
j .

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ ❤❛✈❡

∫

|z|=N

zk

p(z)
dz =

2π∫

0

Nkeikt

Πm
l=0Neit(1− λl

N
e−it)

iNeit dt

= iNk−m

2π∫

0

ei(k−m)t

Πm
l=0(1−−λl

N
e−it)

dt
(N→∞)
→

{
0 (1 6 k 6 m− 1)

i
∫2π

0
dt = 2πi (k = m)

❛♥❞ ✇❡ ❛r❡ ❞♦♥❡✳ �

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✸✳ ❲❡ ✇r✐t❡ ❞♦✇♥ ❡①♣❧✐❝✐t❧② ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ E ♦❢ t❤❡

P❉❖ P ✇❤✐❝❤ ✇❡ ❛ss✉♠❡ t♦ ❜❡ ♦❢ ♦r❞❡r m✿ ▲❡t η ∈ R
n ❜❡ s✉❝❤ t❤❛t σp(η) 6= 0✱ ❝❤♦♦s❡

♣❛✐r✇✐s❡ ❞✐☛❡r❡♥t r❡❛❧ ♥✉♠❜❡rs λ0, . . . , λm ❛♥❞ s❡t aj = Πm
l=0,l6=j(λj − λl)

−1 ✭❝❢✳ ▲❡♠♠❛

✼✳✶✹✮✳ ❋✐♥❛❧❧② ❞❡☞♥❡

✭✼✳✹✹✮ E =
1

σP(2η)

m∑

j=0

aje
λjηx F−1

ξ

(

P(iξ+ λjη)

P(iξ+ λjη)

)

.

❋✐rst ♥♦t❡ t❤❛t ❢♦r ❛♥② ☞①❡❞ λ ∈ R t❤❡ s❡t

✭✼✳✹✺✮ N = {ξ ∈ R
n : P(iξ+ λη = 0}

❤❛s ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ③❡r♦✳ ■♥ ❢❛❝t✱ ❛♣♣❧②✐♥❣ ❛ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥ ✇❡ ♠❛② ❛ss✉♠❡

t❤❛t σp(1, 0, . . . , 0) 6= 0 ❛♥❞ t❤❡♥

✭✼✳✹✻✮

∫

N

dξ =

∫

Rn−1

(

∫

Nξ ′

dξ1)dξ
′ = 0

❜② ❋✉❜✐♥✐✬s t❤❡♦r❡♠ ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ s❡ts Nξ ′ = {ξ1 ∈ R : P(i(ξ1, ξ
′)+ηλ) = 0} ❛r❡

☞♥✐t❡ ❢♦r ξ ′ = (ξ2, . . . , ξn) ∈ R
n−1✳ ❙♦

✭✼✳✹✼✮ S(ξ) :=
P(iξ+ λjη)

P(iξ+ λjη)
∈ L∞(Rn) ⊆ S

′(Rn)
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❛♥❞ ✭✼✳✹✹✮ ✐s ♠❡❛♥✐♥❣❢✉❧✳

◆♦✇ ✇❡ ❝❛❧❝✉❧❛t❡ P(∂)E ✉s✐♥❣ t❤❡ ❡①❝❤❛♥❣❡ ❢♦r♠✉❧❛❡✳ ❲❡ ❤❛✈❡

P(∂)(eλjηxF−1
ξ S) = eλjηxP(∂+ λjη)F

−1
ξ S

= eλjηxF−1
ξ

(

P(iξ+ λjη)S
)

= eλjηxF−1
ξ

(

P(iξ+ λjη)
)

✭✼✳✹✽✮

❛♥❞

✭✼✳✹✾✮ F−1
ξ (P(iξ+ λjη) = F−1

ξ

(

P(−iξ+ λjη) 1
)

= P(−∂+ λjη) δ.

❙♦ ✇❡ ☞♥❛❧❧② ♦❜t❛✐♥

P(∂)

(

eλjηxF−1
ξ

(

P(iξ+ λjη)

P(iξ+ λjη)

))

= eλjηxP(−∂+ λjη) δ = P(−∂+ 2λjη)(e
λjηxδ)

= P(−∂+ 2λjη)δ = λm
j σP(2η)δ+

m−1∑

k=0

λk
j Tk✭✼✳✺✵✮

❢♦r ❝❡rt❛✐♥ ❞✐str✐❜✉t✐♦♥s Tk ∈ E ′(Rn)✳ ■♥ t❤❡ ❧❛st ❡q✉❛❧✐t② ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❤♦♠♦❣❡♥❡✐t②

♦❢ t❤❡ ♣r✐♥❝✐♣❛❧ s②♠❜♦❧ ✭❝❢✳ ✭✻✳✷✽✮✮✳ ◆♦✇ ❜② ♦✉r ❝❤♦✐❝❡ ♦❢ t❤❡ aj ✇❡ ❛r❡ ❞♦♥❡ t❤❛♥❦s t♦

▲❡♠ ✼✳✶✹✳ �
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§ ✼✳✸✳ ❍❨P❖❊▲▲■P❚■❈■❚❨ ❖❋ P❉❖ ❲■❚❍

❈❖◆❙❚❆◆❚ ❈❖❊❋❋■❈■❊◆❚❙

✼✳✶✺✳ ▼♦t✐✈❛t✐♦♥ ■♥ s❡❝t✐♦♥ ✻✳✹ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♥♦t✐♦♥ ♦❢ ❤②✲

♣♦❡❧❧✐♣t✐❝✐t② ❛♥❞ ❤✐❣❤❧✐❣❤t❡❞ ✐ts ✐♠♣♦rt❛♥❝❡✳ ■♥ t❤✐s s❤♦rt s❡❝t✐♦♥ ✇❡ s❤♦✇ t❤❛t ❤②♣♦❡❧✲

❧✐♣t✐❝✐t② ♦❢ ❝♦♥st❛♥t ❝♦❡✍❝✐❡♥t P❉❖ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ♣r♦♣❡rt✐❡s ♦❢ ✐ts ❢✉♥❞❛♠❡♥t❛❧

s♦❧✉t✐♦♥✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✐♥ t❤❡ t❤✐r❞ st❡♣ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤♠✳ ✻✳✹✺✳

✼✳✶✻✳ ❚❍▼ ✭❈❤❛r❛❝t❡r✐③✐♥❣ ❤②♣♦❡❧❧✐♣t✐❝✐t②✮ ▲❡t P(D) 6≡ 0 ❜❡ ❛ P❉❖ ✇✐t❤ ❝♦♥st❛♥t

❝♦❡✍❝✐❡♥ts✳ ❚❤❡♥ P ✐s ❤②♣♦❡❧❧✐♣t✐❝ ✐☛ ✐t ❤❛s ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ E ✇✐t❤ s✐♥❣s✉♣♣(E) ⊆

{0}✳

✼✳✶✼✳ ❘❡♠ ■❢ ♦♥❡ ✭❛♥❞ ❤❡♥❝❡ ❜♦t❤✮ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ t❤❡♦r❡♠ ❤♦❧❞ tr✉❡ t❤❡♥ ❡✈❡r②

❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ E ♦❢ P ❤❛s t❤❡ ♣r♦♣❡rt② t❤❛t ✐ts s✐♥❣✉❧❛r s✉♣♣♦rt ✐s ❝♦♥t❛✐♥❡❞ ✐♥

t❤❡ ♦r✐❣✐♥✳ ■♥❞❡❡❞ ❜② ❘❡♠❛r❦ ✼✳✼ t✇♦ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ♦♥❧② ❞✐☛❡r ❜② ❛ s♦❧✉t✐♦♥ h

♦❢ P(D)h = 0✱ ✇❤✐❝❤ ❜② ❤②♣♦❡❧❧✐♣t✐❝✐t② ✐s s♠♦♦t❤✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✻✳ ❙✉♣♣♦s❡ t❤❛t P ✐s ❤②♣♦❡❧❧✐♣t✐❝✳ ❙❡t Ω := R
n \ {0} ❛♥❞ ❧❡t E

❜❡ s♦♠❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦❢ P ✭✇❤✐❝❤ ❡①✐sts ❜② t❤❡♦r❡♠ ✼✳✶✸✮✳ ❲❡ ❤❛✈❡ P(D)E = δ

❛♥❞ ❤❡♥❝❡ P(D)E = 0 ✐♥ Ω✳ ❇✉t ♥♦✇ ❤②♣♦❡❧❧✐♣t✐❝✐t② ❣✉❛r❛♥t❡❡s E t♦ ❜❡ s♠♦♦t❤ ✐♥ Ω

❤❡♥❝❡ s✐♥❣s✉♣♣(E) ⊆ {0}✳

❚♦ ♣r♦✈❡ t❤❡ ❝♦♥✈❡rs❡ ❞✐r❡❝t✐♦♥ ✇❡ ✉s❡ ❛ s❧✐♠♠❡❞ ❞♦✇♥ ✈❡rs✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤♠✳

✻✳✹✺✳ ■♥❞❡❡❞ ✇❡ ❤❛✈❡ ✭✻✳✷✾✮ ✇✐t❤ ρ = 0 ❛♥❞ t❤❡ r❡❣✉❧❛r✐t② ♣r♦♣❡rt② ❡st❛❜❧✐s❤❡❞ t❤❡r❡ ✐♥

st❡♣ ✷ ♥♦✇ ❤♦❧❞s ❜② ❛ss✉♠♣t✐♦♥✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ❞✐r❡❝t❧② ❥✉♠♣ t♦ st❡♣ ✸ t❤❡r❡ ❛♥❞

r❡♣❡❛t t❤❡ ❛r❣✉♠❡♥t t♦ ❡st❛❜❧✐s❤ ❤②♣♦❡❧❧✐♣t✐❝✐t②✳ �

✼✳✶✽✳ ❊① ✭❍②♣♦❡❧❧✐♣t✐❝✐t② ♦❢ ∂x + a∂y✮ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♦♣❡r❛t♦r P(D) = ∂x + a∂y ♦♥

R
2 ❛❧r❡❛❞② ❡♥❝♦✉♥t❡r❡❞ ✐♥ ❊①✳ ✼✳✾✳

✭✐✮ ■❢ a ∈ R t❤❡♥ ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ E = H(x)δ(y − ax)

✇❤✐❝❤ ❝❧❡❛r❧② ❤❛s s✐♥❣s✉♣♣(E) = {(x, ax) : x > 0}✳ ❙✐♥❝❡ P(D)E = δ ✇❡ ❤❛✈❡ P(D)E

s♠♦♦t❤ ♦♥ Ω := R
2 \ {0} ❜✉t ❝❧❡❛r❧② E 6∈ C∞(Ω)✱ s♦ P(D) ✐s ♥♦t ❤②♣♦❡❧❧✐♣t✐❝✳

✭✐✐✮ ■❢ a ∈ C \R ✇❡ ❤❛✈❡ ❢♦✉♥❞ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ E = 1
2πi

1
y−ax

✇❤✐❝❤ ❝❧❡❛r❧② ✐s

s♠♦♦t❤ ♦✉ts✐❞❡ (0, 0) ❛♥❞ s♦ ❜② ✼✳✶✻ P(D) ✐s ❤②♣♦❡❧❧✐♣t✐❝✳

④ ④ ④ ④ ④ ④ ④ ④ ④ ❉ ❘ ❆ ❋ ❚ ✲ ❱ ❊ ❘ ❙ ■ ❖ ◆ ✭❏❛♥✉❛r② ✷✺✱ ✷✵✶✽✮ ④ ④ ④ ④ ④ ④ ④ ④ ④ ④



✶✻✽ ❈❤❛♣t❡r ✼✳ ❋❯◆❉❆▼❊◆❚❆▲ ❙❖▲❯❚■❖◆❙

❙✉♠♠✐♥❣ ✉♣ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t

✭✼✳✺✶✮ P(D) = ∂x + (α+ iβ)∂y ✐s ❤②♣♦❡❧❧✐♣t✐❝ ✐☛ β 6= 0✳

④ ④ ④ ④ ④ ④ ④ ④ ④ ❉ ❘ ❆ ❋ ❚ ✲ ❱ ❊ ❘ ❙ ■ ❖ ◆ ✭❏❛♥✉❛r② ✷✺✱ ✷✵✶✽✮ ④ ④ ④ ④ ④ ④ ④ ④ ④ ④


