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Abstract

Rainbows are fascinating optical phenomena and the mathematics and physics
behind them is vast and rich. With ray optics much aspects of rainbows can be
understood, but for a deeper understanding Mie theory is needed. Mie theory provides
a framework to discuss the scattering of light from small sphere-like particles. To give
those that are interested an easier way to an understanding of the basic equations of
Mie theory, this note was written.

1 Introduction

Ray optics provide a good framework to discuss several optical phenomena, including the
primary and secondary arcs of rainbows. Some other aspects of rainbows — the interfer-
ence fringes for example — might be already well discussed with wave front analysis. To
generally solve the problem and discuss some less known properties of rainbows and glory
phenomena, a thorough discussion of Maxwell equations is needed. This is precisely what
Mie theory does. Mie theory can then be applied to discuss scattering of light on small
water droplets, which causes rainbows and glory phenomena, but also other atmospheric
optical phenomena such as scattering of light from dust.

Mie theory provides a set of basic equations for the scattered electromagnetic field, which
can easily be implemented on a computer. Simulations might then provide good insights
in how light is scattered from small spheres and how the scattering depends on the color
of light, i.e., on the frequency.

These notes were written as a result of trying to understand how the basic equations of
Mie theory come can be derived. Many different conventions for special functions are used
throughout the literature, but even the Maxwell equations can be written in different unit
systems. In order to have one set of valid equations and knowing which conventions are
used, the author wanted to verify each step in deriving the basic Mie equations.

The basic problem is the following: A plane wave of electromagnetic radiation in air (or
vacuum) hits on a small dielectric sphere of radius a, e.g. made of water. We want to find
the scattered radiation. To treat the problem, we use a coordinate system with its origin



at the center of the droplet. By spherical symmetry we use spherical coordinates, with
origin at the center of the water droplet:

x =rcos(p)sin(d), y=rsin(e)sin(d), z=rcos(?). (1)

The unit basis vectors in cartesian coordinates are denoted e, e, and e.; the unit basis
vectors in spherical coordinates are denoted e, ey and e,,.

To tackle the basic problem, a solution to the Maxwell equations needs to be found. Find-
ing a solution that describes radiation can be made more managable by introducing some
vector spherical harmonics, that is, vector fields satisfying Helmholtz equation. They are
the vector analogues of the spherical harmonic functions Y, that arise in many areas,
such as quantum mechanics, potential problems in electromagnetism, 3D computer graph-
ics, electronic configurations, magnetic fields on planets, cosmic microwave background
radiation, ... The vector spherical harmonics are used in many interesting fields such as
fluid dynamics, electrodynamics magneto-hydrdynamics. For example the magnetic fields
in stars have an impact on their development; the magnetic field can well be described
by vector spherical harmonics. Care has to be taken in directly using vector spherical
harmonics, since several different definitions exist. The definitions are to be adapted to
the application of interest. In this note we define some vector spherical harmonics that
are adapted to electromagnetic radiation of some well-defined frequency.

The note is organized as follows: In section 2 we give the basic equations that are to
be solved, that is, we give the Maxwell equations. In section 3 we give some standard
mathematic machinery that enables us to bring the Maxwell equations into a managable
form and reduce them to second-order differential equations in one variabel. In section 4 we
then introduce the vector spherical harmonics and relate them to the Maxwell equations.
Up to this point no explicit expansions in vector spherical harmonics has been made.
In order to do so, more properties of spherical Bessel functions and associated Legendre
functions are needed, which will be given in 5. In section 6 we give an expansion of
the incoming plane waves in terms of vector spherical harmonics, and in section 7 we
use the interface conditions at the boundary of the water droplet to obtain expansion in
vector spherical harmonics for the electromagnetic field inside the droplet and for outgoing
electromagnetic field; these expansions are the fundamental equations of Mie theory. In
section 8 we discuss some various directions one can take with these fundamental equations
and a few other aspects. Finally, in section 9 the reader finds a list with the commonly
used symbols in this text; we however do not give coefficients of expansions in this glossary
as they are used only within one section.

Historically, the solutions that we try to present in this note, were first derived by Gustav
Mie in work BEITRAGE ZUR OPTIK TRUBER MEDIEN, SPEZIELL KOLLOIDALER MET-
ALLOSUNGEN that appeared in Annalen der Physik, 330 (3). Half a century later, Hendrik



C. van de Hulst wrote a book! also discussing Mie theory. A more recent treatment is
written by Craig F. Bohren and Donald R. Huffmann?, again half a century later. In this
note, we can merely present some details of only a small part of the derivation of the basic
equations of Mie theory. We hope we can encourage the reader to fill in the details, find
out, what more is known about the subject, and consult the original literature and other
historic works on the subject.

We hope to have made no calculation errors or typos. If anyone finds some mistakes,
please write an email to westradennis at gmail dot com.

2 Maxwell equations

We use the macroscopic version of Maxwell equations

V- D=p, V-B=0
9 9 (2)
VxE=—-—B, VxH=J+_=D
8 a V" o
together with the constitutive relations D = ¢E and B = pH. For the scattering of light
on water droplets, we can assume p = 0 and J = 0.

We wish to find solutions for the following problem: An incoming plane wave of the form
E = &, hits a water droplet; calculate the scattered radiation. By superimposing
such plane waves one can get an understanding of the more daily life problem of sunlight
hitting raindrops in the atmosphere.

We choose as variables E and H and elimenate the time dependence by writing E(z, y, z,t) =
E(z,y, 2)e ™! and H(z,y, 2,t) = H(z,y, z)e”™!. The material properties are inside x and
€, which we assume to take the value us and e, inside a sphere of radius a — the droplet
— and the value p; and €; outside this sphere — in the air. The equations that are to be
solved then become

V-E=0, V-H=0

3
VXE=iwpH, VxH=—iweE. 3)

Combining these equations one finds that E and H have to satisfy the vector Helmholtz
equations
(A+E)E=(A+EHH =0 (4)

where k? = euw? and A =V - V.
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3 Mathematical preamble

In this sectin we will repeat some standard mathematical machinery, which the experienced
reader might want to skip. We will discuss the differential operators curl, grad and div
in spherical coordinates and indicate how solutions to the (scalar) Helmholtz equation are
found using separation of variables. In order not to obscure the main line of reasoning,
which involves determining the scattering of light from a water droplet, we postpone a
deeper discussion of the spherical Bessel functions and associated Legendre functions to
section 5.

If f is a differentiable function, the gradient of f is given in spherical coordinates by

3} 10 1 9
gradf = Vf——fr—i— ag +rsinﬂ£e@

()

The divergence of a differentiable vector field X = X"e,+ X ey+X ¥e,, is given in spherical
coordinates by

1
rsin v

s _ _i 2vr 1 . v %)
divX =V -X= - Or(r°X") + Tbmﬁ&g(sm(ﬁ)X )+ 0,X7 . (6)

The curl of a differentiable vector field X is a vector field V x X whose components are
given in spherical coordinates by

(V x X)" = rsiln . (aﬁ(smw)xso) - 9,x")
(V x X)? = rsmﬁa X" - —a (rX?) (7)
(V x X)¥ = %(&(rX ) — (%X”)

The Laplacian Af = V2 f = divgradf of a smooth function f is then found to be

Af = 50,070, f) +

5o (sn(9)00 ) + 5= 0Lf 0

r2 1n19“0

To solve the Helmholtz equation (A + k2)f for a smooth function we use separation of
variables and set f(r, v, ¢) = R(r)0O(9)®(¢) and plug this into the Helmholtz equation in
spherical coordinates and find

- sin(t?)@a 9 (sin(9)0y©) + ;P +k“=0. 9)

1 2
——0,(r“0rR) + T2 (075 ¢

2R



If we multiply this equation with 72 sin?(1) we see that one term, involving (933@, depends
on ¢ and on no other variables. The other terms do not depend on . Hence there must
be a (perhaps complex) constant, which we already write as —m?, such that

20 = —m*® (10)

and
2

1 9 1 . m
mar(r (%R) + m(%(sm(ﬂ)&g@) — m

Now we can perform a similar trick and find there must be some constant C, such that

+k2=0. (11)

Or(r*0.R) + (K*r* = C)R =0

and 20
1 m
——0y(sin(¥)0y0) — ——+CO =0. 12
sin(9) o (sin(9)990) sin? (1)) (12)
The ®-equation is now easily solved for: we can take ®(p) = e*™¥. Indeed, only if the
separation constant is of the form —m? we have periodic solutions. For the constant C
some more work is required, but can be found in most mathematical literature®. The
constant C' needs to be of the form /(I + 1) for some nonnegative integer | and m can take

values ranging from —I to +I.
For the radial equation we put x = kr and find the equation

(*R') + (2> =11+ 1))R=0, (13)
whose solutions are the spherical Bessel functions w;(z), which come in two forms: the
regular one, written j;(x), and the irregular one, written y;(z).
For the angular equation we put £ = cos? and find that © satisfies the equation

2

(1- )y + (1 +1) - 1_—52)@ —0, (14)

which has as regular solutions the associated Legendre functions P,.

Any solutionf to the Helmholtz equation that is at most irregular at the origin can be
expanded in terms of the functions €™ P, (cos 9)j;(kr) and "™ Py, (cos )y (kr). Since
the special functions, the associated Legendre functions and the spherical Bessel functions,
play a prominent role in the sequel, we discuss some more properties of these in section 5.

We often encounter sets of orthogonal functions on some compact space, in particular
on [—1;1], [0,27] and on the sphere S?. With orthogonal we will mean orthogonal with

3See for example: Jon Mathews and Robert Lee Walker, Mathematical methods of physics, Benjamin
1973.



respect to an inner product of the form (f|g) = [ f*g, that is, with respect to integration
over the compact space. Since the spaces under consideration are compact, we will only
find countable sets of orthogonal functions, in which case the use of the Kronecker delta
0, is ubiquitous: 6,3 = 1 if @ = 8 and d, 3 = 0 if o # 3. With this notation, a set of
orthogonal functions is characterized by

(falfs) = /féifﬁ = Nadog (15)

and if NV, = 1, the set is an orthonormal set.

4 Vector spherical harmonics

We first consider the construction of a solution to the vector Helmholtz equation on the
basis of a function f satisfying the Helmholtz equation (A + k2)f = 0. The basic idea is
to associate to f two kinds of vector fields, which we denote by L and K. We write r for
the radial vector field;

r=(z,y,2) =re,. (16)
Then we define 1

L=Vx(rf)=Vfxr, K:%VXL. (17)

It is then easily checked that we have
A+ L=(A+k)K=0, V- L=V-K=0, (18)

and V X L = kK and V x K = kL. These identities are precisely those that the Maxwell
equations dictate for E and H.

Any complex function f satisfying the Helmholtz equation can be expanded in terms
of the basis functions Py, (cos 9)j;(kr)e™¥ and Py, (cos )y (kr)e’™¥, where P, are the
associated Legendre functions, j; and y; the spherical Bessel functions. In the following
section 5 we discuss these functions in more detail. The labels [ and m take the following
values: [ =0,1,2,3,... and for a given [ the label m takes the integer values from —I to
+1. We will however choose to split €™ in its real and imaginary part so that m takes
nonnegative values: 0 < m < [.

For the moment it is irrelevant whether we take j;, y; or even h; = j; +iy; for the spherical
Bessel function, and therefore we write w; for a spherical Bessel function, be it j;, y; or
h;. Later, when we get to write down the expansions, we need to make a choice whether
wy = j; or wy = y; or w; = h;. The argument of the spherical Bessel functions will be of the
form kr, where k is the wave vector, which depends on the medium. Later we will often
simply write x = kr, as long as no confusion is possible.



Then we define

L = V  (xPyp (cos 9)u (kr) cos(mep)) o
L), =V x (rle(cos Dw; (kr) sin(mtp)) , 1
and 1 1
Kim =7V % Li . K, = 2V x Li,,. (20)
Using the expression (7) we find
Ly, = _%‘ﬁsm sin(me)w; (kr)eg — %;OM) cos(mp)wi(kr)e,
= W cos(mep)wy (kr)ey — w sin(mg)w; (kr)e,
K, = wlliljr)l(l + 1) Py (cos ) cos(mep)e, + %%(Twl(/ﬁ))%;osﬁ) cos(mp)ey
) P G e,
f = wl}iljr)l(l + 1) Py, (cos ) sin(mep)e, + %%(Twl(kr))w sin(mp)ey
L ) 2D e,
(21)

5 Properties of special functions

In this section we discuss some properties of sperical Bessel functions and associated Leg-
endre functions.

We define the Legendre polynomials by

1 ,d
P(&) = o (52 ) (€2 - 1) 22
The Legendre polynomials are the regular solutions to the differential equation
(1=&y) +1l+1)y=1-€)y" — 26y +1(l + 1)y =0. (23)

The Legendre polynomials are orthogonal:

2011

= — 24
20+ 17 (24)

1
/ RO ()
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which is proved in many textbooks, but one proof can also be found in my notes on
associated Legendre functions?.

The Legendre polynomials Py up to P, span the space of polynomials up to degree [ and
thus £" can be expanded by the Legendre polynomials Py up to P, and thus if n <[ we
must have f_ll €"P(€)d§ = 0. Another interesting integral is

2y
/ €h CEIN (25)

which can be proved by partial integration using the definition (22) and the integral identity

1 ]
/1(1 —e)lde = 22l+1ﬁ ‘ (26)
The Legendre polynomials satisfy the differential relation
Pla(§) = P_1(&) = 2+ 1D R(E) (27)
and the recurrence relation
2L+ 1)EP(E) = (L + 1) Pya(§) + 1P-1(8) - (28)

We define the associated Legendre functions by

—1)m d \l+m
Pnl®) = G- @2 () e - . (29)
Clearly we have Py = P, and for m > 0 we have
Pin®) = (11— €)% () "RUE), m > 0. (30)

One can show that F; _,, and P}, are proportional. The associated Legendre polynomials
are the regular solutions of the differential equation

’ 2
77_152>y = (1-&)y" - 28y + (l(l+ 1) — 1”_1_52

Using this differential equation one can show using partial integrations that for fixed m
one has

(1 =€) + (0 +1) - Ju=0. (31)

2(5”/ (l—|—m)'
2041 (1 —m)!"

/ Pin(§)Prn(€)d6 = (32)

4See the PDF file behind the link
https://www.mat.univie.ac.at/~westra/associatedlegendrefunctions.pdf



The functions Py, (cos ) cos(mep) and Pj,(cosd)sin(me) make up a set of orthogonal
functions on the sphere S2. In fact, any continuous function on the sphere can be expanded
in terms of these basis functions. By orthogonality, such an expansion is unique. If f and
g are two functions on the sphere, we write (f|g) for the inner product on the sphere

2 T
(o) = [ do [ simodo pg. (33)
0 0
where f* denotes the complex conjugate of f. It is often convenient to switch from ¢ to
the integration variable £ = cos ¥ and then [ sinddd = f_ll de.
The spherical Bessel functions w; come in two disguises, j; and y;, which are defined by
_ d \!sin(z) d \lcos(z)
l l
—(— )Y = (= —) —. 34
@) = (=z) (xdm) x (@) (=) (wdx) x (34)

The spherical Bessel functions are solutions to the differential equation
22y’ + 2y + (22 =11+ 1))y =0. (35)
Another useful definition is
hi(x) = ji(z) +iyi(z), (36)
which behaves for large x as (—2’)”1%,
expansions for the outgoing radiation.

which will be necessary when we get to find good

The behavior of j;(x) at the origin is given by

2l

T 1)!xl +0(a!), (37)

Ji(z) =

which can be proved by using the definition (34) and inserting a power series expansion
for sin(z), a calculation which is eased by putting u = z2.

Two equations that will often be useful and will be used without mentioning is

n
Wni1(@) =~y (@) + (@)
v (38)
20+ 1
wit1(2) + wi— (@) = ——wi(z).
We sketch a proof. One first puts D = % and shows that Dz" = rz"~!. Then one brings
the definitions (34) into the form w; = (—z)!D!f. Pulling one D out of the definition of

w41 almost immediately gives the first identity of eqns.(38). One then also has w, =
—wl,_4 + %wn,l; differentiating this equation and using the differential equation (35)
one arrives at the second of eqns.(38). As a side remark, using eqns.(38) one can easily
define w_;.



6 Plane wave expansions

The incoming plane wave hitting the water droplet is taken to be of the form
Ein — exgeikz—iwt ) (39)

From eqn.(39) the magnetic field H™ can be calculated. The field strength is contained
in the constant £, which will appear linearly in all quantities. Hence we could as well put
it to 1 and re-insert it later. We will however keep it in this section and absorb it in sone
other constants later on. The time-dependent factor e~*? can be ignored in this section;
we are only concerned with the dependence on 7, ¥ and .

We start with a rather well-known result. The following expansion holds:
o
eFreos? =N "4l (20 + 1) Py(cos 9) i (kr) (40)
=0
Since we will exploit this result in obtaining an expansion of E in terms of Ly,
K, and K, we give a short indication of a proof eqn.(40).

/
Ilm>

Since e**# solves the Helmholtz equation and is regular at the origin, it can be expanded
in the basic functions as e*** = > im Gm P (cos 9) 7, (kr)e’™?, but since ikz = ikr cos,
there is no p-dependence and so only the coefficients for m = 0 are nozero. We thus have

ehreos? =N ", Py (cos )iy (kr) , (41)
=0

and our task is to determine a;. As before we put & = cos®). By the orthogonality relation
(24) we can determine the a; by

2 r
sepeilhn) = [ ER(©e. (42)

d& we use a trick, which consists

)
] il
(37) we see that j;(z) = (212+1)1xl
2 B2 and consider the term le_ﬂlcl l

In order not to have to calculate all integrals fil 32163

in considering eqn.(42) around x = kr = 0. From eqn.

plus higher order terms. We thus expand e*¢ = Y

— indeed fil §"P(§)dE = 0 for n < [ since the Legendre polynomials up to degree n span
the space of polynomials up to degree n, so that P, is orthogonal to them for [ > n, and
for n > [ we obtain the higher order terms, so we can restrict our attention to n = [. Using
relation (25) then leads to a; = /(2 + 1).

Now we come to the main part of this section and expand E™ in terms of the vector
harmonics

E" =" A K + Al Ky, + BunLi + Bl L, (43)

lm

10



where we now choose to take w; = j; since E is definitively regular at the origin. We
now take inner products with e,, ey, e, use the relations

e -e, =sindcosp, ey-e, =cosVcosy, e, e, =—singp, (44)

and see that only terms with m = 1 can contribute, which excludes all terms with I = 0.
Furthermore, noting that sin ¢ and cos ¢ are orthogonal, we can restrict to an expansion
in terms of K;; and Lj;. We thus write E" = ", A;K;; + B;Lj; and need to solve for

WE

A2+ )P snd = 321D 1) pae) 4

=0 =1
Sy : S dP(§) Pu(§) .
1 1 11
20+ 1 P, = A X (v)———= 4+ Bj———==
;Z (20 + 1) () Fi(§) cos ; Xi(2) =357 + B~ (@) (45)
- P £) APy (§) .
l ll 11
(20+1) A X ( + B
lZgZ L+ Dl Z : Slnﬁ a0 ()
where X;(z) = 2 (zji(z))’. To solve these equations we note that the functions
P, P,
1—¢&2 dg
make up two sets of orthogonal functions and we have
! 202(1 +1)2
I (OILF (6)dE = 6 ) —— 2 4
[ T e = st (47)

This relation is proved by a partial integration and using that Py satisfies ((1—£2)P};) =
(1 =~ I+ 1))1311. If we add the second and the third from eqns.(45) we obtain

le 20+ D)(E+1)P(E) = Z(Ale(x) + Biji(z)I; (§) - (48)
1=0

=1

We now pursue the following strategy: We express the left-hand side as a linear sum of the
P, and then take the inner product left and right with II;  to find a linear relation between
Ay, By and the j;. We thus need to evaluate (F[IL; ), to which we now turn.

Usindfg Pj1(§) = —v/1 — &2P/(€) and the differential relation satisfied by P, we find the

following equalities

I (&) = (€ + D(=F() + (1= OF() = (€~ DF() I+ DR(E).  (49)

11



From eqn.(27) we find
Pl =@ —1)P_+ (2l —5)P_3+.... (50)
Using this and eqn.(28) we find after some algebra that

-1
I, =P+ (=) (=1)7(2j +1)P;. (51)

I
=)

Using the latter we find the relation

k—1
_ 2cp .
(> abuT) = - LT + (=12, (52)
l 7=0

for any coefficients ¢;. We now use again eqn.(28) and rewrite

> D@)PUEE+1) = D (L1 (@) +i(20+ 1)~ 1+ 1) (2)) I RIE) - (53)
1=0 =0

We now call ¢ = <lj171($) + (20 + 1)j;(z) — (I + 1)jl+1(x)>ilfl and find that we have to
solve -
2 : N\ 2K%(k +1)2
2 2Ck +Z 1)k+ige; = <Aka+Bk]k)¥- (54)

2% +1 = 2k +1

Investigating c; and the sums Z?;é cx(—1)* for some low values of p and k one easily
convinces him or herself that we have the following relation

p—1
ch(—l)k = —p(=9)"(Jp — ijp—1) - (55)
j=0
Plugging this into eqn.(54) we find that we have to solve
AL X B':i(‘k“k Vg1 — i ks — i (2k 1'). 56
kX + By AEEEIAY (k+1)jk—1— " kjg1 — 7 (2k + 1)k (56)
Using the explicit expression X;(x) = —#jlﬂ(m) + QZl‘FTlljl,l(x) and comparing the co-

efficients in front of the different spherical Bessel functions, one concludes that a solution
to the equation to solve is

k(2K 4+ 1) i*(2k + 1)

Ap=—277 = 2T
T k) 0 R k(k+1)

(57)

12



We will check this solution in two ways, using the two other independent equations from

eqns.(45). But before doing so, we put the above result into a useful expansion; defining
i1 (20+1)
E =200

- we write the electric and magnetic field of the incoming radiation as

=& Z E(Kyy +iLb,)

\/>ZEZ K/, —iLy).

(58)

6.1 Checking with the radial equation

Noting that P;(§) = —y/1 — 2P/ (§) = —sinY P/ (&) and using jl:(f) = % we
obtain from the first of eqns.(45) the equation, supressing the arguments,

o0
ZZZ 20+ 1) P, = Z]l
1=0

U+ D(I+2
Pz 14 I_Zﬂ%ﬂlﬂfllﬂ- (59)
1=0

Then using again eqn.(27) and taking an ansatz A; = l(lli'l) api’ we bring eqn.(59) into the

form

Jopo-i-zl J1(Plq — P_y) Z]lpl yar—yi' Z]lPlealJrlZH—l_ialjopo- (60)
=1 =1

We see that a; = 7 is a solution, corroborating the equation for A; as found in eqn.(57).

6.2 Checking with IT,"

We combine the second and the third of eqns.(45) into
oo oo
Zzl 2l + 1 Pl Z Ale Bl]l (61)
=0 =1

Using similar algebraic steps one shows that

8

20+ 1) P91 f)=Z(z‘l<2l+1)ﬁ—z‘“ljz—z’l“u +1>jz+1)Pl(£)- (62)
1=0 =0

We call ¢; = i'(20 + 1)5; — i" g, — i1+ 1) iy

13



We express I as
| I (6) = ~ (€ + PO + 10+ DRS). (63

Using similar steps as before, one shows that

I-1
L+OP(E) =1P+) (2§ +1)P;. (64)
7=0
With these, we have
-1
I =P > (2 +1)P;. (65)
§=0
Hence we find
[e'S) 212@ -1
> o Pt =31 —chj. (66)
k=0 7=0

Either considering the first few lowest values for [ or by a direct calculation one easily
shows that

ZC] =i (i1 —igi) - (67)
Hence
- 22 T
> (P = o =2 (-1 — i) (68)
20+1
k=0
which we rearrange as
[e.e]
. . #(l+1 (l+1
ch<Pk|Hl+> = 2011+ 1)j; — 2i l+1ﬁ]1+1 i 1(2ZT1)J1—1 . (69)
k=0

On the other hand, we also have (IL[IL}) = 0y, 2 2(;:11 2 and hence

22(1 + 1)?

art (Y

[+1 .
i1+ -1 A — Bl]l)

> l
A X, — Brjn)ILT|T) =
1;( kX — Biegr) (I, |TL,7) ( N1 N1

Comparing the coefficients in front of the different spherical Bessel functions j;, j;11 and

214-1) R CER)
—(z(+1) and By = — l((l+1) :

ji—1 we againg find A; =

14



7 Implementing the interface conditions

Our problem of determining the scattered electromagnetic field can be tackled as follows:
The incoming radiation, given by E™ and H™, causes an electromagnetic field inside
the droplet, which will be given its electric field E? and its magnetic field HY, but also
an outgoing electromagnetic field, characterized by E°“ and H°“. All of these can be
expanded in terms of the vector spherical harmonics, where now for each one, a good
choice of the spherical Bessel function has to be made, and where the radial dependence
given by kr is different in the droplet (in water) from that outside the droplet (in the air).
The expansion of the incoming fields is already known. The interface conditions on the
surface of the droplet will determine the other expansions; the droplet is taken to be a
sphere with radius a.

The interface conditions for a water droplet without surface charges and currents are

(Dm + D) . e, = Dd ‘e, at r=a,

(B"™ +B°).e.,=B%-e, at r=a, (1)
( E"“t)xer:deer at r=a,
(Hm—i—HO“t)xer:deer at r=a.

In order to deal with these interface conditions effectively, we introduce the following
functions on the sphere:

* _ mPyy(cosv)
Alm(ﬁ? SD) - Sln'l9 COb(mSD)
P 519
B (0,19) = PERUOD) G )
sin (72)
P,
I (0, ¢) = APy (cos ¥) cos(my)
m dy
_ _ dPyy,(cos )
Flm(ﬁ? SD) - d'19 Sln(mgo) 9
which can then be used to rewrite the vector harmonics as
Ly (2) = A wi(x)ey — Ty wi(x)ey,
L;m(x) = _A;mwl(x)eﬁ - Fltnwl(x)ego
K (2) = 1(L + 1) Py (cos 9) sin(mgo)@er + T, Xi(2)eg + A Xi(x)e, (73)
wy(z)

K], (2) = 1l + 1) Py (c03 ) cos(mg)

e, + FlJ;nXl(CC)eg — A;le(x)ew

x

where we also abbreviated X;(z) = 2 (zw;(z))". Note that we indicated the r-dependence
through = kr explicitly; this is just to facilitate the bookkeeping. The newly defined
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functions Alj:n and I’lim satisfy some interesting orthogonality properties with respect to
the inner product on the sphere (33), which will be useful to use when dealing with the
interface conditions.

The integer m that labels the vector harmonics only takes nonnegative values. With this
restriction we have

2T
/ sin(mep) sin(m'@)dy = 76,
0
2T
/ cos(me) cos(m’p)dp = Tom,m (1 4+ Om,0) (74)
0

2m
/ sin(m) cos(m’p)dp = 0.
0

Using these relations, the orthogonality property eqn.(32) of the associated Legendre func-
tions and the differential equation satisfied by them, one finds the following relations hold:

(A‘“ o > <F”2\A >_ oM

. 21 +1) (I +m)!
Ai Aj/: ’ T F/ 1) = 1) ’mm 75
200+1) (1 —|—m)'
(A A )+ (@ Tf ) = T (o m)'(s”, S (1 + o)

where in the second line all signs o; € {—,+} for i = 1,2 can be chosen at will. We now
introduce the following short notation
2004+ 1) (I +m)!
Cim = T s
204+1 (I —m)!
with which we then find the following orthogonality relations with respect to the inner
product on the sphere: The nonzero inner products are

(L (21) | Ly (22)) = wi(z1)wi(22) 61,1 6m s Cim
<L;m(x1)’L/’m’ (1’2)> - wl(wl)wl(xz)(sl,l’ém,m’clm(l + 5m,0)

(76)

(K ) K (22)) = (P20 1) 40 X102 ) G i
(K (1) Ky () = (WW 1) + X1(21) Xt(22) ) 80 (1 + b0t -
(77)
whereas all other inner products are zero;
(L (1) Ly (22)) = (Lt (21) Ky (22)) = (L (21) Ky (22)) = 0 (73)

(L (1) [ Ky (22)) = (L (1) Ky (22)) = (Kign (1) [ Ky (22)) = 0.
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One has to be careful with interpreting the notation here: In each vector field wy is at the
moment still free to choose, but in expressions such as in eqns.(77) a product w;(z1)w;(x2)
one should remember that w;(x;) might be stemming from the same function as wj(xs),
which would be wrong. The product wj(x1)w;(x2) means the product of perhaps two
different functions, one evaluated at z1, the other at xs; it could thus be hy(z1)j;(z2), or
even y;(x1)h;(x2), depending on the choice made for the spherical Bessel function inside
the vector harmonic on the left-hand side. We think this ambiguity is less awkward than
any other choice of notation.

Since we will first focus on the continuity of E x e, and H x e, at the surface of the droplet,
the vector products with e, are to be considered as well. Using ey X e, = —e,, and e, x e,
one can write
le X €y = ( )eg — Altnwl(:ﬂ
L, X e, = —F wl( Jes + A, wi(x
Kim X e, = "’A Xl( )eﬂ - F Xl(x)elp
K; X €ep = —A Xl( Jey — Flle( )elpa

(79)

m

which also satisfy some useful orthogonality properties, which are easily deduced, either
directly using eqns.(77) and (78), or by very similar calculations: The only nonvanishing
inner products are

(L ( /(w2) X er)
(L}, (z1) x e.|Lj,, (z2) x e,)
) X er)
) X er)

(x1)wi(22) 01,1 O/ Cim

x1) X ep|Lym, wy
wy(z1)wi(22)01,1 O, Cim (1 + 0m 0)
O

1

X e,

<K1m(£€1) X eT|Kl’m (80)

(K (21) X e [Kirp,

l/(Sm m/clle(xl)Xl(xQ)
l/ m,m’ (1 +om O)Clle(xl)Xl(x2)

"\X9) X €

o~ o~ o~ o~

\T2) X €er

Again, one has to be careful to interpret products as w;(x1)w;(x2), in the equations above.
But below, we indicate as an additional argument, which spherical Bessel function has to
be taken — a detail, which till now barely mattered, so that we tried to keep the notation
as little clumsy as was necessary. We will below for example write Ly, (h, k17) to indicate
that in the vector field Ly, the spherical Bessel function that was taken is h; and that its
argument is kir. Also, we will use an index on the objects X;, thus Xj (z) = 1 (aj(2))
for example.

The scattered radiation is given by its values outside the droplet, so it need not even by
regular at the origin. But being an outgoing wave, its behavior for large x should be of
the form %, which dictates that we use h;. The radiation inside the droplet has to be
regular at the origin, since this is the center of the droplet, and hence we have to take j

for the vector fields inside the droplet.

With these considerations on the choice of spherical harmonics, we first take a completely
general ansatz for the outgoing radiation E°“ H°% and the radiation inside the droplet
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E HY .

Eout = Z AlmKlm(h7 kﬂ”) + A;m ;m(h, /{?17“) + Bllem(h, /{?17“) + Bl/mLfm(h, /{?17“)

im
H = —im1 Y ApnLim (h, k1) + Ay Ly (B ir) + BunKim (b kur) + Bl Ky, (b k)
Im
E‘ = Z ClmKlm(j7 kQT) + ClIngm(L kQT) + Dllem(j, kz?”) + D;ngm(L kQT)
Im
H? = —im2 Y~ CipLim (j, kor) + Clo Ly (, k2r) + DimKim (j, kar) + Djyr Kl (4, kar)
Im
(81)
where mq = ﬁ and mo = /%.
For the incoming radiation we use eqns.(58) and adapt it to the renewed notation:
) [e.9]
E" =&Y E(Ku(j,kir) +iLi (4, kar))
= (82)

[e.e]

H" =mi& Y Ei(Kjy(j, kar) — iLu(j, ki) -

=1
it1(2141)

10+1)
To take care of the third and fourth of the interface conditions (71), we take the vector
product with e, and then use the orthogonality relations (80). First, let us consider m # 1.
Taking inner products with appropriate choices of K;,,, x e, and L;,,, X e, we obtain among
others the following equations:

We remind the reader that E; =

Alleh(kla) = Cllej mlAlmhl(k:la) = mngClmjl(k:Qa) . (83)

But unless

mgjl(krga)th(kla) — mlhl(kla)le(k:ga) =0. (84)

the only solution is Ay, = Cy,,, = 0. Equation (84) can never be satisfied for general values
of a, only a special value of a can make this expression to vanish, but there are infinitely
many values of [. Also, for m = 1 we will see that the expression on the right hand side
has to be nonzero in order for a solution to exist. From a more physical perspective, if
no radiation is incoming, we do not expect some radiation to be scattered, and hence
the equations that are not altered by the presence of the incoming radiation — here the
presence of terms proportional to E; — are expected to have the same solutions as without
incoming radiation. We thus arrive at the conclusion that all coefficients vanish unless
m = 1; indeed, for the other coefficients one finds similar equations for m # 1.
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We rewrite the coefficients slightly; as the coefficients Ay, and others vanish for m # 1,
we write A;;1 = A; and similarly for the others — we thus omit the index 1. The equations
to solve now are only those for m = 1 and taking appropriate inner products with K;; x e,
and others we arrive at the following set of equations:

EEX] (kra) + A X[ (k1a) = C1X] (kza)
my B X[ (k1a) = maDy X7 (koa)
A1 XM kya) = O/ X] (kqa)
im EEX] (kya) + myBj X[ (k1a) = maD]X] (kza) (85)
Bihi(kia) = Dyji(koa)
m1EEj(k1a) + myAjhy(kia) = maCiji(koa)
iEEyj(k1a) + Bjh(k1a) = Djji(kea)
my Ajhy(kra) = maeClji(kea)

From those equations without FEj, i.e., from the second, third and fifth, we see that, using
a reasoning similar to above, that B; = D; = 0 and A} = C] = 0. The remaining equations
are linear equations and hence are easily solved, although the algebra can be a little messy:

4 maji(e1) X (x2) = mogi(w2) X{ (1) cE
1= —= : .
m2]l(552)X1h(551) - mlhl(ﬁﬂl)ij (72)

C = ml]l(iﬂl)th(Sﬂl) - mlhl(ﬁﬂl)X{(ﬂfl)gEl

m2jz($2)Xf($1) - mlhl(wl)Xf(xz) (86)
Bl = maji(z1) X] (2) — ml]l(x2)le‘(x1) cE)

mji(z2) X[ (1) — mahy(21) X (22)
D{ _ ml]l(ﬂh)th(l“l) - m1hz(x1)X{(w1)5El _

mji(2) X[ (21) — mahy(x1) X] (22)

We can now apply some cosmethics to obtain some nicer form. First we define the refraction
index

n=, |22 (87)

We remark that xo = keoa = kian = x1n. Multiplying denominator and nominator in the
above expressions with x12z9 and using the definitions

Qi(r) = xhy(z), Si(z)=zj(r) (88)

and
A =qfE, C =nyEE, B =iBEE, D,=insEE, (89)
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we then find

oy — TSU@1)S](32) — maSi(w2) 8] (1)

L= maSy(x2)Q)(x1) — m1Qy(x1)S](x2)

Y m1Si(21)Q) (1) — m1Qy(x1)S] (1)
m25[(1'2)@;(x1) - lel(xl)Sl/(xQ) (90)

b mS) (1) S} (22) — mySy(x2)S) (1)

my1Sy(x2)Q)(x1) — maQy(w1)S)(w2)

5, — S E)Q(x1) = mQua1)Sj(a1)

my1Sy(x2)Q)(x1) — maQy(w1)S)(w2)

and the expansions of the scattered fields and the fields inside the droplets now finally
become:

B =&Y B (alKll(h, kir) +iBiLyy (h, kfﬂ“))
;

HO — € ZEZ <ﬁlK;1(h, kir) —icyLy (h, kiﬂ"))
l

(91)
E'=nfY E (fle”(j, kor) + 6Ll (4, lm))
l

H' = moné Y By (8K} (i kar) = inLu (i kar))
l

The expressions (90) and (91) are our final expressions, those that we wanted to deduce in
a systematic and explicit way. We will now perform some checks, to verify the correctness
of the result. The first check is to take €; = €5 and py = pe, so effectively to elimenate the
droplet. We then have m; = mo, n = 1 and x1 = x9. We then see that oy = 8, = 0 and
v = & = Fj. As expected, then the outgoing fields vanish and the fields inside the droplet
are then just the continuation of the incoming wave to the inside.

A second check consists in the first two of the interface conditions (71). Using the consti-
tutive relations ¢, E°% = Do, eEd = D, piHOW = Bo% and ,u2Hd = B these radial
interface conditions become

el(Em +E) . e, = eEl. e, at r=a

ul(Hi" + HO“t) -e, = ung e, at r=a.

Since Ly, - e, = L) -e, =0 and

wlix)l(l + 1) P (€) cos(myp) (93)
wy () 11+ 1)le(§) sin(m%@)

Kin(w,z) e, =

K}, (0,z) e = ”
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and by the orthogonality of the associated Legendre functions, we find the radial interface
conditions reduce to

hi(x i (z j1(x
€10 l( 1) +€1]l( 1) = egn'ylj—l( 2) (94)
I il T2
and h _ ‘
T T T
pma By (1) +,U1m1]l( ) _ M2m2”52M- (95)
I T X9

Using identities like e;nmo = mqea, pymin = pome and xo = nxy and inserting the explicit
expressions of «y, B, v and §; one finds that the interface conditions are satisfied as well.

8 Aftermath

To calculate the ingoing and outgoing power, we cannot simply apply S = E x H, since
our fields are complex. Considering the real parts of fields Ee~*! and He ! one finds
that the vector

S = %Re(E X H) (96)

describes the Poynting vector in the complex case.

2

The ingoing power is then given by P = Re <ez -E x Hi"*>ﬂ'a . From E™, given in

eqn.(39), one finds A '
H™ = me,Ee . (97)

Therefore the ingoing power is P = %mmaQEQ.

The outgoing energy flux is I°* = |, g2 €r - Re <E0“t X Hm‘t*dQ>. We will consider a large

sphere of radius R around the droplet. We need then the large x behavior of X;h; and
its complex conjugate. One finds that X;(z)*h;(z) =~ ;—2’ plus terms that go faster to zero
than z—2. Working out the products e, - K;; x Ky, e, - K;; x Lyp and all others one finds
that the only relevant nonzero integrals are

/ dQe, - Ky x L, / dQe, - K} x LI . (98)
52 52

and their complex conjugates.

We find

9]
/2 dQe, - E™" x H™* = im£° /2 dQ> " |E e, <|al|2K11 x Lj, — |Bi]°K}; % L}l) , (99)
S S =1
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from which, after some algebra, follows that the outgoing power is given by

4m2m £ &
pot = TR S 14 1) (a4 16i2) (100)
1 =1

From this, one easily finds the ratio P°“*/ P which is the total cross section.

The sun does not radiate through planar waves. To correctly describe the physics of
rainbows at least two aspects need to be taken into account: (1) The radiation of a distant
pointlike object is more of the form EZII;R than a plane wave, where R the distance to the
pointlike object, (2) the sun is not a pointlike object. Suppose one has taken the first point
into account. Then one could try and write the incident radiation as a sum the radiation

of several pointlike distant objects. We therefore give some thoughts on the first point.

We could proceed as follows: In one step we find adequate spherical solutions to the
Maxwell equations, and then relate two spherical coordinate systems to each other. Then
we expand the transformed solutions in a series of the parameter % keeping only the lowest
orders. This then gives a deformed expression for the incident radiation, which can — at
least in principle — be expanded in terms of the spherical vector harmonics.

Spherical electromagnetic waves can be constructed as follows:
E(z,y,2) = V x <h0(k:r)em> — —kLui, (101)

where the last equality follows from V x (sintcosgr) = e, x e,. Calculating H from
eqn.(101) one finds an expression proportional to Ki;. Then one finds that

1 * Lo 2 2 -3
Se, = 2Re(ExH) 3 <sm © + cos” pcos 19) +0(r ), (102)

which shows that the radiation intensity indeed has the right r-dependence.

One could choose the two coordinate systems as follows: One has two coordinate systems
at the pointlike sun, C’ is a cartesian coordinate system at the sun and S’ is a spherical
coordinate system at the sun, where the usual relations eqns.(1) hold, but then with primes
coordinates 1, ¥, ¢/, 2/, ¥’ and z’. On the earth we choose one water droplet, and take a
cartesian coordinate C' and a spherical coordinate system S at the center of the droplet.
We choose the z-axis to be parallel to the x’-axis, the y-axis parallel to the y’-axis and the
z-axis parallel to the z’-axis and furthermore, the droplet is located at 2’ = R, 2’ = 3/ = 0.
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That is, the z-axis and the 2’-axis are the same line. One then finds

cosd) — ecosv + 1
V1+ €2+ 2ecosf
g — esind
) V1+ €2 +2ecosb (103)
¢ =9

7 = R\/1+ e+ 2ecosf,

where € = 5. Using the relations between C’ and C and the expressions eqns.(1) for both
the sun and the droplet, one arrives sfter some algebra at the following relations between
the basis vectors

r (cos? + €)e, —sindey
e V1+ €2+ 2ecos b

o sin Ve, + (cosV + €)ey (104)
v V1 + €2 + 2ecosf

ega, =€y,.

The square root is related to the generating function of the Legendre polynomials

1 oo
\/1+$—27—2$§ = Z%)Pn(g)x" (105)

It is therefore tedious, but straightforward to obtain expansions in € to any order of all
quantities involved. Hence the incoming electromagnetic wave can be described by a power
series expansion in €, where the coefficients are vectors, which are to be expanded in the
vector spherical harmonics.

The functions Sj(x) and @Q;(x) defined in eqns. (88) are called Bessel-Riccati functions.
The functions 1;(x) = zw;(x) satisfy the differential equation

22 (z) + (2% — 11+ 1)y (z) = 0. (106)

In several problems the Bessel-Riccati equation shows up. For example, if one tries to solve
the Schrodinger equation for a particle in a three-dimensional, infinite, spherical potential
well of radius a by the same method of separation of variables discussed in section 3,
one finds that the radial part of the wave function ¢ = R(r)O(9)®(¢) can be described
by a solution u of the Bessel-Riccati equations that satisfies the normalization constraint
Jo lu(r)[?dr = 1, where the relation between R and u is given by R(r) = ru(r).

Finally, we remark on rainbow-like phenomena. Various material properties, in this note
incorporated in €5 and po may describe on the frequency. Therefore the coefficients oy, 5,
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~; and §; will vary with w. This then means that certain intensity extremal directions may
vary with w. Hence, if any intensity variations with respect to angles ¥ may occur, they
will vary with color, giving rise to effects like the rainbow.

Many open questions remain. For sure we haven’t taken the effort to plot typical scattering
patterns, which would have completed this note. Our aim was to write down, how the
basic equations of Mie theory can be derived. Now it is up to the reader to find out more,
and fill in the gaps.

9 Notational glossary

Except for the spherical vector harmonics Lj, and K, = a prime will be used for a function
of a single variable to denote its derivative with respect to the variable.

A: Laplacian, p.4
a: radius of water droplet
I’lim: special functions on the sphere, p. 15
e = T 1
01175 a8 Kronecker Delta, p. 6
Alj:n: special functions on the sphere, p. 15
D: displacement field, p.3
€, €1, €9: permittivity, p. 3
E: strength of ingoing electromagnetic fields, p. 10
E;: coefficient in expansion if ingoing radiation F; = iltzl(%)l), p. 13
E’: electric field in the droplet, section 7
E™": incoming electric field, section 6
Eout: outgoing electric field, section 6
€;. €y, €;: cartesian unit basis vectors, p. 2
€. €y, ey! spherical unit basis vectors, p. 2
E: electric field, p.3
H: magnetic field in the droplet, section 7
H™: incoming magnetic field, section 6
Hevt: outgoing magnetic field, section 7
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h;:
Ju:
k. ky, ko
K., K/
Ly, Ly,

My 1, p2:

mi, My:

j h.
X7, X

Y

Im*

spherical Bessel function j; + iy, p. 9
regular spherical Bessel function, p. 9
wave number, p. 3

vector spherical harmonic, p. 7
vector spherical harmonic, p. 7
permeability, p. 3

u_li’ p- 18

refraction index n = , /£ p. 19
€141

orthogonal functions, p. 11

Legendre polynomial, p. 7

associated Legendre functions, p. 8

second Bessel-Riccati function zh;(x), p. 19
spherical coordinates, p. 2

first Bessel-Riccati function xj;(x), p. 19

time

(generic) spherical Bessel function, p. 5, 9

cos ¢, argument of associated Legendre functions, 5
special function X;(z) = L(zw(z)), p. 11

special function Xl](:n) = L(@ji(2)), X} (z) = L(ah(2)), p. 17
irregular spherical Bessel function, p. 9

angular frequency of radiation, p. 3
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